

t 




/ 






INTERNATIONAL SERIES IN PHYSICS 

F. K. RICHTMYER, Consulting Editor 


THE STRUCTURE OF LINE SPECTRA 




THE STRUCTURE OF 
LINE SPECTRA 


l»Y 

LINUS PAULINC, Pii.I). 

\ t*»ruitr I'rnfrthut n/ T hront tm/ i'hemintru* ('ttl ifornut ImliUUc of Technology 

AND 

SAMUEL (lOUDSMIT, Pii.I). 

A*»fH nih prufriftor of Thcordiml ThynicH, l'nivcrt*ily of Michigan 


u 



Ll }* 

* ,v •*'. 


Kiiiht Mihtiun 
Hkjuonu Imphkhhion 


McQ RAW-HILL BOOK COMPANY, Ino. 

NEW YOKE AND LONDON 

1930 


Copyright, 1930, by the 
McGraw-Hill Book Company, Inc. 

PRINTED IN THE UNITED STATES OF AMERICA 


THE MAPLE PRESS COMPANY, YORK, PA. 



PREFACE 


The years 1922 to 1926 saw great progress in the analysis of 
spectra. The introduction of the vector model and the formula- 
tion of semi-empirical rules governing the interactions of the 
various vectors led to the systematization and clarification of 
a great body of spectral data. Since 1926 the quantum 
mechanics has been shown to provide a justification for the pre- 
viously developed rules; in fact, it is possible now to discuss 
spectra by means of the quantum mechanics without the use of 
the vector model at all. It seems probable, however, on account 
of its simplicity and ease of visualization, that the vector model 
will continue to be used as the basis for the treatment of spectra 
for many years to come. 

We have attempted to present in this book a description of the 
vector model of the atom and an account of the interpretation 
of line spectra in terms of it. We have aimed to write lucidly 
and intelligibly rather than encyclopedically, having in mind 
readers entirely unacquainted with the subject as well as those 
familiar with the empirical side of spectra but not with their 
interpretation. The book is designed primarily as a textbook 
for those working in the field of spectroscopy. The recent 
developments in theoretical physics have, however, caused 
spectroscopic facts and laws to become of importance for other 
fields in physics and chemistry, so that we are convinced that 
many chapters will be of use to workers in these fields also. 

The book gives the theoretical background of the principles 
governing the structure of line spectra, but not an account 
of all observed spectra, experimental data being introduced 
only as illustrative examples (as in Appendix III). A detailed 
account of the structure of spectra of different types with mention 
of all those known in 1927 is given in the excellent book by F. 
Hun/d, “Linienspektren und periodisches System der Elemente,” 
J. Springer, Berlin, 1927. Reference may also be made to W. 
Grotrian, “Graphische Darstellung der Spektren von Atomen 
und Ionen mit ein, zwei und drei Valenzelektronen,” I and II, 
J. Springer, Berlin, 1928, and for questions relating to the Zee- 
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man effect especially to E. Back and A. Landd, “Zeemaneffekt 
und Multiplettstruktur,” J. Springer, Berlin, 1925. Our treat- 
ment has not been based on the quantum mechanics, but refer- 
ence to the periodical literature and to treatises on quantum 
mechanics, in particular to that of Condon and Morse, is often 
made in footnotes. 

The second chapter, dealing with the structure of the hydrogen 
atom, need not be studied in detail. Those who have not fol- 
lowed developments in atomic structure would do well, however, 
to read this chapter, giving particular heed to the significance 
of the various quantum numbers and to the discussion of the 
properties of stationary states and their interpretation in terms 
of a model (Sec. 7). 

During the preparation of this book there has been proposed a 
revised notation for line spectra. 1 The most important suggested 
change is the use of capital letters L, S, /, etc., for the resultant 
moments of several electrons, small letters being used only for the 
moments of the individual electrons. Similarly, F would be writ- 
ten for the fine structure quantum number and I for the nuclear 
moment, the use of the latter expressing the hope that it may 
soon be possible to resolve the resultant moment of the nucleus 
into the moments of its constituent particles. We recommend 
the use of this new notation for the sake of unifor mi ty, although 
we were not able to make the changes in this book. On the 
other hand, we are convinced that no confusion is introduced by 
our notation. Wherever resultant moments and the moments 
of individual electrons are mentioned together, the latter are 
designated by means of subscripts, such as ji or ji, j 2 , with 
resultant j . 

We are indebted to Profs. P. Zeeman and E. Back for the 
photometer curves of Figs. 58 and 60. 

Linus Pauling. 

Samuel Goudsmit. 

Gates Chemical Laboratory, California Institute of Technology; 

Department of Physios, University of Michigan, 

February , 1930. 

X H. N. Russell, A. G. Shenstone, and L. A. Turner, Phys. Rev., 33: 
900, 1929. 
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THE STRUCTURE OF LINE 
SPECTRA 


CHAPTER I 

ATOMIC THEORIES AND ATOMIC MODELS 
1. SPECTRA AND THEIR INTERPRETATION 

On resolving the radiation emitted from a light source into a 
spectrum it is found that the distribution of intensity with wave- 
length depends on the nature of the source. The intensity of 
light from a glowing solid body varies gradually from place to 
place in the spectrum, and is a function principally of the tem- 
perature of the body. A hot gas, or a gas excited to the emission 
of light by an electrical discharge or the absorption of radiation 
or in some other way, may also emit a faint continuous spectrum; 
hut its spectrum will consist mainly of sharp lines. Sometimes 
many lines occur close together and separated by approxi- 
mately equal intervals ; they are then said to compose a band . 1 
Sharp lines are also observed to be absorbed when continuous 
radiation is passed through a gas. Such a spectrum of dark 
lines on a light background is called an “ absorption spectrum.” 

The suggestion of Helmholtz that band spectra are shown in 
emission or absorption by molecules containing two or more atoms 
and line spectra by single atoms has been substantiated by all 
further investigations. The characteristic structure of hands is 
related to the oscillations of the nuclei of the atoms within the 
molecule, and to the rotation of the molecule as a whole . 2 

1 The word “band” came into use because with apparatus of low dispersion 
the individual lines are not resolved, the groups of lines then giving the 
appearance of broad bands. 

2 An extensive account of band spectrum theory is given in Bulletin of the 
National Research Council, “Report on Molecular Spectra in Gases,” 
1927. There has been considerable progress since this report was published, 
arising especially from the applications of the new quantum mechanics. _ 

1 
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wave-lengths of spectral linos art* **l»nr;u*t«*r»^f it* »»i i hr muM me * +r 
absorbing atoms or molecules. 'Hit* moaMirnitrnf *»J mien -uim. 
and wave-lengths of linos, tin* ideniifionfbm oi ih< mnMme »*r 
absorbing molecule or atom, ami tin* deieniutuitmn *0 Hi. mu 
ditions necessary for the (‘mission or :ihsnrpf mu <»f peeiM 
are flu* problems set for the experimental speeipe e*»j»s ! . the 
theoretical sport roscopisf must thou explain these im*!**. 

The* position of a lint* in the spectrum is inihmful b> gnmg 
cut hor its wave-length X, measured in \ng*tr«*m unn^ d \ 

1 ()*•’* cm.), its frequency* S* ! » with o the velocity oi light, m iin 

A 

//« Hfl J h 11 if t m.t 


v « » »' |*l t 

/ 5 . 0 C 0 «V/W 

$000 A 000 iMMt „< j.k A 

Pm. l. Tin* #tf niie** iti Oh* htOtiu t «» r I* 1 <4 }<\'tnwh 

* 

wavo-number or reciprocal wave-length • ntetiNuied in 

A 

cm. The viaible region extend* from about X 7‘rtN* \ 
(rod) to about X 0800 A (violet}. Optical '•perfra 
produced by the outer electron* of atom?*) Imve l.eo ntuded in 
the ultraviolet a* far a* about *J*HI A, and X-ray <pevtrti nvim-b 
are produced in the interior of atom*) from tin*' wnvchugth 
down to 0.1 A. It in cunt c unary to write her n bin? ac. wiy. X ■« 
25110 A the aymbol X25H0. 

A ehnmderiatie feature of simple line *|H*rlrn if* that the hue?, 
can U* grouped inwmV#. The wparnt ion between »um ed»nghn. * 
in a aeries deemutes gradually toward the virdet, the wai.* -1» iu'.tb*» 
being HUch that, a aerie* limit can !«• found by extrapolation |t 
wa* ahetwn in 1KK.'» by llnltttcr* that the four line*- of the hydr«<Keii 
Hpectrum lying in the* viaible region (Fig, h can |»* repr. ;. ut.d 
by a aimple formula eont tuning only cute arbitrary constant. 

•The a.vmlml •• ia iiKiiully adapted fur hath fre.ju.’to v and totv- «ea«S»r, 
eta Higtiifiranee being evnlent frimi the i-ni.i.-st, 

V J. J, lUt.Mfttt, tVinl, Ann,, $ 6 : HO, I HK/*, 





ATOMIC THEORIES AND ATOMIC MODELS 


3 


Balmer’s formula rewritten in a form in accordance with modern 
practice is 

/ 1 1 \ 

( 1 ) 


” ^(22 ra 2 ) 


in which n can assume the integral values 3, 4, 5, , and 

R s , called the Rydberg constant for hydrogen, has the value 
109,677.76 cm. -1 . This formula gives with an accuracy of one 
part in 100,000 the frequencies not only of the four lines dis- 
cussed by Balmer 


H a 

X = 6562.8 k 

V = 15,233.0 


4861.3 

20,564.6 

h 7 

4340.5 

25,032.3 

Hj 

4101.7 

. 24,372.8 


but also of all of the other observed lines in the Balmer series, 
twenty of which have been measured in emission in the labo- 
ratory. (Thirty-three have been measured in stellar spectra.) 
There have since been discovered other hydrogen series, whose 
existence was suspected by Balmer and Ritz ; namely, the Lyman 
series with 


- - B »(r> - s) 

the Paschen series with 

v = R *(p ~ n 2 ) 
the Brackett series with 

’ - r -(t‘ - h) 


71 — 2, 3, 4, 


n = 4, 5, 6, 


n = 5, 6, 


_ The existence of various series for hydrogen corresponding to 
the formula 

/ -* -(V 

( 2 ) 


= • Rh (^ “ ^ 2 ) 


suggests that, in general, a system of terms (in this case R/n*) 
can be found for each spectrum such that the wave-number of 
each line of the spectrum is the difference of two terms. This is 
effectively a statement of the combination principle of Ritz, which 
has been of great importance in the interpretation of spectra. 

It has been found that the terms of other spectra can be 
represented similarly by formulas containing further parameters. 
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Thus Rydberg 1 gave for the alkali spectra a term formula 

R 

— A) 2 * * n w ^ c k the Rydberg constant, has nearly the 

same value for all elements (about 109,737.4 cm.” 1 ) and A is a 
constant characteristic of the series. 2 Such formulas will be 
discussed in detail later in connection with their theoretical 
explanation. 

lb. Stationary States. The Bohr Frequency Principle. — The 

concept of the atom as a system of one nucleus and one or more 
electrons was developed to explain the experiments of Lenard 
and of Rutherford on the passage of cathode rays (rapidly 
moving electrons) and of a-particles (helium nuclei) through 
matter. Both the negatively charged electrons and the posi- 
tively charged nuclei are thought to have a spatial extension 
small in comparison with atomic dimensions. The charge of the 
electron is found experimentally to be —e= —4.770 X 10"" 10 
e.s.u., and its mass m 0 — 0.904 X 10 -27 grams or Ms38 that 
of the hydrogen nucleus. The magnitude of the charge 
of a nucleus is always an integral multiple of that of the 
electron, and is expressed as Ze ; an electrically neutral atom 
accordingly contains Z electrons. Rutherford’s experiments 
and the work of Barkla and others on the scattering power of 
atoms for X-rays indicated that Z for a given element was equal 
to about half the atomic weight, in atomic weight units. The 
suggestion of Van den Broek 3 that Z might be equal to the number 
of the element in the series obtained by ordering according to 
atomic weight, as in Mendelejeff’s periodic table, was brilliantly 
confirmed by Moseley’s measurements 4 of the wave-lengths 
of the characteristic X-ray spectral lines of many elements. 
Z is called the “ atomic number.” 

The facts indicating that nuclei are themselves composed of 
electrons and protons (hydrogen nuclei) in such numbers as to 
give each nucleus its charge and mass do not need to be discussed 
here. 

According to the laws of classical mechanics the system of 
electrons and nucleus composing an atom would reach final 

1 J. R. Rydbbbg, K. Svenska Akad. Handl. , 23, 1889. 

2 About sixty members of the principal series of sodium have been 
measured in the laboratory. 

8 A. van den Broek, Phys. Z., 14 : 32, 1913. 

4 H. G. J. Moseley, Phil. Mag., 26 : 1024, 1913; 27 : 703, 1914. 
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equilibrium only when the electrons had fallen into the nucleus. 
Before this final eq uili bri um is obtained the electrons ■would 
describe orbits about the nucleus, and the accompanying accel- 
eration of the charged particles would give rise to the emission 
of energy as radiation. The frequencies involved in the motion of 
the electrons would then gradually change during the emission 
of light, a fact incompatible on the classical theory with the 
sharply defined frequencies of spectral lines. Furthermore, 
the spectral lines do not show the overtones, with frequencies 
double, triple, etc., that of the fundamental frequency, which 
would be expected classically. The existence of non-radiating 
normal states of atoms in which the electrons have certainly 
not fallen into the nucleus is a further point of disagreement 
with the classical theory, indicating the necessity for the 
development of a new atomic mechanics, differing from the 
classical mechanics of macroscopic systems. 

Two postulates which are fundamental to the interpretation 
of spectra are the existence of stationary states and the Bohr 
frequency rule. They were enunciated by Bohr in 1913 in the 
famous paper 1 which has led in sixteen years to the complete 
elucidation of spectral phenomena. Planck 4 had previously 
announced (in 1900) that the distribution of energy with frequency 
of radiation in thermodynamic equilibrium with matter (black- 
body radiation) could be represented by the equation 


dH = 


hv 


8iri> 2 

c® - - i 


dv, 


(3) 


in which v is the frequency of the light, k is Boltzmann’s constant, 
T the absolute temperature, and h a constant of nature called 
“Planck’s constant.” This equation is not that which is 
obtained from classical statistical mechanics; Planck showed that 
it could be derived if the following assumption were made: 
radiant energy is not emitted continuously by resonators in 
equilibrium with radiation, but only in discrete portions of 
magnitude hv. Einstein 3 suggested that one of these energy 
quantities was not emitted uniformly in all directions by the 
radiation, but instead unidirectionally, like a particle. These 
portions of radiant energy are called “light quanta.” 

i N. B ohr, Phil. Mag., 26 : 1, 1913; also Ibid., 26 : 476, 867, 1913, eto. 

* M. Pian'ck, Ann. d. Phys.. [4] 4: 663, 1901. 

8 A. Einstein, Ann. d. Phys., [4] 22: 180, 1907. 
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The next phenomenon explained in terms of quanta was the 
photoelectric effect, interpreted by Einstein. When light falls 
on a metal plate electrons are emitted from the surface of the 
plate, but not with velocities related to the intensity of the 
light, as would be expected from the classical theory. Instead, 
the maximum velocity of the ejected electrons (the photo- 
electrons) depends on the frequency of the light; the brilliant 
experiments of Millikan 1 verified that this maximum velocity 
corresponds to the conversion into kinetic energy of just the 
energy hv of one light quantum. Einstein also enunciated 
at the same time his law of photochemical equivalence, according 
to which the absorption of one light quantum of energy hv will 
activate one molecule to chemical reaction. In all of these 
cases the system emitting or absorbing radiation in quanta 
changes discontinuously from a state with a given energy to one 
with energy hv greater or less. 

This was the inspiration for Bohr's two postulates, which 
may be expressed in the following way: 

I. An atomic system can exist in certain stationary states, 
each one corresponding to a definite value of the energy W of the 
system; and transition from one state to another is accompanied 
by the emission or absorption as radiation, or the transfer to or 
from another system, of an amount of energy equal to the energy 
difference of the two states. 

The frequency of the radiation emitted by a system and 
associated with the transition from an initial state with energy 
W i to a final state with energy W2 is 



( 4 ) 


(Negative values of v correspond to absorption.) 

These postulates, while still of extreme importance and use- 
fulness in the interpretation of spectra, are not always in strict 
accordance with the new quantum mechanics. They cannot 
be used in the discussion of some phenomena connected with the 
interaction of radiation and matter, such as those involving 
the width of spectral lines, which require a more detailed treat- 
ment with the new mechanics ; but they suffice for the interpreta- 
tion of experiments involving the ’ measurement of the 
wave-lengths and intensities of spectral lines. The discussion 
given in the following chapters will be based entirely upon them. 

1 R. A. Millikan, Phys. Rev., 7: 362, 1916. 
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lc. Terms and Energy Levels. — The first step in the interpre- 
tation of spectra consists in finding a set of energy levels which 
gives the observed spectral lines as combinations by means of 
Equation 4. This equation gives the frequency, in sec. -1 . 
To obtain the wave-number used customarily in spectroscopy 
it is necessary to divide by c, the velocity of light. For the 
convenient consideration of the empirical material the name 
“terms” or “term values” T 1 has been given to the energy values 
of the various quantum states divided by —he; that is, 

T - T a -T 1 = v (m cm.-'). (5) 

The change in sign is especially to be noted. As a result 
of it the lowest and most stable energy level has the largest 
term value. This convention has been adhered to only for those 
spectra for which the term values are known with certainty; 
in many spectra the term value of the lowest level has been 
placed equal to zero, and those of the higher levels are taken 
positive, and equal to the energy difference for these levels and the 
lowest level divided by +hc. Especial care is necessary in 
referring to the literature to avoid confusion. 

2. THE OLD QUANTUM THEORY 

Bohr also extended the quantum theory in such a way as to 
permit the calculation of the energy levels of hydrogen from the 
atomic model. His fundamental assumption was that the motion 
of the electron about the proton is that to be predicted classically, 
neglecting the radiation of energy by the accelerated electron, 
but that of the continuous series of classical orbits only those 
fulfilling certain quantum conditions involving integral “quan- 
tum numbers” are allowed, and these compose the stationary 
states of the atom. (The theory will be presented in the follow- 
ing chapter.) The theory was rapidly extended and perfected, 
and an extraordinarily large number of experimental phenomena 
inexplicable by the classical theory were found to be in agreement 
with it. Its success in accounting for the fine structure, Stark 
effect, and Zeeman effect of hydrogen and ionized helium in 
particular was so striking as to cause the belief to become widely 
prevalent that a satisfactory atomic mechanics was to be obtained 
by the superposition of classical mechanics and the quantum 
1 Terms are often represented by the symbol v instead of T. 
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rules. With the nid <»f (he correspondence principle (to l*e 
discussed in ('hnp. VIII ) it was further possible to derive selection 
rules and polarization rules and to amatnl qualitatively for the 
intensities of s{H*ct ral lines. 1 

Hut the old quantum theory possessed no mechanism for 
calculating qunnfitutively the prohahility of a transition from 
one stationary state to another, and the intensity of the corre- 
Hjamding sjawtral line; and also did not aeeount for the related 
phenomena of dispersion. It. was further found necessary 
in many oases, in partietilar in hand spectra, to introduce for the 
quantum mimlK>rH determining the allowed states of the system 
the " half-integral " values 1 o, •'*•., ■} . . . instead of integral 

values in order to obtain agreement with cx}tcri mental observe 
turns. And finally many predictions made with the old quantum 
theory were found to 1 m> in definite contradiction with observa- 
tion. The main success of the old quantum theory was in 
calculating energy levels, and yet if led to definitely incorrect 
levels when applied to helium, the simplest atom next to hydro- 
gen. Huch failures made it increasingly evident that the old 
quantum theory would have to be abandoned in favor of a more 
powerful and accurate theory. 


S. THE DEVELOPMENT OP THE NEW QUANTUM MECHANICS* 


3a. Matrix Mechanics. Actuated by these considerations, 
Hetaonlierg in 192f> luridly cast aside the fundamental equations 
of classical mechanics ami formulated a mechanics to la* appli- 
cable to atomic systems.* In his equations there occur only 
symbols representing quantities of olwrrvntiotml significance, 
as the frequencies and intensities of sjxmtrnl lines; the non- 
observable quantities of the old quantum theory, such as the 
mechanical frequencies of the electron in its orbit, alamt the 
nucleus, play no part in the new theory. The quantum mechan- 
ical frequencies involved in the representation of any mechanical 
quantity satisfy the combination principle for spectra! lines. 


‘ A complete account rtf the old i|umitum theory n* nppltcd i„ ji,»t 

before the introduction of the new ((iimituni mcrhnnics t» given tty J, II, 
Van VtiSCK, "Quantum Principles and bine Hpretr*,'' Hull, N’aiionni 
Research Council No. 154, 11)20. The (luantuin theory in dinctittned in detail 
In HoKMKKm.»’H "Atomlmu tmd Hpektrollinien," dlh ed., IU24. 

J®™ U : * mI **• M. Monas, "Quantum Mechanic,*' 

McGraw-Hill Book Co. Inn,, wait. 

' W. Hkmknukimi, 7 „ J, t * hy »., M: «7fl, !!)2S. 
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They cannot, accordingly, be used in a Fourier development, 
as in classical mechanics, but instead can be introduced as the 
elements of matrix schemes representing mechanical quantities 
(such as coordinates and momenta). By postulating simple 
rules for calculating with these matrices and for obtaining the 
fundamental equations of the quantum mechanics from the 
classical equations for a given mechanical system, Heisenberg 
was able to evaluate numerically the various matrix elements, 
which could then be interpreted in terms of stationary states 
and quantum transitions. The matrices obey most of the rules 
of ordinary algebra, but not the commutative rule of multiplica- 
tion; matrices p and q representing conjugate variables in the 
classical Ha mil tonian equations fulfill the exchange rule 

pq — qp = hi/2ir • 1 

in which 1 is a unit matrix. This equation provides a far more 
satisfactory introduction of Planck’s constant h into the quantum 
mechanics than the artificial quantum rules of the old quantum 
theory. 

Heisenberg’s matrix mechanics was rapidly developed, espe- 
cially by Born and Jordan and by Dirac. From its very incep- 
tion it was eminently satisfactory in permitting the calculation 
not only of the frequencies but also of the intensities of spectral 
lines; in every case in agreement with the results of observation. 

3b. Wave Mechanics. — Independently of Heisenberg and 
only a few months later, Schrodinger 1 suggested an atomic 
mechanics completely different in form from the matrix mechan- 
ics. Influenced by the ideas of L. de Broglie regarding the 
association of a wave phenomenon with matter and by the 
desire to reduce atomic mechanics to a classical form involving 
no discontinuities, he set up a “wave equation,” a characteristic 
value differential equation representing a mechanical system. 
Such a differential equation possesses satisfactory solutions 
only for specific values of the parameter or parameters in it 
(see thediscussion of the hydrogen atom in the following chapter), 
and these values determine the energy values of the system 
in its stationary states. The intensities of spectral lines can 
also be calculated with the wave equation in terms of the func- 
tions p which occur as solutions of the equation. In every 
application made the calculated quantities were in agreement 

X E. SchrOdinger, Ann. d . Phys., 79: 361, 489; 80: 437; 81: 109, 1926. 
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with experiment and with the matrix mechanics) and it was 
soon shown that, despite the pronounced differences in their 
form, derivation, and terminology, and in the interpretations 
given them by Heisenberg and Schrodinger, the matrix mechanics 
and the wave mechanics are mathematically identical . 1 

3c, The Dirac Transformation Theory —A general quantum 
mechanics including within it the matrix mechanics and the 
wave mechanics and providing a satisfactory correlation between 
the symbols involved in calculation and the results of experi- 
mental observation has been developed by Dirac . 2 

In the Dirac transformation theory a mechanical quantity 
which has been given a fixed numerical value is represented 
by a diagonal matrix (one whose elements are all zero except 
the diagonal elements). Corresponding to this diagonal matrix 
there are other matrices representing other mechanical quantities. 
The diagonal elements of these matrices give the average values 
which would be obtained by measurement of the corresponding 
quantities . 3 The transformation theory provides equations 
which permit the transformation from a matrix scheme in which 
one quantity is a diagonal matrix to a scheme in which another 
quantity is a diagonal matrix. The most important of these 
equations is that involving the transformation from a diagonal 
matrix representing the energy to those representing the coordi- 
nates of the system; this equation is the Schrodinger wave 
equation. Schrodinger’s energy values are just the values 
which the energy of the system can assume under conditions 
in which the energy is completely fixed by measurement. Corre- 
sponding to each value of the energy parameter there is a trans- 
" formation function \ p, the solution of the transformation equation 
or wave equation, and the product of and its complex conjugate 
yp gives the probability that the coordinates will be found to have 
given numerical values on measurement. 

3d. The Uncertainty Principle. — It is seen from Heisenberg’s 
exchange rule that two canonically conjugate quantities cannot 

1 E. Schrodinger, Ann . d. Physik , 79 : 734, 1926; C. Eckart, Phys. Ret>., 
28: 711, 1926. 

2 P. A. M. Dirac, Proc., Roy. Soc., a 113 : 621; 114: 243, 1927. 

8 The deviation of individual observed values from the average can be 
found by the consideration of the corresponding average values of the 
square, the cube, and higher powers of the quantity. Corresponding 
diagonal terms in* a power of a matrix are equal to that power of the diagonal 
terms of the matrix itself only if the matrix is a diagonal matrix. 
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simultaneously be represented by diagonal matrices (which 
multiply commutatively). Hence the prediction of the simul- 
taneous values which will be found for two such quantities as a 
result of measurement cannot be made; instead only the average 
values can be predicted, and repetition of the measurement 
would lead to values scattered about the average for at least 
one of the two quantities. As an illustration we may consider 
the measurement of the position of an electron. The position 
of the electron can, in thought at least, be determined as accu- 
rately as desired by the use of a beam of light of sufficiently 
short wave-length defined by fine slits and observed through a 
suitable instrument (a “ 7-ray microscope” ). But there will 
always be some uncertainty in the measurement of the position 
of the electron, of the order of magnitude of the aperture of the 
microscope; that is, in the most favorable case, of one wave- 
length. There will also be some uncertainty in the direction 
of the beam of light scattered into the microscope, on account 
of the divergence of the light included within the field of vision, 
and this will involve a corresponding uncertainty in the amount 
of momentum transmitted to the electron by the light quantum 
as a result of the Compton effect. The product of the uncer- 
tainties to be anticipated in the measurement of two canonically 
conjugate quantities cannot be smaller than h : 

ApAq ^ h. 

This is the content of Heisenberg's uncertainty principle 1 
4. ATOMIC MODELS 

The discussion of spectra in the remainder of this book will 
be based upon a visualizable atomic model, the vector model. 
Throughout we shall use the language of classical mechanics, 
and we shall refer often to interpretations of spectral phenomena 
suggested by the old quantum theory. 

! A satisfactory model must, in agreement with the corre- 
spondence principle, coincide with the system as it is represented 
classically in the region of large quantum numbers. It should 
furthermore be chosen in such a way as to obviate as far as 
possible the necessity of corrections in the formulas obtained 
by its use. In general such quantum mechanics corrections 

1 W. Heisbnbbrg, Z . /. Phys. 43: 172, 1927. A detailed discussion is 
given by Condon and Morse, Secs. 6 and 62. 



12 


THE STRUCTURE OF LINE SPECTRA 


will have to be made ; they serve to show that the model is only 
an approximation, and to emphasize the fundamental importance 
of the quantum mechanics itself. The model which we use is, 
however, so constructed that it leads directly to formulas depend- 
ing essentially on geometrical angles (the interval rules, the 
Land6 ^-factor, etc.) without the necessity of corrections, thus 
eliminating the difficulty introduced in the interpretation of 
spectra with the aid of a model if it is assumed that the quantum 
mechanics abrogates the laws of geometry. In describing the 
model in terms of the motion of electrons in orbits about the 
nucleus we shall offer, for the sake of concreteness and to assist 
those who think geometrically rather than analytically, an 
interpretation of the quantum mechanics which is not accepted 
as correct, but which is justified by the same arguments which 
support the introduction of the vector model. 

The justification of the model is its usefulness in aiding the 
memory, in assisting in the interpretation of deductive results 
and their application to experiment, in suggesting new experi- 
ments and the theoretical explanation of new facts, and in 
permitting the easy derivation of equations which can be rigor- 
ously deduced only with difficulty. The historical development 
of the theory of line spectra is intimately connected with the 
origination and perfection of the vector model; and the advent 
of the quantum mechanics with its more fundamental interpreta- 
tions of spectral phenomena has served only to increase the 
usefulness of the model by delineating clearly its sphere of 
application. 

In the following chapter there will be presented discussions 
of the hydrogen atom according to the old quantum theory 
and according to the quantum mechanics, followed by a com- 
parison of the two theories designed to show the possibility 
of the interpretation of stationary states of the hydrogen atom in 
terms of a model. 



CHAPTER II 


STATIONARY STATES OF THE HYDROGEN ATOM 

The feature of line spectra which must be treated first relates 
to the values of terms; that is, the energy values of atoms in 
various stationary states. An accurate theoretical discussion 
of term values can be given only for the simplest case, that of the 
hydrogen atom and hydrogen-like ions, consisting of a positive 
nucleus and a single electron. In the following paragraphs 
there is given a detailed discussion of the stationary states of the 
hydrogen atom according to both the old quantum theory and 
the quantum mechanics. This is followed by a consideration of 
the properties of stationary states and their interpretation in 
terms of a visualizable atomic model. In the succeeding chapter 
it is shown that this model permits generalization in such a way 
as to give rise to a satisfactory qualitative discussion of the 
energy levels of many-electron atoms. 

The following detailed mathematical treatment of the hydrogen 
atom presupposes some knowledge of both the old quantum 
theory and the quantum mechanics on the part of the reader. 
It is, however, not essential for the understanding of the rest 
of the book that these sections be studied; instead it suffices 
to read the description of electron orbits on pages 19 and 24, 
and then to begin at the section dealing with stationary states and 
their interpretation in terms of a model (Sec. 7). 

5. THE O&D QUANTUM THEORY OF THE HYDROGEN ATOM 

5a. The Two-dimensional Hydrogen Atom. — It is convenient 
to discuss at first a simplified model of a hydrogen-like atom, 
in which the nucleus is considered to be fixed in space (as though 
its mass were very large compared with that of the electron) 
and the motion of the electron is restricted to a plane. The 
state of the system can then be expressed by polar coordinates 
r and ^ of the electron E relative to the nucleus 0 (Fig. 2). Repre- 
senting the mass of the electron by ra 0 and its charge by —a, 
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and the charge of the nucleus by +Ze, the potential energy 
of the system is given by 

7 = -?f. (la) 

Its kinetic energy is 


in which 


T = ^-°(r 2 + r 2 ^ 2 ), 
dr , *. d\p 


( 1 « 


Using non-relativistic mechanics, the Lagrangian function is 

( 2 ) 


L - T — V = ^°(r 2 + r 2 ^ 2 ) + —■ 



The momenta and p r canonically conjugate to ^ and r are 
then given by the expressions 


= % = m ° r 
dL 

Vr = W = m ° r \ 

With these the Hamiltonian function can be formed: 


( 3 ) 


H{ Vi , q<) = -L- + ( 4 ) 

The classically allowed states of motion of the system can now 
be found by the use of the Hamiltonian equations 


dH . 

dpt 

(5a) 

dH 

efr~ Pi 

(5b) 
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Equation 5a leads to nothing new. Equation 56 for \p gives 


and hence 



Pt = p, a constant. 



The angular momentum p^, of the system is accordingly a 
constant, not varying with the time. From this value of 
p+ = m 0 rV it is seen that this leads to Kepler’s “area law” 
for planetary motion: the radius vector r describes equal areas 
in equal times. 

Equation 56 for r is 

, . _ _dH _ p 2 _ Ze 2 
~ dr ~ m 0 r 3 r 2 


From Equation 3, p r has the value m Q r. Introducing this, 
multiplying each side of the equation by r, and integrating, 
there is obtained the first-order differential equation for r 



p 2 , Zt i* 
2 m 0 r 2 r 


+ W, 


(7) 


in which W, the constant of integration, is the energy of the 
system. Instead of solving this equation directly to find the 
radius vector as a function of the time, let us convert it into an 
equation connecting r and for we are interested primarily 
in the shape and size of the electron orbit. From Equation 6, 
r is seen to be given by 

. _ dr _ dr, _ p dr_ 
r ~ dt ~ d\p* ~ m^r 2 dp’ 


so that Equation 7 may be written 

p 2 /dr\ 2 _ p 2 
2mor 4 \d4 '/ J ~ 2m 0 r 2 

or, multiplying through by 2m 0 r 2 /p 2 , 

/I dr \ 2 _ 2m a Ze 2 r 

yr dip J p 2 



2moTFr a 

P 2 


( 8 ) 


In discussing this differential equation it is convenient to 
consider the ellipse ABA'B’ shown in Figure 2, which is defined 
by the equation in cartesian coordinates 


x 2 , y 2 
a ' 2 " i " b 2 


= 1 , 


(9) 
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2a and 2b being its major and minor axes. The numerical 
eccentricity € of the ellipse may be defined by the equation 

b = aVT^. ( 10 ) 
Let 0 be a point on the line of the apsides A A' such that OC = 
ea; choosing this as the origin for polar coordinates r and the 
equation of the ellipse becomes 


1 _ 1 1 — 6 cos ^ 
r ~~ a 1 — e 2 


(11a) 


Logarithmic differentiation of r with respect to ^ converts this 
into the equation 


1 dr 
r d\jy 


— <? sin \[/ 


(11 b) 


1 — € cos \[/ 

Squaring each side of this equation, and eliminating \p from 
the right side by the use of Equation 11a, there is obtained the 
differential equation of an ellipse in polar coordinates: 

y*2 

- I- (12) 


(1 dry 2 r_ 

\r d\pj a(l — * 


e 2 ) a 2 (l - c 2 ) 


Comparison of Equations 12 and 8 shows that they are identical 
in form, and differ only in the representation of the constant 
coefficients of r and r 2 . They become completely identical on 


placing 


(13a) 

and 

2 m 0 W 1 

(136) 


p 2 a s (l - e 2 ) 


It is thus found that ellipses with the nucleus at one focus are 
classically possible orbits. An orbit is determined by two 
constants: its major axis and eccentricity, say, or the energy 
constant and the angular momentum constant p. The energy 
is determined by the major axis alone, according to the relation 



(14) 


resulting from Equations 13a and 136; and is independent 
of the eccentricity. 

Of these orbits only certain ones correspond to stationary 
states of the atom in the old quantum theory; namely, those 
fulfilling the Wilson-Sommerfeld quantum conditions. These 
conditions are that the phase-integral corresponding to each 
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coordinate should be an integral multiple of Planck's constant; 
that fe, 

<fpAi - n { h. (15) 


In our case the quantum conditions are 


j^*P+ c bp ” kh and § p4r 


n% 


in which k is the azimuthal quantum number and n' the radial 
quantum number. Sinco p* - p is constant, the first of these 
equations becomes 


P " 


kh 

2* 


( 16 ) 


The angular momentum of the system iB thus found to be equal 
to an integral multiple of h/2* for all allowed orbits. The second 

equation oan be transformed by replacing dr by and p r 
tlv • 7) dv 

by its value m<>? ** m ° ( i^ " r’#’ ant * becomes, with the use of 
Equation lib, 


/*Shr 

«*P I 


sin* \p 


dip - n'h. 


( 17 ) 


Jo (1 - « campy 
The value of the definite integral 1 is ^ — 1^, so that 

this equation becomes, introducing for p its valuo kh/2w, 


or 



n' 

k ’ 


, , *' k * 

1 " iy + k )* " 


( 18 ) 


In this equation a third quantum number n — n' -f it has been 
introduced. This quantum number, called the “principal’' 
or “total quantum number,” is not Independent; only two of 
the three n, n\ and k need be specified. 

The system is now completely quantised; for it is determined 
completely by the integral values assigned to two quantum num- 
bers, as n 1 and k or n and k. The angular momentum and energy 
of the orbit and its major and minor axes may be expressed 
in terms of the principal quantum number n and the aslmuthal 

* A. SoinnmtD, *■ Atombsu,” 4th «i„ p. 774. 
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W = -- 


quantum number k; the numerical eccentricity is so expressed 
in Equation 18, and the total angular momentum in Equation 
16. From Equations 13a and 136 we obtain 
w m 0 Z 2 e 4 (l - e 2 ) 

w w — ’ 

which gives, on substitution of the values of 1 — e 2 and p 2 in 
terms of k and n, 

w %r 2 m Q Z 2 e 4 RhcZ 2 , . 

w Wit w < 18 “> 

in which 

R = ^ = 109 > 737 - 42 cm - _1 (19) 

is the Rydberg constant. 1 Equations 14 and 10 give for the 
major and minor semiaxes 

= n ^ 2 — VlSl 0 

a 4x- 2 moZe 2 Z 

, nkh 2 nkdo 


in which 


r ion/iL fvn/U/ o 

0 “ 4*- 2 m 0 Ze 2 = ~Z~’ 


»■ “ cw - °- 529 x 


The energy of an orbit is thus seen to depend only on the 
principal quantum number n, and not on k ; that is, it is a function 
only of the major axis of the ellipse, and not of its eccentricity. 
The term values found are just those deduced empirically by 
Balmer (Sec. 1), when n is given the integral values 1, 2, 3, . . . 
To each energy level there belong several orbits of varying 
eccentricity, with values for k of 1, 2, 3, . . . n. 

In his original treatment of the hydrogen spectrum in 1913, 
Bohr considered only circular orbits, with k = n; this is sufficient 
to account for all the principal energy levels. It was then shown 
by Sommerfeld, in 1916, that the consideration of the relativistic 
change of mass of the electron leads to slightly different energies 
for orbits of equal major axis but different eccentricity, so that 
each energy level will show an ra-fold fine structure. The 
equations derived in this way by Sommerfeld for the fine structure 

1 The value of the Rydberg constant obtained by substituting their 
experimental values for the constants involved is 109,744 ± 170 cm.” 1 (R. T: 
Biroe, Phys. Rev. Sup., 1; 1, 1929), which agrees within the limits of error 
with the spectroscopic value of Equation 19. 
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of hydrogen-like atoms were in quantitative agreement with 
experimental measurements for hydrogen and ionized helium 
and for the X-ray levels of heavy atoms. The interpretation of 
Sommerfeld’s equations in terms of the spinning electron and the 
quantum mechanics is discussed in' Chap. IY. 

The orbit corresponding to the normal state of the hydrogen 
atom is that with n = 1, k = 1. It is a circular orbit of radius 



Pig. 3. — -Bohr orbits for hydrogen in the normal state, the first excited state, 
and the second excited state, drawn to the same scale. 

®o (for Z = 1) 3 as is shown in Figure 3o. In ionized heli um , 
He + , the radius of this orbit is a 0 /2. The electron is thought 
of as describing this orbit with constant velocity, and with a 
correspondingly definite frequency of revolution. 

The orbit with k = 0 would correspond to an ellipse with 
minor axis equal to zero. As a result of this the electron would 
collide with the nucleus during every revolution; and for this 
reason such orbits were not included among those allowed by the 
old quantum theory. 
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For the first excited state of the hydrogen atom the principal 
quantum number n is equal to 2, and the azimuthal quantum 
number k equal to 1 or 2. With k = 2 the orbit is circular, 
of radius a — 4&o = 2.116 A. With k — 1 the orbit is an 
ellipse with the same major semiaxis 4a 0) and minor semiaxis 

/q 

2 a by giving an eccentricity e = y~- (Fig. 36). 

Similarly there are three orbits with n = 3, with the common 
major semiaxis 9ao, and with minor semiaxes 9ao(& = 3), 6ao 
(k = 2), and 3 a 0 (k = 1). These orbits are shown in Figure 3c, 
drawn to the same scale as Figures 3a and 3b. 

It is further found that the time r required for the electron 
to complete one revolution in its orbit is given by the equation 


47r 2 raoZV 


( 21 ) 


This expression is useful for the calculation of properties of 
penetrating orbits (Sec. 15a); 

5b. Motion of the Nucleus. Spatial Quantization. — Next 
to be discussed are the changes produced by taking into 
consideration the finite mass of the nucleus and by no longer 
restricting the motion of the electron to a plane. Let the mass 
of the nucleus be M, and its Cartesian coordinates relative to a 
stationary set of axes be X, Y, Z] and let x, y, z be the coordinates 
of the electron. The Lagrangian function for the system is then 

L = ^(i 2 + y* + z 2 ) + ^ (* 2 + 7 2 + ~ V. (22) 


Now let us introduce new coordinates 

» 

_ m o x + MX 
‘ ~ m 0 + M 
_ mpy + MY 
11 ~ m 0 + M 

_ mpz + MZ 

~ mo + M 
r cos 9 — z — Z 
r sin 9 cos <p — x — X 
r sin 6 sin <p = y — Y 


(23) 


5, i \ , f are now the Cartesian coordinates of the center of mass 
of the system, and r, 6, <p the polar coordinates of the electron 
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with reference to the nucleus (Fig. 4). On substitution in 
Equation 22 the Lagrangian function becomes 


+ " (j . + e + f) + 

g(r* + rW + r* sin*0*») - V 

with 

1 - 1 + 1 . 

M " Wo + A/' 


(24) 


(25) 


This transformation is independent of the form of the potential 
energy V, and so holds in general for two particles acted on only by 
forces between them. The first term in L shows that tho center 
of mass moves with uniform velocity, as a single particle of mass 
Wo + M. Tho remainder 
shows that tho motion of 
one particle relative to tho 
other is the same as the 
motion of a particle of 
mass n (the “reduced 
mass” of the two parti- 
cles) attracted to a fixed 
center by the forces acting 
between the two particles. 

Ab a result of this, the 
Kydberg constant R enter- 
ing in the equation for tho energy of the system (Equation 19) 
will have tho value 2»V«VrA*. For hydrogen, with M «■ 
1.0078/# grams (#, Avogadro’s number, » 0.6064 X 10**), 
R will be smaller than for helium, with M ■» 4 /N grams, while 
this in turn will be smaller than that for M ■» «o . The observed 
values for hydrogen and helium, 

Rh - 109,677.76 cm.- 1 
Rh, - 109,722.40 cm.- 1 , 

are in satisfactory agreement with those calculated from the 
known values of the constants in Equation 19, and indeed can be 
used for the evaluation of the ratio of the masses of the electron 
and the hydrogen nucleus. 

Neglecting the translational motion of the syeftem, throe 
coordinates are involved in the determination of the orbit, 


X 
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instead of the two discussed previously, 
momenta are 


Vr 


dL 

Tr = lir 


dL .. 

Pe = Td = 

dL 

Vv — sin 2 0p, 


The corresponding 


(26) 


and the Hamiltonian function (neglecting the term in ij, f) 
becomes 


The motion of the system can now be determined as before with 
the use of the canonical equations of motion. The equation 
in tp is 

dH 

P<p — ~~q~~ = 0, or Pe = p h a constant. (28) 


Hence the component of angular momentum in the direction 
of the 2 -axis remains constant during the motion. 1 The equation 
for 6 is 


dH _ pi 2 cos Q 
dd 'nr 2 sin 3 6 


(29) 


Now let us introduce the angle \[/ lying in a plane cutting the 
xy plane at the angle a , as shown in Figure 5. \p is related to 
6 and <p by the equation 

^2 p _|_ gill 2 #^ 2 . (3Q) 

The corresponding momentum is 


p+ = nry, 


which is related to pe and pi by the equatio 


P+ 2 = Ve 2 + 4 


Vi 2 


sin 2 6 


(31) 


1 Angular momenta are conventionally represented by vectors in the 
following way: the angular momentum vector of a particle of mass m> 

radius vector r, and velocity vector v is equal to m times the vector product 
of r and v; that is, to mr X v. The angular momentum vector for an 

electron revolving about a nucleus in an elliptical orbit is perpendicular to 
the plane of the orbit, of length proportional to the magnitude of the angular 
momentum, and of positive sense in the direction of longitudinal motion of 
a right-hand screw rotating with the electron. 
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On differentiation with respect to t this gives 

. (. Pi 2 COS0\ A 

MV - Mp. - - 0. 

the expression in parentheses vanishing by Equation 29. On 
integration there is obtained 

Pt = p, a constant. (32) 


The equation in r is found on introducing this value of p ^ to 
be the same as that ob- 
tained previously (Equa- 
tion 7), and its solution 
can be carried out as 
before. 

The classically allowed 
orbits of the electron 
about the nucleus are, 
then, ellipses of undeter- 
mined size and eccentric- 
ity lying in planes making 

an undetermined angle a ^ g 

with the xy plane. These 

parameters are restricted as before to definite values by the 
quantum conditions, which may be written 




The first integral is easily evaluated, leading to the result 

mh 

= W 


33) 

(34) 


The component of angular momentum in the direction of the 
2 -axis is thus restricted to values which are integral multiples 
of h/2r. m is called the “equatorial” or “magnetic quantum 
number.” 

The second integral can be transformed in the following way, 
with the aid of Equation 30 : 

^Tedd = Qn r*M6 = j'jurffidt 

j“*nr 2 ip 2 dt — J^V -2 sin 2 9<p 2 dt 
= - f 2 *Pidv 

= 2tt(p - pi) 
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or, introducing the value of pi, the quantum condition becomes 

(k' + m)h _ kh, 

* = 2" ~2^’ < 35) 

in which k = k' + m is the azimuthal quantum number . The 
third integral can now be treated as before. 

In size and eccentricity the quantised orbits are, then, identical 
with those previously discussed. The plane in which the motion 
takes place, however, is now distinguished by the result that 


m=i-f 



U>) 

Fia. 6. — Spatial quantization of Bohr orbits with k — 1, 2, and 3. 


the angl e a between the total angular momentum vector and 
the z-axis must satisfy the equation 


Pi m 

cos a = — = -!-• 

p k 


(36) 


The quantum number m can assume the values ±1, ±2, ±3 • • • 
±k. (The orbits with m = 0 were discarded on the grounds 
that the application of an electric field would then cause the 
electron to collide with the nucleus.) For k = 1, as in the normal 
state of hydrogen, two orientations are possible: one with 
cos a = 1, and one with cos a = -1 (Fig. 6a). Similarly there 
are four orbits with k = 2, six with k = 3, and so on (Figs. 
6b and c). 
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It must be mentioned that spatial quantization has meaning 
only in case the z-direction in space is physically specified, by an 
externally applied magnetic field, for example. The treatment 
we have just given the hydrogen atom with the old quantum 
theory would, then, be supposed to apply in case there were an 
external magnetic field strong enough to exert a significant 
perturbing influence on the motion of the electron about the 
nucleus. 

6. THE HYDROGEN ATOM IN THE QUANTUM MECHANICS 

For the discussion of the general properties of the hydrogen 
atom in stationary states, and in particular to obtain some 
conception of the “orbital motion ” of the electron in the quantum 
mechanics, it is sufficient to consider the wave equation of 
Schrodinger. The more extended treatment necessary to 
account for the fine structure of the hydrogen spectrum will be 
referred to later (Sec. 14). 

6a. Solution of the Wave Equation. — The wave equation 
for a conservative Newtonian dynamical system is 

vV + jk w -V)*-0 (37a) 

in which W is the energy constant, and V the potential energy 
expressed as a function of the coordinates. The indicated 
differential operations are with respect to coordinates whose 
line element is given by 

ds 2 = 2T( qi , qi)dt\ 

in which T is the kinetic energy expressed as a function of the 
velocities. 

^ is restricted by the conditions that it be everywhere con- 
tinuous, single valued, and bounded. Only certain functions, 
called “characteristic functions” or “eigenfunctions,” satisfy 
these requirements for a given system; correspondingly, there 
are certain characteristic values of the energy constant W . 

For a hydrogen-like atom defined by Cartesian coordinates 
x, y, z, X, Y, Z the wave equation is 

d *t _J_ ft _L £Vl l §V 2 
dX 2 + dY 2 dZ 2 } " t " h 2 

( W' - V)\p = 0. (376) 


1 f , 3V 1 . _ 1 _ 

mo) da ; 2 + dy 2 i " dz 2 J " r M\ 
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1 his can be transformed by the introduction of the coordinates 
^ r ’ 9 > v defied before (Equation 23), becoming 


w 0 + M 


9*P , av av 
a? 2 i " d v * + af 2 


i a / . a A 
S in~aaaV sm ^aV 


+ 1 { I A( r 2^t\ 

M [ r 2 3r\ dr/ 


i a 2 ^ 

sin 2 a a^ 2 


+ 


+ %V' 


F)* - 0. (38) 

If we now place f equal to the product of a function of £, 17 , f and a 
function of r, 0, <p: 

'f' = V> f)^(r, 0, p), 

the equation can be separated into two equations: 

* ? .a P1 F _i_ ^ _l 8v 2 (m 0 + If) _ „ /ortN 

a| 2 + aij 2 ^ a*- 2 P - " — o (89) 

and 


1 Hr 2 1 a 2 ^ 

r 2 dr\ dr ) ~ r 2 sin 2 0 d<p 2 


+ 


r 2 sin 0 


a / . a^\ 

a0v m ^ a0/ 

- (W - F)>F 


+ ' h 2 ~ 

0, 


(40) 


in which W t represents the translational energy of the system 
and W the residual energy. Equation 39 is just the wave 
equation representing free translational motion of a particle of 
mass mo + M, while Equation 40 is the wave equation for a 
particle of mass n (the reduced mass of the system) attracted to 11 
fixed center in accordance with the potential F. Accordingly 
the results previously derived regarding the effect of the mass 
of the nucleus on the energy levels hold also in the quantum 
mechanics. 


Introducing for V its value — and replacing SP by the 

product of a function of r alone, one of 0 alone, and one of <p 
alone, 

<Sr = R(r)Q(e)*(<p), (41) 


Equation 40 becomes separable into three total 
equations: 

1 d 2 3> 

4> d<p 2 ~ 

1 d / . . d©\ a _ a 

e sin 0 d0\ Sin 0 He) sin 2 !) 

and 


1 * L 

r 2 dr\ dr ) 



differential 


(42«) 

(426) 


O. (42c) 
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Eigenfunctions satisfying Equation 42a exist only when a is 
-equal to m 2 , with m having any positive or negative integral value. 
With any given value of m, solutions of Equation 426 exist only 
when jS is equal to 1(1 + 1), in which l has any positive integral 
value equal to or greater than the absolute value of m. Equation 
42c then possesses solutions only when the energy constant 
W is given by 


W 


2ir 2 ixZ 2 e A 


(43) 


in which n can assume the integral values l + 1, l + 2, l + 3, 

. . . oo n is evidently equivalent to the principal quantum 
number of the old quantum theory; 7, with possible values 0, 1, 
2, • • • n — 1, is to be identified with k — 1, and is thus the 
analogue of the azimuthal quantum number; while m, with 
the values 0, ±1, ±2, • • • ±1, is the magnetic quantum 
number. 

Equation 43 is identical with the energy expression given by 
the old quantum theory, and gives correctly the energy levels 
of hydrogen and ionized helium. The straightforward way in 
which the quantum numbers come into consideration, as charac- 
teristic values of the parameters ( a , /3, W) of the differential 
equations, is in distinct contrast to the artificiality of the quan- 
tum rules of the old quantum theory, by whose aid certain classical 
orbits were selected as satisfactory, and a, 11 others rejected. 

6b. Hydrogen-like Eigenfunctions. — The eigenfunction corre- 
sponding to given values of n , l , and m is 1 


— i2nz(r)0Z m (0) < l > 


in which 

B n i(r ) 


_ [/2ZV (n — Z-l) ll M -S 

” 1 W Min + Z)!] 8 I 


2 n[(n + Z) !] 3 

„ 2 Z 

% = — r 
mo 


' 2 ? z L n+z (:a+1) (?) 




*.(?) = 


1 E. SchrOdingbr, Ann . d. Phys 79: 361, 1926; I. Waller, Z.f. Phys 
38: 635, 1926. 
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L n+ i 2l+1) (ij) represents the (21 + l)th derivative of the (n + I)th 
Laguerre polynomial; and P ; m (cos 6) is Ferrers’ associated- 
Legendre function of the first kind, of degree l and order m. 
0 ; m $ m thus constitutes a tesseral harmonic. The ^’s are in 



Fig. 7. — Eigenfunctions for hydrogen-like states; as ordinates are shown values 
of - nRni(f)2 “W • 10” 12 , with values of £ as abscissae. 


this form orthogonal and normalized with respect to unity, 
so that they fulfill the conditions 


linin' V m' d V 


1 for n = n f , l = V, m = m f , 
0 otherwise, 


in which dV is an element of volume in the r, 0, <p configuration 
space, and the integral is to be taken throughout this space. 
M r is the complex conjugate of SF. 

For Z = 0, 0ou(0)$o (<p) is constant; these eigenfunctions are 
spherically symmetrical. The dependence on r of several 
eigenfunctions is shown by the following equations, and by 
Figure 7, in which — nR n ilr)Z~M 10“ 12 is plotted as a function 
of £. 
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' Is© 


x -i 

-*Hs- 2 ), 


2 / 7\^ -i 

= — 3^2i\^/ ' e 2(?2 ~ + 6 )> 

«»« - j4l(|y‘ • - 12£> + 36£ - 24), 

Mr) 5Mf(C/" ' - 20 “ + 12 °f’ - 240£ + 120), 

D , . 2 /Z\K _i 

K “ W " “aVSlW ‘ “'*> 


B«i(r) -V- 

3 2 \/ 4 !\ a o 


e 2 -£(|-4), 


«4i(r) = -- 


jRtiW = 


4 2 \/ 5! 
2 


5V6 


/Z\« _1 

• S(£ 2 — 10$ 4- 20), 


e - 18? 2 + 90? - 120). 


== f-f 

! • 3!\a 0 / 


7. THE PROPERTIES OF STATIONARY STATES AND THEIR 
INTERPRETATION IN TERMS OF A MODEL 

The quantity p = St r 'l f represents the probability of the corre- 
sponding microscopic configuration of the system; neglecting 
the motion of the nucleus, it gives the probability that the elec- 
tron will be found in the region characterized by specified values 
or r, Q, and <p. In Figure 8 there are plotted values of ’S'loo and 
of pioo as functions of r. The quantity pr 2 sin 9drd6d</> represents 
the probability that the electron in a hydrogen atom in the normal 
state will be found as a result of experimental investigation, say 
with a y-ray microscope, to occupy the elementary volume 
r 2 sin ddrdddip. Since ^ioo is independent of 6 and <p, there is just 
as much chance of the electron being in any particular region on 
the surface of a sphere about the nucleus as in any other region 
on this surface; the atom is spherically symmetrical. This was 
not true of the hydrogen atom of the old quantum theory, for 
the electron in the lowest orbit was restricted to a single plane. 

It is to be seen from the figure that the probability that the 
electron will lie within an element of volume of given size is 
large in the immediate neighborhood of the nucleus, and 
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falls off rapidly as r increases, approaching the value zero 
asymptotically. 

The electron distribution- function D = 4nT 2 p is also shown in 
Figure 8. The quantity Ddr gives the probability that the elec- 
tron will be found in the element of volume lying between spheres 
of radii r and r + dr described about the nucleus. D has a 

maximum at r = a 0 = 0.529 A. 
The electron has a greater 
probability of being at this 
distance from the nucleus 
than at any other distance. 
Here there is seen a connec- 
tion between the hydrogen 
atom of the quantum mechan- 
ics and that of the old quan- 
tum theory, for the radius of 
the smallest Bohr orbit was 
just a 0 . The electron is, how- 
ever, no longer restricted to 
just this value of r. 

The electron distribution 
function D for a number of 
quantum states is shown in 
Figure 9. In the case of the 
states with l not equal to zero 
the eigenfunction SF is not 
independent of 9 and <p f so 



Pig. 8. — The eigenfunction Sf^oo, the elec- 
tron density p = >£ioo 2 > and the electron 
distribution function D = 4vrr 2 p for the 
normal state of the hydrogen atom, as 
functions of r. 


that the atom is in these states not spherically symmetrical. 
It has been shown by Unsold, 1 however, that the sum of the 
functions ^rSr for the states comprising a subgroup (n and l 
constant, m = — l, — 2 + 1, • • • 0 • • • +Z) is not dependent 
on 6 and <p. 

It will be observed that the function D differs appreciably 
from zero only within a radius of the order of magnitude of the 
major axis of the corresponding ellipse of the old quantum theory; 
namely, r = 2 a 0 w 2 /% or £ = 4 n. So although in every quantum 
state the atom must be considered as extending to an unlimited 


1 A. UnsOld, Ann . d. Phys 82 : 355, 1927. It has recently been shown 
by D. R. Hartree ( Proc. } Cambridge Phil. Soc., 25; 225, 1929), using 

Dirac's relativistic theory of the electron, that this is true for a Stoner 
subgroup also (consisting of the 2 j + 1 electrons with given l and j). 
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distance, still the electron remains most of the time within a 
region in the neighborhood of the nucleus. For further compari- 
son there are indicated by heavy lines along the {-axis in Figure 
9 the electron-nucleus distances corresponding to the orbits 
of the old quantum theory; however, instead of giving the azi- 
muthal quantum number k the values 1, 2, . . . it has been 
replaced by the quantity ■s/l (l + 1), in which Z,has the integral 



Fig. 9. — The electron distribution function D for various states of hydrogen- 
like atoms; the ordinates are values of DZ~ l • 10 -8 , with values of £ as abscissae. 
The vertical lines correspond to ’r, the average of r. 


values of the quantum mechanics. The approximation of these 
orbits to the distribution given by the quantum mechanics is 
considerably better than that of the orbits with k integral. This 
is also evident from the consideration of the average value of r. 
The quantum mechanics expression for this average is 

r = /rSHFdy. 


The method of evaluating this integral has been given by Waller, 1 
whose equations lead to the result 


r 



i jo+ jir 

n 2 j _ • 


1 1 . Waller, Z. f. Phys., 38 : 635 , 1926 . 
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The old quantum theory gave for the time-average value of r 



which differs from the quantum mechanics value if k is integral, 
but is identical with it if k is replaced by V^(Z + 1). Values of 
£ corresponding to r are indicated in Figure 9 by vertical lines. 

Average values are of significance in the theory of perturba- 
tions; the first-order perturbation energy for a non-degenerate 
state of a system is in both the quantum mechanics and the old 
quantum theory equal to the average value of the perturbation 
function. The following averages are useful in spectral theory: 


Quantum Mechanics 

Old Quantum Theory 

Oon 2 f 

T ~ z[ 



-3 ao 2 n‘ 
Z* 

i 1 

H- 1 

+ 

fcol CO 

1 

+ 

1 

1 1 



/1\ 

/1\ = _z_ 


\r ) a Q n 2 

\rj “o« 2 

TiV _ 

Z 3 

7J\ _ Z» 

\W a„*nH(! + H)(l +1) 

\r 3 / aoWk* 


W + 1 ) ] 

m 2^ L 1 3n 2 J 

\r*J a 0 *n\l + H) (l + 1 ) (l + YW - K) 

m 

\r 4 / aoWk 5 

The values given by the old quantum theory deviate consider- 
ably from those of the quantum mechanics. The approximation 
they afford is consistently better if k is replaced by \/l(l + 1). 
This suggests that the quantum mechanics can be interpreted 
by means of a model based upon the orbits of the old quantum 
theory with k equal to \/l(l + 1). These orbits are to be 
thought of as rather indefinite — the electron may be considered 
to revolve about the nucleus in a way approximating its classical 
motion, but such that its distribution function and other prop- 
erties are those given by the quantum mechanics. Equations 
derived with the old quantum theory, even with k = \/l(l + 1), 
will sometimes not be identical with those of the quantum 
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mechanics; for example, in the formula for 



fc 3 must be 


replaced by 1(1 + 3 ^)(Z + 1)- The necessity for such changes 
in the equations of the old quantum theory had been observed 
before the development of the quantum mechanics. The applica- 
tion of these “quantum mechanics corrections” is sometimes 
called “refining” the formulas. . 

The component of angular momentum in the direction of the 
2 :-axis (specified by an external magnetic field, for example) is 
mh/2ir. The total angular momentum in the model under 


discussion is 


Vi(i+ 1)~ 


Angular momenta are the features 


of an atomic model which are most significant for spectral theory; 
they compose the structural units of the vector model to be dis- 
cussed in Chaps. V, VI, and VII. The angular momentum of 
an orbit will be represented by the vector 1 (in units of h/2i r), 
and other angular momenta will be denoted by the symbols 
s and j. The components of these vectors in the field direction 
will be called m z , m a , and m. There are two conventions either of 
which can be adopted in regard to the magnitudes of these vectors. 
In both conventions the magnitudes of the vector components m z , 
m„ and m are taken to be the quantum numbers ra z , m s , and m 
(with integral or half-integral values) . With the first convention, 
which corresponds to the atomic model discussed in the preceding 
paragraph, the magnitudes of the angular momentum vectors 1, 
s, and j are taken to be V^f+T), V«(«~+ 1), and VKf+~l'j- 
Calculations of quantities depending essentially upon angles 
(Land6 g-factor, interval rules) made with this model do not need 
to be corrected. 1 

In the treatment which has been used principally in the course 
of development of the vector model the second convention was 
adopted: the angular momenta 1, s and j were considered to have 
the magnitudes l, s, and j. All equations derived in this way 
required then to be corrected by the introduction of 1(1 + 1) in 
place of l 2 etc., so that the same results are obtained as with the 
other model. 


1 The quantum mechanical proof that the values of the square of an angular 
momentum vector and its component along a given axis are 1(1 + 1) and 
mi, say, with l and mi integral or half-integral, is given by H. Weyl, 
“Gruppentheorie und Quantenmechanik,” Secs. 12 and 35; and by Condon 
and Morse, Sec. 64. 
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On account of the inconvenience involved in printing 
*\/l(l + 1), etc., and because of its historical significance, the 
second convention will usually be followed in this book in the 
derivation of equations. However, the model corresponding to 
the alternative convention, which is preferable for many purposes, 
will be utilized frequently in the discussion. 



CHAPTER III 


TERM VALUES FOR ALKALI-LIKE ATOMS 

8. PENETRATING ORBITS AND NON -PENETRATING ORBITS 

The alkali atoms, lithium, sodium, potassium, rubidium, and 
cesium, have but one valence electron, and except under unusual 
conditions of excitation changes in state of one of these atoms 
.involve only changes in the quantum numbers of this electron. 
If the valence electron is removed from an alkali atom, the ion 
(Li+, Na + , etc.) is formed. These ions have the same structure 
as the noble gases (Chap. IX) ; thus potassium has two electrons 
with n = 1 (called the K shell), eight with n = 2 (the L shell), 
eight with n = 3, and one (the valence electron) with n = 4, as 
shown in Table I. The electrons in each shell except the 
valence-electron shell compose completed subgroups. As was 
mentioned in Section 7, it has been shown by Unsold that the 
electron probability function 2^ for completed subgroups is a 
function of r only. Hence the alkali ions can be considered as 
spherically symmetrical in the discussion of their interaction with 
the valence electron. 


Table I. — The Electronic Structures of the Alkali Atoms 


Shell 

K 

L 

M 

N 

0 

P 

n — 

1 

2 

3 

4 

5 

6 

Li 

2 

1 





Na 

2 

8 

1 




K 

2 

8 

8 

1 



Rb 

2 

8 

18 

8 

1 


Cs 

2 

8 

. 18 

18 

8 

1 


The approximate calculation of the electron-distribution 
function D = (summed over all the electrons in the 

ion) has been carried out 1 with the aid of the quantum mechanics. 
The results of the calculation for Li + and Na + are shown in 

1 Linus Pauling, Proc ., Roy. Soc., a 114: 181, 1927. 
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Mguro 10, In Li 1 the two IC electrons remain in the region 
about the nuolcuH, the average nucleus-electron distance being 
or 0.28 A. 1 ho two K electrons in Na + are on the average 
only 0.07 A from the nucleus, while the L electrons are 0.77ao 



Flu. 10. The* electron tlitftrihutiou as a function of the distance from the 
tmcleUH for tlie lithium ion (above) and the sodium ion. 

or 0.41 A away. Values of r calculated in this way for the outer 
Hhell of electrons in t he alkali ions are given in Table II. 


Table II. Avehaom Klk<tuon- N" ijolieus Distance for Outer Electron 

HHKHjH OB’ THE ALKALI IONS 



Bimilar electron distributions have been obtained by Hartree 1 
by a more accurate method of treatment. The calculated 
values of I) have been directly verified experimentally (partic- 
ularly for Na t", K + , and Cl") by the use of observed intensities of 
reflection of X-rayH by crystals. 2 

i D. It. Hartkmk, I'roe., Cambridge Phil. Soc., 24 : 89, 111, 1928. 

« It. W* James, I. Wallhk, and D. R. Hartree, Proc., Roy. Soc. a 118: 
m 1928; it. W. James iind O. W. Brindley, Ibid., a 121: 155, 1928; It. W. 
James, (J. W. Bkindlky, and It. &. 'Wood, Ibid., a 125 : 401, 1929. 
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In order to simplify the treatment of the interaction of the 
valence electron and the inner shells, Schrodinger 1 suggested 
an idealized model in which each electron shell is replaced by an 
equivalent charge of electricity distributed uniformly over the 
surface of a sphere of suitable radius. If we represent the valence 
of the ion by z (z = 1 for 
alkali ions, 2 for the alkaline 
earths, etc.), then the poten- 
tial outside of the outermost 
shell is simply ze/r , while 
Z e 

that inside the shell is 

in which Zi — z 



Fig. 11. — A non-penetrating orbit in an 
alkali-like atom. 


Z& is then the 


is the number of electrons in 
the shell, and fa 0 the radius 
of the sphere on which the charge is distributed, 
effective nuclear charge inside the shell. 

The orbit of the valence electron in such an atom may be one 
of two kinds, represented in Figures 11 and 12. If the orbit is 
sufficiently large, it will be completed in the outer region, and 
will resemble more or less closely a hydrogen-like orbit in an 
atom with nuclear charge ze. The interaction of such non-pene- 
trating orbits with the atom core (the inner electron shells) is 

small, and the term values 
corresponding to such or- 
bits differ only slightly 
from those for hydrogen- 
like atoms. These orbits 
will be discussed in Section 
11 . 

Often the orbit pene- 
trates the shell of elec- 
tricity. It then consists of a segment of one Kepler ellipse in 
the outer region, and a segment of another Kepler ellipse in the 
inner region. As a result of the penetration the outer elliptical 
segment undergoes an effective precession about an axis normal 
to its plane; with every successive revolution the electron pene- 
trates the shell at a different place, always the same distance 
from that of the previous revolution. The term value of a pene- 

1 E. SchrSdingeb, Z. f. Phys., 4 : 347, 1921. 



Fig. 12, — A penetrating orbit in an 
alkali-like atom. 



38 


THE STRUCTURE OF LINE SPECTRA 


trating orbit is larger than that of a hydrogen-like orbit with the 
same principal quantum number and with the effective nuclear 
charge ze , since the electron is part of the time in a region with 
much larger effective nuclear charge. A quantitative treatment 
of penetrating orbits is given in Section 10. 

Some information regarding the classification of orbits as pene- 
trating or non-penetrating can be obtained in the following way. 
The distance of closest approach of electron and nucleus for an 
elliptical orbit in the region of effective nuclear charge ze is (Fig. 2) 


OA = (1 - e)o = 


1 


fl k 2 n 2 a 0 


For n large, this reduces on expansion of the radical to 


n 2 a Q \ 1 , lk 2 
OA =— 1.1-1 + 5 n*“ 


Wa o 
~2z 


or, on making the quantum mechanics replacement of k 2 by 

1(1 + 1 ), 

1(1 + 1 ) 0 . 

2 Z 


OA s 


0 ) 


The values of OA for z = 1 are, then, 

1 = 0 1 2 3 4. 

OA ~ 0 do 3uo fido 10ao. 

If this distance is smaller than the radius of the electron shell, 
the orbit will penetrate. For the alkali ions the most reasonable 
value for the radius of the outer shell is r, given in Table II. 
Hence we may say with certainty that for the alkali atoms 
all orbits with the values of l shown unbracketed in Table III 
will be penetrating orbits. Furthermore, the electron shells 
in actual ions extend a considerable distance beyond the average 
distance f, so that some other orbits will be expected to penetrate 
to some extent. Values of l for these partly penetrating orbits 
are bracketed in Table III. 


Table III. — Penetrating Orbits in the Alkali Atoms 


Li 

1 =0 



Na 

0 

[11 


K 

0 

1 

[2] 

Rb 

0 

1 

[2] 

Cs 

0 

1 

[2] 


The description of orbits as penetrating or non-penetrating 
retains its significance in the quantum mechanics. If the valence- 
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electron eigenfunction is large in a region where the eigenfunctions 
of the core electrons are large, the interaction will be great; 
otherwise it will be small. Since a hydrogen-like eigenfunction 
is large only for the values of r traversed by an electron in a 
Kepler ellipse with k 2 = 1(1 4- 1) (Fig. 9, Chap. II), this con- 
sideration also leads to the results given above. 


9. TERM SERIES AND TERM VALUES. THE FORMULAS OF 
RYDBERG AND RITZ 


We have just seen that the classification of an orbit of the 
valence electron of an alkali-like atom as penetrating or non- 
penetrating depends mainly on its azimuthal quantum number l, 
and not on n. This grouping of states according to the value 
of Z is further suggested by the observed term values. Let us 
take sodium as an example. The term values found experi- 
mentally for small values of n and l are given in Table IV. The 
ground state or normal state of the atom (highest term value) 
is that with n = 3, l = 0. The term value of the normal state 
multiplied by he is just the energy needed to remove the electron 
to infinity; that is, to ionize the atom. 

Table IV. — Term Values for Sodium in cm. -1 * 


n = 

3 

4 

5 

6 

8 

l = 0 

41,449.0 

15,709.5 

8,248.3 

5,077.3 

Pt 

1 = 1 

24,475.7 

11,176.1 

6,406.3 

4,151.3 

d 

1 = 2 

12,276.2 

6,900.4 

4,412.5 

3,061.9 

t 

1 = 3 


6,860.4 

4,390.4 

3,043. 


*F. Pabohun, Ann. d. Phys., 71: 142, 1923. 
t The lower term values of the doublet terms are given. 


Extending from this normal state is a series of states, all with 
Z = 0, which can be expressed as a first approximation by the 
common formula 


T = 


Rz* 


(^A^”= 3 ’ 4 ' 


( 2 ) 


This approximate formula is called the “Rydberg formula.” 
A more exact formula is that of Ritz, which has the form 


T = 


Rz 2 



(3) 


This series of energy levels, all with Z = 0, is called the 
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s series.” In the same way energy levels with l — 1 form a 
senes, called the “p series.” The terms of this series can be 
represented by equations of the form of 2 or 3, but with different 
va ues of A and 8 , indicated as Ai and 8i (in general we write 
Ai and 5 2 ). The successive series have been assigned the follow- 
ing names: 


1 = 0 s series 

1 P 

2 d 

3 / 

4 g 

5 h etc. 

It is seen from Table IY that for a given value of n the lowest 
energy level is an s level, the next a p level, and so on. 

Term values are often written 


T 


Rz 2 

n* 2 


(4) 


in which n* is called the effective quantum number. The quantity 
n — n* is called the “quantum defect” of the term, and may be 
represented by the symbol A (without subscripts). 

The individual terms of a series are indicated by writing the 
value of n before the term symbol; as Is, 2s, . . . 


10. TERM VALUES FOR PENETRATING ORBITS 

A simple treatment of penetrating orbits has been given by 
Van Urk. 1 Consider an atom with effective nuclear charge 
Zi e within a sphere of radius fa 0 , and ze beyond this radius 
(the charge (Z, z)e being distributed uniformly over the sur- 
face of the sphere). The potential energy of the valence electron 
of this atom will be 


V( r ) = for r > fa 0 , 


Zje 2 (Zj 


z)e 2 


£<Zo 


for r < fa 0 . 


The Hamiltonian function is 


(5) 


% ~ 2 m’iv* + + ^( r ) = W, the energy constant. (6) 

1 A. Th. van Urk, Z. f. Phys., 13 : 268, 1923; see also M. Born, “Atom- 
mechanik,” pp. 195-198. 
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Since *p does not occur in this equation, the angular momentum 
V'P is constant, and its quantization gives 

kh 

* = 2t < 7 ) 

Comparison of Equation 6 with Equation 4 of Chap. II shows 
that the motion of the electron in the outer region is just that of 
an electron in the coulomb field of the charge ze, and in the inner 
region that of an electron in the coulomb field of the charge 
The portion of the orbit in each region is a segment of an ellipse, 
determined by the azimuthal quantum number k and the seg- 
mentary radial quantum numbers 


^ outer h — y ^ ' 


r h 


J2m„- 


^ — A - 2 dr 

4 xV 2 

^moj 

W + ^- 
r 

! (Z { -z)e* i 

fa 0 j 

k 2 h 2 
4xV 2 


dr 


( 8 ) 


The true radial quantum number 
condition 


is given by the quantum 
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j2mu\ 

Inner region 

The segmentary principal quantum numbers for the outer and 
inner regions are 

n* — n outer + k) 

n% ~ n inner “1“ k. j 

The energy of the electron in the two segments must be the same, 
and be equal to the energy of the orbit; hence, from Equations 14 
and 20 of Chap. II, we obtain the equation 


( 10 ) 


>2/;2 


z 2 e 


2 a^n 


*2 


i_ (■^'> g )g 2 _ -p y 

2 a 0 »ii 8 fa 0 ' 


(ID 


connecting n* and n { . 

Let us assume z/n* small compared with Zi/m, so that the left 
term of this equation is small. Then we have 

Zi 2 ^ Zi-z __ 


2a 0 ni s 


Zi 


or 
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But 2 Ui 2 a Q / Z i is the maj or axis of the inner ellipse and £ a 0 the radius 
of the inner region. Accordingly the inner elliptical segment must 
be nearly a complete ellipse. Furthermore, if n is large the outer 



Fig. 13. — A penetrating orbit in 
which both the inner and the outer 
segments are nearly complete. 


otherwise the electron would 
ing them, we have 


segment will be nearly complete. 
The orbit will have the form 
shown in Figure 13. The integ- 
rals of Equation 9 will approach 
those of Equation 8, and there 
will result 

Ti = dinner ”t“ ^outer 

or 

n = n* + 7ii — k. (12) 

A minimum value for n t - can be 
obtained in the following way. 
The aphelion distance for the 
inner ellipse must be at least 
equal to the shell radius £a 0 , for 
nain in the inner region. Equat- 


with 


a(l + e) = £a 0 


ftx 2 a 0 , 

a = ___ — and e 


Zi 

Solving for Ui , there results 

ni = 


rz,_ 

V2 & - W 


(13) 

(14) 


Equation 12 thus gives for the Rydberg correction or quantum 
defect 


A = n — n* — rii — k. 


Substituting Equation 14 in this, and making the quantum 
mechanics replacement of k 2 by 1(1 + 1) and k by l + we 
obtain 


V'2fZ i - 1(1 + 1) ( l +2)' (15) 

This equation gives a satisfactory qualitative and roughly 
quantitative explanation of the observed features of alkali-like 
spectra. The most striking result, that the quantum defect 
A is independent of n and is for a given atom a function of l only, 
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is' approximately verified by experiment (see Table V). This 
result has indeed been derived by Bohr in a very general ma nn er, 
independent of a particular atomic model, the only assumption 
being that the dimensions of the ion are small compared with 
those of the orbit of the emitting electron. 1 


Table V. — Values of the Effective Quantum Number n* for Term 
Series of Sodium 



n — 3 

4 

5 

6 

7 

8 

$ 

1.63 

2.64 

3.65 

4.65 

5.65 

6.65 

v 

2.12 

3.14 

4.14 

5.14 

6.14 

7.15 

d 

2.99 

3.99 

4.99 

5.99 

6.99 

7.99 

/ 


4.00 

5.00 

6.00 




In Table V are given values of n* for sodium, calculated from 
the data of Table IV, from which the small effect of n in changing 
the quantum defect can be seen. Values of A z for all the alkali 
metals are given in Table VI. It is evident from the magnitudes 
of Az that for lithium only the 5 orbits. penetrate the core, for 
sodium only the s and p, and for the others the s, p, and d . This 
is exactly the result obtained from the model, as given in Table 
III. 


Table VI. — The Rydberg Correction A i for the Alkali Metals 



s 

V 

d 

/ 

9 

Li 

0.40 

0.04 

0.00 


0.00 

Na 

1.35 

0.85 

0.01 

0.00 

0.00 

K 

2.19 

1.71 

0.25 


0.00 

Rb 

3.13 

2.66 

1.34 

0.01 

0.00 

Cs 

4.06 

3.59 

2.46 

0.02 

0.00 


As a further test of this interpretation of the alkali terms let us 
calculate A i by Equation 15, using for f the theoretical values 
of Table II and putting Zi = 3 for lithium and 9 for the 
others. The resultant values, given in Table VII, are in rough 
general agreement with the observed ones. 

Published by M. Born, “Atommechanik,” p. 198. 
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Table VII. — Theoretical Values of the Rydberg Correction 



s 

V 

d 

Li 

0.39 



Na * 

1.36 

0.51 


K 

2.14 

1.23 

0.47 

Rb 

2.70 

1.78 

0.00 

Cs 

3.05 

2.13 

1.28 






It is especially significant that the agreement is excellent in t he 
case of $ orbits of lithium, sodium, and potassium, for Equation 
15 should give accurate results here. These $ orbits, with high 
eccentricity, penetrate deep into the atom core (as was assumed 
in the derivation of the equation), so that for them the idealization 
of the electron shell as a surface charge of electricity is more 
suitable than for less eccentric orbits. The high experimental 
values of A i for rubidium and cesium are due no doubt to the 
further penetration of inner electron shells. 

For small values of n the distance OA in Figure 2 of Beetion 
5 will be somewhat larger than given by Equation 1. It thenv 
fore can happen that the first orbits of a series do not penetrate 
but those with higher values of n do. This will cause irregulari- 
ties in the quantum defect A of that series and has been used to 
give a possible explanation of anomalies occurring in some series 
of a few spectra (Al, Hg). 1 

Attempts have also been made to derive an atomic potential 
function V(r), spherically symmetrical and free from discon- 
tinuities, from observed term values. The results obtained 
in this way have been very satisfactory. 2 Furthermore, purely 
theoretical expressions for V(r) have been obtained which are in 
excellent agreement with the empirically deduced functions, 11 


J E. Fuss, Z. f. Phys., 11: 376, 1923; G. Wentzel, ibid , 19: 53, 1028. 
*E. Fues, Z . /. Phys ., 11: 364; 12: 314; 13: 211, 1923; D. It. IIahtrmk, 
Proc . Cambridge Phil. Soc., 21: 625, 1923; Proc. Roy. Soc., a 106: 552; 1024, 
Y. Sugiura and H. C. Urey, Kgl. Danske Vid . Selsk., 7: 13, 1020; K. B. 
Lindsay, Jour. Opt. Soc., 11: 17, 1925. 

8 L. H. Thomas, Proc. Cambridge Phil. Soc,, 23: 542, 1027; I), It. 
Hartree, ibid., 24: 89, 111, 1928; J. A. Gaunt, ibid., 24 : 328, 1028; R 
Fermi, Z. f. Phys., 48: 73, 1928. 
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11. TERM VALUES FOR NON-PENETRATING ORBITS. POLARIZA- 
TION OF THE ATOM CORE 

The term values of non-penetrating orbits differ slightly hut 
appreciably from those for the corresponding hydrogen-like 
orbits, the quantum defects being usually of the order of 0.01 
or less. It was suggested by Born and Heisenberg 1 that this 
difference arises from the polarization of the atom core in the 
field of the valence electron ; and now that the quant um mechan- 
ics has provided the correct equations expressing this effect 
and that accurate values of the polarizability of many atom 
cores are known, it can be shown that the quantum defects for 
non-penetrating orbits can indeed be calculated in this way 
with some accuracy. 

In an electric field F an atom or ion becomes polarized, the 
center of charge of the electrons being shifted with respect 
to the nucleus. The electric moment of the induced dipole 
is aF , in which a is called the “polarizability” of the atom or ion. 
The polarization energy is — }4<*F 2 - 

In an alkali atom, such as sodium, with the valence electron 
in a non-penetrating orbit, the atom core (Na 4- ) is polar- 

ized in the field — ^ of the valence electron, the polarization 
energy being — The perturbation theory of the quantum 


mechanics states that the change in the energy of the atom 
from that for a hydrogen-like atom will be just the average 
value of the polarization energy, the average being taken over 
the unperturbed system. In this case, then, we have 


W = 


z*e‘ 


z'e* 


_ ««Yi\ 

2 {r<) 


2ao{n — A) 2 2a 0 n 2 

Expanding in powers A/n, there is obtained for A the expression 


A = 


n s a a 0 / 1 
2z 2 \r i 


which becomes, on introducing the quantum mechanics value of 



given in Section 8, 2 


3az 2 


A = 


1 - 


IJ ± 1 ) 

in 2 


W(J- K)K« + ^)(Z + i)G + M)' 


(16) 


1 M. Born and W. Heisenberg, Z. j. Phys., 4 : 347, 1921. 

1 This equation was given first by I. Waller, Z. f. Phys., 38: 635, 1926. 
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This value of A, containing a term in 1/n 2 , leads to the Ritz 
term series formula of Equation 3. 

Values of a for some ions of interest, obtained by the introduc- 
tion of suitable screening constants in the quantum mechanical 
expression for the polarizability of hydrogen-like orbits, are given 
in Table VIII. In Table IX are values of A calculated for the d 
series of sodium by introducing in Equation 16 the polarizability 
given for Na + , and the observed values of A obtained from the 
term values of Table IV. The agreement supports the belief that 
polarization of the atom core is the main factor determining the 
quantum defect for non-penetrating orbits. The slightly low theo- 
retical values suggest that some other less important interaction 
of the valence electron and the atom core is also operative. 


Table VIII. — The Polarizability of Certain Ions 1 

a cl 


Na + 

0.180 X 10“ 24 

Li 4 * 

0.0292 X 10“ 24 

K + 

0.835 

• Be+ 2 

0.0079 

Rb + 

1.41 

B+3 

0.0030 

Cs+ 

2.42 

C +4 

0.00134 


1 Linus Pauling, Proc ., Roy. Soo., a 1X4: 181, 1927. 


Table IX. — Quantum Defects for the d Series of Sodium 


n — 

3 

4 

5 

6 

7 

8 

00 

A observed 

0.0100 

0.0112 

0.0126 

0.0124 

0.0125 

0.0110 


A calculated 

0.0090 

0.0102 

0.0107 

0.0110 

0.0111 

0.0112 

0.0116 


A similar treatment can be given other alkali-like atoms. In 
Table X are given term values for the lithium-like atoms neutral 
lithium, singly ionized beryllium, doubly ionized boron, and triply 
ionized carbon, or, denoting the degree of ionization by Roman 
subscripts equal to z } Lii, Ben, Bui, and Civ. 

These term values lead to the quantum defects for p and d 
terms given in Table XI. The trend of the calculated values of 
A for p terms in Table XI follows strikingly that of the observed 
values; particularly noteworthy is the maximum at Ben for a 
given term. In the case of the d terms the entire quantum defect 
arises from polarization, but for the p terms some other inter- 
action seems to be responsible for a small fraction of A. 
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Table X. — Term Values of Lithium-like Atoms* 


n = 

2 

3 

4 

5 

Ru/n* = 

27,433.00 

12,192.44 

6,858.25 

4,389.28 

s Lii 

43,486.3 

16,280.5 

8,475.2 

5,187.8 

Ben/4 

36,720.1 

14,662.3 

7,856.2 

4,886.6 

Bm/9 

33,993.1 

13,970.7 



Civ/16 

32,502.1 

13,581.4 



pt kii 

28,582.5 

12,560.4 

7,018.2 

4,473.6 

Ben/4 

28,736.3 

12,596.2 

7,030.1 

4,477.6 

Bm/9 

28,616.1 




Crv/16 

28,465.3 

12,504.3 



d Lii 


12,203.1 

6,863.5 

4,389.6 

Ben/4, 


12,206.9 

6,865.1 

4,393.7 

Bm/9 


12,207.8 


Crv/16 


12,208.3 




*1. S. Bowbn and R. A. Millikan, Phys. Rev., 28: 256, 1926. Term values for Ben, 
eto. are divided by z 2 for ease in comparison with hydrogen-like terms, 
t The smaller term values of the p doublets are given. 


Table XI. — Quantum Defects for Lithium-like Atoms 


n = 

2 

3 

4 

5 

CO 

p Lii Observed 

0.0419 

0.0451 

0.0464 

0.0479 


Calculated 

0.0327 

0.0363 

0.0376 

0.0382 

0.0392 

Ben Observed 

0.0476 

0.0496 

0.0499 

0.0502 


Calculated 

0.0356 

0.0395 

0.0410 

0.0416 

0.0427 

Biii Observed 

0.0431 





Calculated 

0.0305 

0.0339 

0.0351 

0.0356 

0.0366 

Civ Observed 

0.0376 

0.0382 




Calculated 

0.0242 

0.0268 

0.0278 

0.0282 

0.0290 

d Lii Observed 


0.0013 

0.0015 



Calculated 


0.00144 

0.00163 


0.00186 








Similar approximate agreement is found between observed and 
calculated quantum defects for other alkali-like atoms, as well 
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as for atoms with several outer electrons, only one of which is 
excited into a large non-penetrating orbit. 1 

By the use of the first-order perturbation theory of the quan- 
tum mechanics it can be shown that even for these states there is 
some penetration of the core, leading to a small contribution to 
the quantum defect, of the magnitude of the differences in Tables 
IX and XI. It is accordingly no longer possible to make a sharp 
distinction between penetrating and non-penetrating orbits. 
In some cases the effect of penetration is extremely small, for 
example, for the d states of lithium; and for 5 states it is large. 
The states bracketed in Table III occupy an intermediate position. 

12. ABSORPTION SPECTRA. SERIES OF SPECTRAL LINES 
The difficulties in the interpretation of observed spectra are 
lessened considerably by the fact that absorption spectra have a 
very simple structure. During absorption by a “cold” vapor 
(one at a temperature such that the vapor emits no spectral lines) 
all the absorbing atoms have the same initial state, which is the 
normal state of the atom (for the alkalies the lowest s state). 
In this s state all frequencies of light are absorbed which are 
connected with transitions to levels in the p series. One obtains 
in this way a series of absorption lines which can be written 
symbolically, for sodium, for example, as 

v = 3s — np n = 3, 4, • • • 

Such a succession of spectral lines was formerly called a “spec- 
tral” series; we prefer now to call it a “series of spectral lines” to 
prevent confusion with the series of energy levels. In emission 
spectra there occur still more such series of spectral lines. Thus, 
for example, all transitions from s levels to the lowest p level for 
sodium form a series with the wave-numbers 

v = 3 p — ns, n = 4, 5, • • • 

Formerly some of these line series were given names, which 
one still sees in the literature. For sodium these are the following 
(for potassium 3 is replaced by 4, for rubidium by 5, etc.): 

3s — np, principal series; 

3 p — ns, second or sharp subordinate series; 

3 p — nd, first or diffuse subordinate series; 

3d — nf, Bergmann or fundamental series. 

1 E. SchrOdinger, Ann . d. Phys., 77 : 43, 1925; D. R. Hartreb, Proc ., 
Cambridge Phil. Soc., 23: 304, 1926; B. Swirles, Ibid., 23: 403, 1926; A. 
Unsold, Z.f. Phys., 36: 92, 1926. 
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It is as the initials of the words sharp, principal, diffuse, and 
fundamental that the series symbols $, p, d, f came into use. 

Under ordinary conditions the transitions between the lowest 
levels give the strongest lines. The very strongest are transitions 
to the normal state. 


4 * 


12a. Selection Rules. — Not all spectral lines which would be 
expected from the preceding considerations actually occur; 
that is, not every difference between two term values gives an 
observed frequency. On the other hand, the frequency of every 
observed spectral line is given by the difference between the 
term values of two energy levels of the atom. 

Under normal conditions, when the alkali atom is not perturbed 
by an external electric field, there occur only certain definite 
transitions. Only those combinations occur for which the quantum 
number l changes by +1 or — 1. ‘ 

The theoretical discussion of 
this selection rule for the quan- 
tum number l will be given 
in Chap. VIII. There is no 
selection rule for n. 

This signifies that in alkali- 
like spectra there occur tran- 
sitions from the s term series 
to the p series only, from the 
p series to the 8 and d series 
only, from the d series to the 
p and f series only, and so on. 

In a perturbing electric field 
the selection rule is rendered 
invalid and “ forbidden ” lines 
are observed. 

12b. Term Diagrams. — In 
order to get a definite idea of 
the structure of a given spec- 
trum the following graphical 
representation is used. The 
different energy levels are represented by dashes or dots with" 
ordinates proportional to the energy values or term values. 
Usually the lowest energy level, the normal state, is farthest 
down in the diagram. Levels with given values of l are placed 
on parallel vertical lines. Figure 14 gives as an example the 


5000 - 

10000 

15000 

T t cm~ 
| 20000 - 

25000 

30000 

35000 - 


Fig. 14. — Term scheme for sodium. 
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terms of the sodium atom. A scale of term values, increasing 
toward the bottom, is shown on the y- axis. The first vertica 
line to the right of the axis contains the s terms, the second 
the p terms, etc. All series of levels in the spectrum converge 
for increasing n to the value 0. The series of absorption linos 
of sodi um is also shown in the diagram, as lines connecting 
the lowest s level with the different p levels. Emission linos 
can be similarly represented. 



Fig. 15. — Term scheme for lithium-like atoms. Values of T /z 2 are plotted to 


facilitate comparison with the terms of hydrogen. 

Term values of lithium-like atoms (Table X) are shown in 
Figure 15. 

12c. Resonance Lines. — Such a graphical representation sug- 
gests directly all the peculiarities of the spectrum. For example, 
if sodium vapor is illuminated with monochromatic light 

V = 3s - Bp, X = 5890 A , 1 

this light will be absorbed and atoms will jump to the 3p state. 
From here they may spontaneously fall to lower states. The 
only possibility in this case is the transition back to the normal 
state 3s, with the accompanying emission of the same line that, 
was previously absorbed. A spectral line with this proport, y 

1 This line is really a doublet (the yellow sodium doublet) with wave- 
lengths X5890 and X5896. The doublet structure will be discussed in the 
next chapter. 
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is called a “resonance line.” From the term-value diagram 
it can be seen that the line 3$ — 3 p is the only resonance line 
of sodium. In the case of the other absorption lines part of the 
absorbed radiation is re-emitted with unchanged frequency; but 
lines of other frequencies are also emitted at the same time. For 
example, if the absorbed light takes the atom from 3s to 4p, then 
it can fall directly back to the normal state, or to 3d, then to 
3 p, and then to 3s, or to 4s, then to 3p, and then to 3s; so that 
the absorption of the line 

v = 3s — 4p, X = 3303 A, 

leads to the emission of the lines v = 3s — 4p, v = 3d — 4p, 
v = 3p — 3cZ, v = 3s — 3p, v = 3p — 4s, and v = 4s — 4p. 

. 13. VERIFICATION OF TERM VALUES BY ELECTRON COLLISIONS. 

RESONANCE POTENTIALS AND IONIZATION POTENTIALS 

The term level diagram also shows definitely what results are 
to be expected from the well-known electron collision experiments 
of Franck and Hertz. 1 In these experiments electrons emitted 
from a hot cathode are accelerated by a potential difference V, 
so that they obtain the translational energy eV, and then are 
introduced into a chamber filled with the gas or vapor to be 
investigated. One can now determine with a retarding field 
and collecting plate whether or not the electrons lose all or a 
part of their energy to the gas. If slowly moving electrons are 
sent into non-luminous sodium vapor they experience no energy 
loss so long as their kinetic energy is smaller than the energy 
difference 3 s — 3p. Only when the accelerating potential 
becomes so large that the electron has just enough energy to 
remove the atom from the normal state to the next higher state 
can it transfer energy to the sodium atom on collision. The 
necessary voltage is given by 

eV = hv = live = hc(3s — 3p) 

( y in see” 1 , v in cm -1 , 3s and 3p term values). 

On falling back to the normal state the atom emits the reso- 
nance line X5890. 

If the electron is given still more energy, it continues to lose the 
amount hc(3s - 3 p) until the next following energy difference 
hc(3s - 3d) is reached. Then this jump, too, will be excited, 

1 See the monograph covering this field, J. Franck and P. Jordan, 
“Anregung von Quantenspriingen durch Stosse,” Springer, Berlin, 1926. 

t 
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atoms will be raised from the normal state to the state 3d, and 
on falling back will emit the lines 

v — 3p — 3d and v = 3s — 3p. 

It is to be borne in mind that for such transitions caused by 
electron collisions the selection rules do not hold, or at any rate 
not strictly. Experiment seems to show, however, that the prob- 
ability that a transition allowed by the selection rule will take 
place through electron impact is greater than that for a forbidden 
one. 

If the colliding electron has traversed the potential difference 
given by 

eVi = he • 3s, 

it has sufficient energy to remove the valence electron from the 
normal state to infinity; the atom will be ionized. This poten- 
tial difference Vi is accordingly called the “ionization potential,” 
and the energy eV i is called the “energy of ionization.” 

For use with these experiments of Franck and Hertz, energies 
and energy differences in the energy-level diagram are often 
expressed in “volts,” or better, volt-electrons, signifying the 
energy quantities eV. The number of volt-electrons is given by 

eV = hv or eV = hvc, (v in sec" 1 , v in cm" 1 .) 

Conversion factors from frequencies or wave-numbers to volts 
are given in Appendix II. 

Resonance and ionization potentials for the alkali atoms, 
calculated from term values, are given in Table XII. 


Table XII. — Resonance and Ionization Potentials fob Alkali Atoms 


Atom 

Resonance potential 

Ionization potential 

Li 

2s — 2p = 1 . 840 volts 
3s — 3p = 2.095 

4s — 4p = 1.610 

5s - 5p = 1.582 

6s — 6p = 1 . 448 

2s = 5 . 368 volts 

Na 

3s = 5.116 

K 

4s = 4.321 

Rb 

5s = 4.158 

Os 

6s = 3.877 



An extensive table of ionization potentials is given in Chap. IX. 




CHAPTER, IV 


THE SPINNING ELECTRON AND THE FINE STRUCTURE 
OF ALKALI-LIKE SPECTRA 

So far we have seen that our atomic model gives a qualitatively 
and often, quantitatively very good representation of the struc- 
ture of simple spectra. A more careful inspection of spectra 
shows, however, that there are still some unexplained points. 
Thus we find that the yellow sodium line, the resonance line 
3s — 3 p used in the preceding discussion as an example, is not 
a simple line, hut is a doublet, consisting of two components of 
wave-lengths 5800.12 A and 5896.16 A. The doublet separation in 
wave-number units is Av = 17.2 cm. -1 . Similarly the fine 
3s — 4p, X3303, is a doublet, with Av= 5.5 cm. -1 , and 3s — 5p 
also, with Av = 2.5 cm. -1 , etc. Hence the levels 3 p, 4p, 5 p, 
etc., must be double, with the above doublet separations. 

The further analysis of the lines of alkali-like spectra shows 
that the levels of the s series are single and that all those of the 
p, d, f, etc. series are doublets. 

. 14. DOUBLET STRUCTURE AND THE SPINNING ELECTRON 

In order to explain this complexity of the energy levels and 
other spectral properties of the atom, to be mentioned later, an 
addition must be made to the atomic model which we have pre- 
viously used. This addition consists in attributing a rotatory 
motion to the individual electrons. 1 

It seems to be sufficient to give all electrons the same rotation, 

so that they have the angular momentum s^, with s s thqspin 

quantum numb&^Jtaays J^. 2 The electron obtains a magnetic 
moment together with this rotation. How large this is cannot 
be predicted, since our information concerning the structure and 

1 G. E. Uhlekbeck and S. Goudsmit, Naturwissenschajten, 13: 953, 
1925; Nature, 117 : 264, 1926. 

! Care must be taken not to confuse the spin quantum number s with the 
symbol used in writing s orbit or s level. 

63 
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properties of the electron must come from experiment. The 
empirical spectral material and the magnetic properties of atoms 
indicate that the magnetic moment of all electrons is the same; 


namely, 2s^- 


2m Q c 


An electron is thus no longer a point parti- 


cle, but has, besides charge and mass, empirically determined 
mechanical and magnetic moments. If we interpret the quantum 
mechanics formulas as signifying that the magnitude of the vector 
s is \/s(s + 1), in accordance with the discussion in Chap. I, 
then the properties of an electron may be expressed in terms of 
the following numerical values: 


Charge — e * — 4.770 • 10“ 10 e.s.u. 

Mass mo = 0.904 • 10“ 27 grams. 

Mechanical moment. . . \/I*l = 0.902 X 10“ 27 erg-seconds. 

\ 2 2 2 t 

Magnetic moment ■— • — = 1.589 X 10“ 20 erg-gauss’” 1 . 

\2 2 2 tt m 0 c 


The question immediately suggests itself as to whether the 
electron can be given a structure such that it will possess all of 
these properties. Attempts in this direction have been made, but 
have always run into difficulties. Formal methods of introducing 
the spin of the electron into the quantum mechanics equation 
have, so far, been only partially satisfactory. 1 Dirac has, 
however, concluded recently that the quantum mechanics 
in combination with the theory of relativity necessitates the 
introduction of equations which may be interpreted in terms of 
the electron spin. 2 Without doubt this method of introducing 
the quantum number 5 is to be preferred to the more intuitive 
treatments used previously; we shall, however, find it convenient 
in discussing the vector model to retain the visualizable conception 
of the electron as a spinning top. 

-/l4a. The Total Angular Momentum of the Atom. — We shall 
now see what properties of the atom can be explained with the aid 
of the spinning electron. We might first consider how the orbit 
would be influenced according to the old quantum theory. It is 
found that as a result of the spin the orbit of the electron would no 
longer remain plane, but that the orbital plane itself would undergo 

1 In addition to the references given later in this chapter, mention must be 
made of the work of W. Pauli, Z. f. Phys., 43: 601, 1927 and of C. G. 
Darwin, Proc ., Roy. Soc., a 115: 1 , 1927; 116: 227, 1927. 

2 P. A. M. Dirac, Proc. Roy. Soc., a. 117, 610; 118, 351, 1928. 
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uniform precession in space about the total angular momentum 
vector of the atom, which would remain fixed in direction and 
magnitude. This total angular momentum, which is given by 
the quantum vector j, is the resultant of the orbital moment 1 
and the_spin moment s. An assumption fundamental to the 
determination of possible values of j is this: in a given case the 
values of j must all be either integral or half-integral, depending 
on whether s is integral or half-integral. Since for a single 
electron we have assumed s = j must be half-integral, and, 
in fact, can have only the values l + and l — The two 
ways of combining 1 and s into a resultant j are shown in the 



Fig. 16. — Composition of vectors 1 and s to form the resultant j for the case 
l = 2 , s = H,j = % or (a ) accordi ng to th e model in which the magnitudes 
of the vectors are y/l(]l + 1), Vs(s + 1), and VV(i H- 1), and (b) according to the 
model in which the magnitudes of the vectors are l } s, and j. 


accompanying figure (Fig. 16), in which l has been given the 
value 2, so that j is equal to either % or Inasmuch as 
VjC? + 1) differs only a little from j, and similarly for Zands, it 
is easily seen that, in general, the maximum and minimum values 
of the quantum number j are l + s and 1 1 — s | ; for with j larger 
than l + sot smaller than 1 1 — s | the quantum vectors cannot be 
combined. 

In considering the energy term due to the interaction of 
electron spin and orbital motion, it will be found necessary to 
* evaluate the quantity si cos (si) . From the trigonometric equation 
connecting three sides and one angle of a pla ne triang le we obtain, 
with the introduction of the magnitudes Vj(j + 1)? etc., of the 
vectors in terms of the quantum numbers, 

jU + 1) - + 1) - 1(1 + 1) 
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Equation 1 is the equation given by the quantum mechanics 
for si cos (si), and for this reason it is to be accepted as 
correct; the fact that we have also obtained it from our model 
should not be interpreted to mean that the model will in all cases ■ 
be in agreement with the quantum mechanics. It has in the 
past been customary to use the convention of giving the quantum 
vectors j, 1, and s in the vector model the magnitudes j, l, and s. 
With this model there would result the incorrect relation 

7 r i\ j 2 — s 2 — l 2 
si cos (si) = 2 

It was then said that the model corresponded only roughly to 
actual atoms, and that it was necessary to introduce certain 
quantum mechanics corrections; namely, to replace j 2 by j(j + 1), 
and so on, so as to obtain the correct Equation 1. The composi- 
tion of vectors according to this model is shown in Figure 166. 

14b. Selection Rule for j . — It was found empirically that j 
can change during a quantum jump only by +1, 0, or —1. 
This selection rule is given by the quantum mechanics, and may 
also be derived by means of the correspondence principle, as will 
be shown in Chap. VIII. The selection rule for j is not rendered 
invalid by perturbing external electric fields, as is that for L 
It will be shown later, however, that it is affected by external 
magnetic fields. 

The name “inner quantum number” originally given j by 
Sommerfeld is less desirable than the more descriptive name 
“total angular momentum quantum number”; it is, moreover, 
convenient and desirable to reserve the letter j for this one use, 
and to refer to the total angular momentum quantum number 
as “the quantum number j.” 

14c. Term Symbols. 3 — It is now customary to designate states 
of an atom by the use of the capital letters S, P, D, F, . . . 
corresponding to the orbital momentum given by l = 0, 1, 2, 
3, * • •, while small letters s, p, d,f, . . . are retained for individ- 
ual electrons; evidently in the case of alkali-like atoms we need 
merely to replace the small letters by capitals to obtain the atomic 
state from the state of the valence electron. Furthermore, the 
index 2s + 1 ( = 2, with $ = Y%) is written above and to the left 
of the atomic term symbol, to indicate the doublet character of the 

1 Term symbols are further discussed in Sec. 21c. 
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levels, and the value of j is written as a subscript. The index 2 
is used with S levels even though only one level exists. The terms 



Fig. 17. — Term scheme of sodium, showing fine structure of levels and allowed 
transitions. (The F levels should read 2 F^ and 2 F%.) 

of alkali-like atoms, and the corresponding symbols, are given 
by the following scheme: 



j = 

X 

% 

% 

X . 

% 

Z - 0 

s 






1 
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4 
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2 -Dm 
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4 

9 

... 

... 

... 




The value of the total quantum number n may be written before 
this symbol; thus, the two components of the yellow sodium line 
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(which we have called 3s — 3 p) are 3 2 $^ — 3 2 Py 2 and 3 2 S% — 
3 2 P^ 

The transitions allowed by the selection rules for l and j are 
shown in Figure 17. It will be seen that only lines due to transi- 
tions involving an $ state have two components, all others having 
three. The name doublets refers not to the number of compo- 
nents of the spectral lines but to the multiplicity of the energy 
levels. 


15. THE ENERGY CHANGE DUE TO THE SPINNING ELECTRON 


Through the introduction of the magnetic electron the expres- 
sion for the energy is naturally changed somewhat; a correction 
term is added. For a Kepler ellipse with quantum numbers 
n and l in the field due to the nuclear charge Ze this term is 


W* 1 = 


Rhca 2 Z 4 


n*l(l + y 2 )(l + 1 ) 


Is cos (Is), 


( 2 ) 


in which a, the Sommerfeld fine-structure constant, is 2tt e 2 /hc. 
If a penetrating orbit such as that of Section 8 is being treated, 
the correction term is 


Ws 1 = 


Rhc a 2 Zi 2 z 2 
n*H(l + V 2 )(l + 1) 


Is cos (Is). 


(3) 


Introducing the value of Is cos (Is) there is obtained in the second 
case 


w 1 _ Rhc a 2 Zi ? z 2 j(j + 1) — 1(1 + 1) — s(s +1) ..v 
n*H(l + y)(l + 1)’ 2 w 


Since j can assume only the values l + y and Z — y, this 
becomes 


wt_ Rhca 2 Zi 2 z 2 ±(i + y 2 )-^ 
~ n*H(l + M)(J +d) ’ 2 


(5) 


Each of the previously considered energy states of the atom is 
now split into two, which differ slightly in energy. But states 
with Z = 0 are not split, they are only displaced. For with Z = 0 
the correction term has a finite value only for j = l + y ; the 

1 Before the development of this nomenclature it was customary to 
represent alkali-like levels by using the subscript 2 for states with j = 1 — y 
and 1 for those with j = Z + thus 2 Py was written p 2 ; 2 P% p x ; d 2 ; 

etc. Sommerfeld introduced the use of j + H as subscripts, writing 
Pi, P2, d 2 , dz , etc. for the above terms. We shall use the capital letter 
symbols in all fine-structure considerations. For convenience in printing, 
the “ half-integral” values of j are sometimes written 1%, 2%, etc. 
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case of j = Z — gives an infinitely large correction term, corre- 
sponding to a non-existent state. This result is in complete agree- 
ment with the above-mentioned facts, that in the alkali spectra 
the s terms are single, and all others are double. This result 
regarding the multiplicity of terms may also be obtained very 
simply directly from the vector model. With l = 1, 2, 3, ■ • • 
there are two possible values for j, l + % and l — but for 
l = 0 only one, j = s — From Equation 5 the doublet separa- 
tion of the levels, expressed in wave-numbers, is found to be 


Ra 2 Zi 2 z 2 
n*H(l + 1) 


(5a) 


It can be seen from the equations that the state with j = Z — K 
has a smaller energy than that with j — l + the level with the 
greater value of j lies higher. This also is in agreement with the 
observed fine-structure levels. 

The derivation of Equations 2 to 5 representing the interaction 
of spin and orbital motion of the electron seems, at first sight, 
not to be difficult. The electron moves with velocity v in the 
electric field of the nucleus, thus producing according to elec- 
tromagnetic theory a magnetic field 


H = -F X v. 

c 


If the effective nuclear charge is Ze the field at the electron is 


F = 



in which r is the radius vector. (This formula also follows 
directly from the law of Biot and Savart. Relative to the elec - 
tron the nucleus is moving with the velocity v, and is equivalent 
to a current Zev, which produces at the electron a magnetic field 
of the above magnitude.) The angular momentum of the 
electron is 

v/ , h 
m 0 r Xv = lx-; 


and hence 


H = 1- 


27T?ftoC 


Ze 

7*3 


Now a magnetic electron in a magnetic field undergoes a 
Larmor precession about the field direction, with an angular 
velocity equal to the product of the field strength and the ratio 
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of the magnetic and the mechanical moment of the spinning 
electron: 1 

e 2 Z Jfc 
0)5 m 0 2 c 2 r z 2t 

L. H. Thomas 2 has further remarked that the rigorous relativistic 
treatment of the motion of the spinning electron leads to a pre- 
cession of the electron axis arising from the relativity theory, in 
addition to the magnetic precession. This “Thomas precession” 
is just half as great as the magnetic precession, and has the 
opposite sign. The derivation of this relativistic precession 
cannot be given here on account of its difficult nature. With 
both precessions the actual angular velocity of the electron axis 
becomes 

, _ 1 e 2 Z lh 

° + or to 

Just as in the theory of the Zeeman effect, the energy of such a 
precessional motion is equal to the product of the angular veloc- 
ity and the projection of the mechanical moment of the pro- 
cessing system on the axis of precession; i.e. } on H or 1: 

_ - 1 e 2 A 2 Z , , -v 

w ' ‘-26 w ?'-? ,,cos(s1) - (6) 

In general, the factor Z/r 9 is not constant during the motion of 
the electron. Since the energy IF* 1 is only a very small fraction 
of the total energy of the moving electron the perturbation theory 
states that the actual correction term is obtained by taking the 
average value of the perturbation energy (6) over the unperturbed 
motion. In this case the average of Z/r 9 is needed. For a Kepler 
orbit Z is constant; and the average value of Z/r 9 according to the 
quantum mechanics (Sec. 7) is 


/l\_ 64 7r 6 m 0 3 e 6 Z A m 

\r 9 ) ~ h*nH(! + y 2 )(l + 1) 

16a. The Lande Doublet Formula. — An approximate value of 


for a penetrating orbit can be obtained by a method which 

is an extension of that used in Section 10. It was assumed there 
that the orbit consists of two nearly complete elliptical segments, 
one in the inner region, with effective nuclear charge Zae and 
segmentary principal quantum number and one in the outer 


1 See Footnote 3 on p. 69. 

2 L. H. Thomas, Nature , 117 : 514, 1926. 
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region, with ze and n* for these quantities. The average value 
of Z/r 3 for each of these segments is given by introducing these 
values for Z and n in Equation 7. The times r» and r 0 that the 
electron spends in traversing the two segments of its orbit are 
given in Equation 21, Chap. II, as 

nfh 3 _ n* 3 A 3 

Ti " 4 t r 2 m 0 Z j 2 e 4 ana T ° 4 x 2 m 0 z 2 e 4 ' 

From this we find for the average value of Z/r 3 in the entire orbit 
the expression 


r ‘(S) + r, C?) 


\r 3 / Ti + To 

Since Zi is much larger than z, T{ is small compared with t 0j while 


(5) is very small compared with I 
quantities, we obtain 1 


Neglecting these small 


(Z\ _ t i (Z\ _ 64x 6 TO 0 3 e 6 Zj 2 z 2 , 

\r 3 / T 0 \ri 3 / h 3 n* 3 l(l + }4)(l + 1) 

From Equations 7 and 8 and Equation 6 there result Equations 
2 and 3 for the interaction energy between spin moment and 
orbital motion. 

16b. Doublet Separations in Isoelectronic Sequences.— If 
the orbit of the outer electron deviates only a little from a hydro- 
gen-like orbit in a field due to an effective nuelear charge Z tf je, 
it is often convenient to represent the doublet separation by the 
equation 

Av = 5-82 ( f ~ j - °^ cm." 1 (9) 

nH(l + 1 ) 

in which So is a screening constant arising from the shielding 
effect of the inner electrons in the atom, 2 The constant Ra 2 


1 This equation was obtained by formal methods and applied in this 
connection by A. Land:#, Z. f. Phys., 25 : 46, 1924, before the introduction of 
the spinning electron. 

2 The applicability of this equation to optical doublets was discovered 
empirically by R. A. Millikan and I. S. Bowen, Phys. Rev 23 : 764, 1924; 
24 : 209, 233, 1924, and A. Land:#, Z. f. Phys., 25 : 46, 1924. The equation 
is the same as that derived by A. Sommeefeld for the hydrogen fine struc- 
ture and applied by him to X-ray doublets. At that time (1924) it was 
believed that the relativistic change of mass of the electron provided a 
satisfactory theoretical basis for the equation; the work of Millikan and 
Bowen and of Lands showed, however, that its validity was a great riddle. 
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has been replaced by its numerical value. The use of this equa- 
tion is especially to be recommended when the orbit of the 
valence electron is not supposed to penetrate the innpit electron 
shells; that is, when the effective quantum number n* lies 
close to the integer representing n. This condition is fulfilled in 
the case of the p orbits of lithium (for which n* = 1.96 in the 
lowest state (n = 2)) and of the lithium-like ions. The experi- 
mental values of Nv for this doublet level (2 2 Px — 2 2 P%) for Li, 
Be+, B+ 2 , C+*, N +4 , and 0 +6 are given in the accompanying table. 


Table I. — The Doublet Separation 2 — 2 for Lithium-like 

Atoms 1 


Atom 

Av 

Z - So 

S, 

Li 

0.338 cm."" 1 

0.981 

2.019 

Be + 

6.61 

2.063 

1.937 

B+ 2 . ... 

34.4 

3.116 

1.884 

C+ 3 

107.4 

4.142 

1.858 

N+ 4 

259.1 

5.162 

1.838 

0+ 6 

533.8 

6.184 

1.816 


1 This table is taken from I. S. Bowen and R. A. Millikan, Phys . Rev ., 27: 144, 1926. 


The values of So calculated from them correspond closely to 
complete screening by the two inner electrons; conversely, the 
substitution of So = 2 in Equation 9 leads to theoretical values of 
Av which deviate only slightly from the observed ones. The 
less efficient screening as the atomic number increases is, further- 
more, explicable; with increase in Z the size of the orbit of the 
outer electron decreases more rapidly than that of the two inner 
electrons, and the outer orbit begins to penetrate to a region of 
larger effective nuclear charge. 


Table II. — The Doublet Separation for Non-penetrating Orbits op 
Sodium-like Atoms 1 


Atom 

Levels 

Av 


So 

Mg+ 

3*D h - 3 >D H 

0.99 cm. -1 

2.29 

9.71 

Al +S 

3^ - 3*D h 

2.28 

2.82 

10.18 

Al+> 

4 J Z)j4 — 4 a Z>5$ 

1.28 

3.03 

9.97 

Al+» 

4*Fk - 4 2 Fj4 

0.38 

2.66 

10.34 

Si +S 

4 *Fh - 4*Fj4 

1.26 

3.59 

10.41 


1 1. S. Bowen and R. A. Millikan, Phys. Rev., 24: 209, 1924. 
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In Table II are given data for some doublet states of sodium- 
like ions. For these the screening constant is nearly* 10 (within 
the experimental error), indicating complete screening by the 
two electrons in the K shell and the eight in the L shell, and 
again substantiating Equation 9. This equation can not be so 
satisfactorily applied, however, in case the orbit penetrates the 
inner electron shells. The large difference of the effective 
quantum number n* from the value 3 in the case of the 3p 
orbits of sodium-like atoms (Table III) shows that the orbits 
penetrate the L shell; and, similarly, the values of So obtained 
from the doublet separations are much smaller than 10. For 
these states the Land6 formula 

A " - 5 - 82 n - <"f(i + 1) (10) 

corresponding to Equation 5a, may be used. It leads to values 
of Si, the screening constant effective in the region inside the 
L shell, which are about 2 for the ions with Z large, indicating 
that the orbit penetrates the L shell completely from the region 
with z = Z - 10 to that with Z t = Z - 2. The penetration 
is evidently not complete in the case of sodium. 


Table III.— The Doublet Separation 3 a P;,4 - 3 2 Ph for Sodium-like 

Atoms 


Atom 

Av 1 

So 

^ n* 

Zi 

& = Z - Zi 

Na 

17.18 cm.- 1 ! 

7.450 

2.12 

7.59 

3.41 

Mo+ 

91.55 

6.606 

2.27 

9.56 

2.44 

A1+ 2 

234.00 

6.180 

2.38 

10.90 

2.10 

gi+3 

461.84 

5.916 

2.46 

12.10 

1.90 

P+4 

794.82 

5.741 

2.51 

13.15 

1.85 

S+e 

1,267.10 

1,889.5 

5.596 

2.56 

14.20 

1.80 

C1+* 

5.504 










1 1. S. Bowbn and R. A. Millikan, Phys. Rev., 25 : 295, 1925. 


16. THE FINE STRUCTURE OF HYDROGEN AND IONIZED HELIUM 

An atom of hydrogen or of singly ionized helium consists 
of the nucleus and one electron, so that the considerations 
of the previous sections regarding fine structure should apply 
to its spectrum also. The main energy term is (Chap. II) 


_ RhcZ 2 

Wn JT’ 


(ID 
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and depends only on the principal quantum number n. The 
states with different values of l will as a first approximation 
all have just this energy; for, in contradistinction to the other 
alkali-like atoms, there can occur no interaction with the electrons 
of the atom core (penetration, polarization, etc.)- If, however, 
the relativistic change in mass with velocity of the electron be 
considered, there is found an energy correction term 


TP/ 1 * 


RhcaW / 3 1 \ 

n 3 \4n l + y 2 )’ 


( 12 ) 


splitting the original level of Equation 11 into n levels ($, p, d,f, 
etc.). The correction term due to the electron spin is, from. 
Equation 2, 


Khcd*Z* ±tt + K)-K. 
* »*l(l + H)(l + 1) 2 


(13) 


combining these, we obtain 


+ for j-l+H (14a) 

and 

^ = TP/ 1 + TP/ = ^^Q~ n ~ - z ) fori = l -H (146) 

As a result of Equations 14a and 146 certain levels coincide; 
namely, those with the same value of j. This is illustrated 
in Figure 18, showing the fine structure of the level with n = 3. 
Instead of the five levels shown by sodium there appear only- 
three, which arise in this way: the relativistic energy correction 
splits the term into three, represented by the dashed lines; 
these have different values of l The magnetic effect of the 
spinning electron then splits each of these except .that with 
l = 0 into two; and the energy correction terms are just of the 
right size to bring levels with the same,/ into coincidence. 1 In 
the figure these levels are shown slightly separated, for clearness. 

On account of the smallness of the separation for large values 
of n only the fine structure of the level n = 2 has been experi- 


1 Equation 12 was first derived by W. Pauli, with the quantum mechanics 

(Z. /. Phys.j 36: 336, 1926), and Equation 13 by W. Heisenberg and P. 
Jordan (Z. /. Phys 37 : 266, 1926). G. E. Uhlenbeck and S. Goudsmit 
had previously, from formal considerations, become convinced of the 

correctness of these equations and had used them. 
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mentally determined for hydrogen. This level is double ( 2 P H 
and 2 Py, = 2 $^), with a theoretical separation Av = Ra 2 [ 2 4 = 
0.364 cm. -1 . In combining 
with higher states to form 
the Balmer series this separa- 
tion is retained. In the case ? 

of the first few lines of the ; 

series an apparently too small 
separation is observed; this is 
completely explained by tak- 
ing into consideration the fine 
structure of the levels with 
n = 3, 4, • • • The separa- 
tion of succeeding fines in 
the Balmer series approaches 
more and more accurately the 

separation for the level n = 2. q 

Taking into account the fine fig. 18.- 

structure of the levels with n = 3 for hydrogen and ionized helium. 

_ , Levels with the same value of j, repre- 

71 = 3, 4, and 5, the apparent sented here as slightly separated, are 

separations to be theoretically actua hy coincident, 
expected for H «, Hp, and H 7 are given in Table IV. The agree- 
ment of the experimental values with these is especially 
satisfactory in the case of H 7 . 


-Fine structure of the state 


Table IV. — Doublet Separations of H a , H#, and H 7 



H a 


H 7 

Theoretical 

0.320 cm. -1 

0 . 345 cm. -1 

0.354 cm.” 1 

Experimental: 




Houston 1 

0.315 

0.331 

0.353 

Kent, etc. 2 

0.318 

0.335 

0.354 


i W. V. Houston, Aatrophys. Jour., 64: 81, 1926. 

* N. A. Kent, L. B. Taylor, and H. Pearson, Phys. Rev., 30: 266, 1927. 


Comparison with experiment is more easily made for ionized 
nelium; for the fine-structure separations increase with Z i , or 
sixteen-fold in this case. In Figure 19 are represented the energy 
levels for n = 4 and n = 3; the transitions allowed by the 
selection rules for l and j are also indicated. It is seen that this 
line, X4686 of ionized helium, has thirteen components, of which 
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five pairs coincide, leaving effectively eight. This result is in 
complete agreement with Paschen’s observations of the fine 
structure of this line. 1 From the fine-structure separations 



Fia. 19. Fine structure of the line He + X4686, corresponding to the transition 
from n = 4 to n =3. 

for ionized helium Paschen obtained the experimental value 
5.82 cm. -1 for the numerical constant in the fine-structure 
equation. 2 

1 Formerly the fine structure of hydrogen and ionized helium was explained 
as resulting entirely from the relativistic change of mass (Sommerfeld). 
The old quantum theory gave Equations 14a and 146 directly (in terms of 
the azimuthal quantum number k) without the use of the spinning electron. 
That the spectra could be explained as due to coinciding doublets was 
suggested formally from analogy with alkali-like spectra by J. C. Slater, 
( Proc . Nat . Acad . 11: 732, 1925) and by S. Gotjdsmit and G. E. Uhlen- 
bece ( Physica 5: 266, 1925). The selection rules of the new theory differ 
from those of the old, and, as a consequence, more transitions are allowed. 
These explain the occurrence of components (of \4686 of He+, for example) 
which are found by experiment but which were not allowed by the old 
theory. Further facts indicating the superiority of the new theory are 
discussed by A. Sommerfeld and A. Unsold (Z. /. Phys., 36 : 259, 1926 and 
38:237,1926). 

2 F. Paschen, Ann. d. Phys., 82 : 689, 1927. 
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THE VECTOR MODEL FOR ALKALI-LIKE ATOMS 

The introduction of the spinning electron has caused the 
picture representing the motion of the electron (the classical 
picture involving precessing orbits) to become too complicated 
to be visualized in all but the simplest cases; this complication is 
especially pronounced in the description of the magnetic prop- 
erties of the atom. For discussing these properties it is, 
fortunately, not necessary to describe the motion of the electron 
in detail. It is sufficient to know what mechanical and mag- 
netic moments the atom has; one can then use the vector 
model of the atom, with which it is shown, by vectors 
and their quantum numbers alone, which angular momenta 
occur in the atom, and how they are combined. For alkali-like 
atoms, with one electron to be considered, the vector model 
consists of the two vectors 1 and s and their resultant j, about 
which 1 and s precess with constant angular velocity. This 
model has already been used in discussing the fine structure 
and the doublet separation. 

For most purposes this model leads to conclusions which are 
identical with those obtained from the quantum mechanics 
and which are verified by experiment. Some problems, however, 
cannot be treated with the aid of the vector model; the form ulas 
given by the quantum mechanics are of course then to be applied 
without our attempting to describe them in terms of a visualizable 
model. (Examples : the transition from weak to strong mag netic 
fields (Sec. 28a); the transition from one coupling scheme to 
another (Sec. 29a) ; etc.) 

17. THE ZEEMAN EFFECT 

17a. The Magnetic Moment of the Atom. The Lande 
^-factor. — The magnetic moment of an alkali-like atom in a 
given stationary state is easily obtained from the vector model. 

7 . 

The mechanical moment of the orbital motion is and the 

2/7T 
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corresponding magnetic moment 1; 


h 


For according to 


27 r 2 m Q c 

elementary electrodynamics the magnetic moment of a circuit is 
equal to the product of the current and the area of the circuit, 
divided by c\ 

= IA 


For an electron in a Kepler ellipse the angular momentum p = 
m 0 rV is a constant, with the value kh/ 2 tt. In terms of r, the 
time required for one revolution of the electron in its orbit, 
I and A are given by the equations 



so that the magnetic moment is found to be equal to e/2m 0 c 
times the mechanical moment: 

_ e _ eh j 
M 2 m 0 c ^ ~ AttitioC 


This relation is retained in the quantum mechanics. 

Just as h/2r is the quantum unit of mechanical moment, so is 
eh/ Arm^c the quantum unit of magnetic moment. 1 It is called 
the “Bohr magneton,” and is equal to 0.918 X 10“ 20 erg gauss.”" 1 

If the magnetic moment of the orbital motion of an electron 
is resolved into a component along j and one perpendicular to j, 
then the latter will not be observable on account of the precession 
of 1 about j, for this component is continuously changing direction 
and its average value is zero. The component along j alone con- 
tributes to the observable magnetic moment of the atom. The 

spinning electron has been given the mechanical moment s • — 


and the magnetic moment Of this magnetic 

moment also only the component along j is effective. The mag- 
netic moment of the entire atom is, accordingly, a vector parallel 
to j, of magnitude 


• A 6 

3 2r ^2 m 0 c 


[l cos (lj) + 2s cos (sj)] 


h e 
2 t 2m 0 c 


( 1 ) 


L For the quantum mechanical discussion of the Bohr magneton, see 
Condon and Morse, Secs. 32 and 44. 
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Here g is the “Land6 ^-factor,” 1 by definition the ratio of mag- 
netic to mechanical moment when these are in the quantum units 
h e h 

2t 2 m 0 c ail<:1 2tt’ res P ectlve ly- The evaluation of the cosines with 
th e use of the vector magnitudes Vj(j + 1), Vl(l + 1), and 
V«(s+1) gives directly 

i +j G + 1> + »!> + ,)-. a + 1) . w 

Thus in order to discuss its magnetic properties the atom can 
be described as a magnetic top with the mechanical moment j and 
the magnetic moment ]g y both in quantum units. 

17b. The Zeeman Effect and the Magnetic Quantum Num- 
ber m . — It was found by Zeeman in 1896 that spectral lines in 
general are split into a number of components by the application 
of an external magnetic field to the emitting atoms. 2 In some cases 
this splitting is of a simple type shown by Lorentz to be explic- 
able on the basis of the classical theory; the phenomenon is then 
called the “normal Zeeman effect.” In general, however, the 
splitting is more complicated; there occurs the “anomalous 
Zeeman effect.” We shall see that the anomalous Zeeman effect 
results from the presence of the two quantum vectors 1 and s, 
for one of which, s, the ratio of magnetic to mechanical moment is 
just twice that for the other. The normal Zeeman effect occurs 
only when s does not contribute to the mechanical and magnetic 
moments of the atoms. 

In an external magnetic field a magnetic top carries out a 
precession about the field direction, in accordance with Larmor’s 
theorem of classical mechanics. 3 * * * * The angular velocity co of 
this precession is equal to the product of the field strength H and 
the ratio of magnetic to mechanical moment : 

(3) 

1 It is given this name on account of its introduction by A. LandIS (Z. f. 
Pky$., 5 : 231, 1921) to account formally for the anomalous Zeeman effect. 

* Zeeman-effect phenomena are discussed at length by E. Back and A. 
Land^, “ Zeemaneffekt und Multiplettstruktur/' J, Springer, Berlin, 1925. 

8 Larmor's theorem results from the neglect of terms proportional to H 2 , 

# 8 , etc. A derivation of the theorem is given by J. H. Van Vleck, “Quan- 

tum Principles and Line Spectra/' Bull. y National Research Council, No. 54, 
p. 300, 1926. 
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The energy of the precession is the product of this angular velocity 
and the projection of the mechanical moment on the precession 
axis, in this case the field direction : 

TP. 1 -a-jAfloflOH). (4) 

The projection of j on H is a new quantum vector m, correspond- 
ing to the magnetic quantum number m. The extreme values of 
m are +j and — j; altogether there are 2 j + 1 different values 
possible, and 2 j + 1 angles between j and H. As was stated in 



Fig. 20.’ — Orientations of the vector j in a weak magnetic field, and the corre- 
sponding Zeeman splitting of the energy levels. 


Chap. I, we must take m as the magnitude of m in order to cause 
the model to agree with the quantum mechanics equations. 
The energy in terms of m then becomes 


WJ = Hg 


e 

2m^c 



( 5 ) 


For simplification it is customary to introduce a new unit, the 

he 

Lorentz unit, which is the quantity ; in terms of this unit 


the energy is 


47 rm 0 c 


Wm 1 = mg. (6) 

It is to be observed that the proportionality of the magnetic 
energy to field strength is included in this unit. 
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Equations 1 and 5 show how each level of an alkali atom splits 
up in an external magnetic field. The possible orientations of 
the quantum vector j and the corresponding energy levels are 
also represented in Figure 20 for j and The 

values of g for various terms of an alkali-like atom calculated from 
Equation 2 are given in Table I, and the corresponding Zeeman- 
effect separations according to Equation 6 in Table II* 


Table I. — The ^-factor for Alkali-like Atoms 



Table II. — Zbeman-effect Separations mg for Terms of Alkali-like 

Atoms 
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It is seen that splitting depends only on the mechanical and 
magnetic moments of the atom and is independent of the main 
electronic motion represented by the principal quantum number 
ft. This causes all levels of a series to have the same splitting 
and hence all lines of a line series to show the same Zeeman effect. 
This is the rule found empirically by Preston, and called “Preston’s 
rule.” 

17c. Selection and Polarization Rules. — The quantum mechan- 
ics as well as the correspondence 'principle (Chap. VIII) leads 
to the rule that the quantum number m must change during a 
transition by + 1, 0, or — 1. The transitions for which m changes 
by 0 result in spectral lines which are linearly polarized with the 
electric vector parallel to the direction of the external magnetic 
field H. When m changes by +1 or —1, the emitted line is 
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circularly polarized in the plane perpendicular to H, the sense 
of the polarization being in one case right handed and in the other 
left handed. The types of polarization are customarily indicated 
by the symbols t (parallel) and cr (perpendicular) . x 

17d. The Sodium D-lines as an Example. — The sodium D-lines 
correspond to the transitions 2 P^ — 2 Sy 2 and 2 Pi^ — 2 $j*. The 
Zeeman separations of the individual levels are indicated in 

Figure 21. On the left are 


V*- 
% * 




mi+%- 

+'/z- 


- 3 / 2 - 

+'/!■ 

-'/Z 


-7t- 


•r-% 






shown the lines in the abnonco 
of an external field, and on i ho 
right the transitions which are 
allowed by the selection rule 
for m in the presence of un 
external field. The positions 
of the lines as they would be 
observed in a spectral appar- 
atus are indicated at the 
bottom of the figure; those 
linearly polarized being repre- 
sented by dotted lines, and 
those circularly polarized by 
full lines. The line *Py t — 2 *S' 1 4 
is split into six components 
(two x and four cr), and 2 P h — 
into four (two x and two or) . 
The nature of the light ol>- 
served in different directions 
relative to the field may be deduced by assuming thex-components 
to be produced by a linear oscillator parallel to H and tho ^com- 
ponents by circular rotators in the plane perpendicular to H. The 
intensity of the light emitted by the linear oscillator in tho field 
direction is zero; hence, if observations be made in this direction 
only the er-components will appear, and they will be circularly 
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Fig. 21. — The D-lines of sodium and their 
anomalous Zeeman effect. 


1 The conception that the Zeeman splitting of spectral lines arisofl from h 
splitting of spectral terms was first pronounced by Van Lontrizim (Prof. 
Amsterdam Acad., 22: 190, 1919), and was developed by A. Sommmrfhld 
(Ann. d. Phys 63: 221, 1920). The ^-factor was introduced in 1921 by A. 
Land 6 (Z. f. Phys., 6: 231, 1921), who published an equation equivalent to 
Equation 2 for its calculation. Landes work found experimental subwtan- 
tiation in the accurate Zeeman-effect measurements of H. Gxejsklkr (Ann. 
d. Phys., 69: 147, 1922) and E. Back (Z. f. Phys., 16: 206, 1923), and led 
in a short time to the analysis of a number of spectra. 
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polarized. Observations made in the plane perpendicular to 
the field direction will show the 7r-components linearly polarized 
parallel to H, and the (7-components linearly polarized in the 
plane perpendicular to H. In intermediate directions the x- 


components will appear with 
reduced intensity, and the cr- 
components will be elliptically 
polarized. 

The Zeeman effects of all 
lines in the spectra of alkali- 
like atoms are anomalous. If 
s were equal to 0 for two 
states, the corresponding 
transition would show the 
normal Zeeman effect. Such 
states with 1 = 3 and l = 2 
are shown in Figure 22, with 
the levels into which they 
are split by a magnetic field. 
The various transitions cor- 
responding to the allowed 
changes +1, 0, and — 1 inra 
are indicated ; there are five of 
each. Since g = 1 for each 
state these groups of five coin- 
cide, and only three lines, two 



Tig. 22. — The normal Zeeman effect, 
shown by transitions between states for 
which s = 0 and g = 1. 


<7-components and one ^-component, occur. The 7 r-component 
is not shifted from the position of the original line, and the <r-eom- 


ponents are one Lorentz unit to the right and to the left. 


18. THE PASCHEN -BACK EFFECT 

Let us now return to the vector model of the atom. In the 
treatment of the Zeeman effect it was mentioned that the total 
moment j of the atom precesses about the external magnetic field. 
Before that it was also stated that the vectors s and 1, the spin 
moment and the orbital moment, precess similarly about j. 
In our treatment of the Zeeman effect it was implicitly assumed 
that the precession about j is much faster than that of j about 
H; for in the derivation of the equation for g it was assumed 
that the precession about j is sufficiently fast for the components 
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normal to j to average to zero, and ha vc no externally appreciable 
influences Hut if th<* precession of j about H is of tin* same 
magnitude as or is larger t hnn that of 1 and s about j t her** can In* 
no such averaging to zero. In this ease the atom ran no longer 
be represented by a simple magnetic lop with the mechanical 
moment j and the magnetic moment jf/, hut consideration must 
be taken of two magnets, that of the spinning electron and that 
of the orbital mot ion. 

It will be shown in (’hap. VII I that with our model the doublet 
separation of a level is a measure of the frequency of precession 



Fm, 23.— Orientation of the veotorn ft ami I in u wtron# mtiKtmtw MU (PtuirMe 

Hark 


of s and 1 atxiut j; the energy difference divided by A givos tin* 
order of magnitude of t.hi8 frequency. Similarly, tin* Zeeman 
separation of a level gives the order of magnitude of the fre- 
quency of the Lnrmor procession about the external hold. If 
the fiold strength // is so large that the Zeeman separation 
becomes of the same order of magnitude us t he doublet separation 
of the two levels, the Hp«otrum will show a new phenomenon, the 
Pasohon-Dack effect. 

We shall hero discuss only the cast' when the external field is 
very strong. Then the spin moment, of the electron can Is* 
treated as though the magnetic field produced by the orbital 
motion vanished, for it can be. neglected in comparison with the 
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external field. Similarly, the orbit behaves as though the elec- 
tron were not itself a small magnet, and interacts only with the 
external field. This means that the electron spin moment s 
and the orbital moment 1 orient themselves independently of each 
other with respect to the external field. The projection of the 
orbital moment on the field direction is m z , and is given by the 
quantum number mi, which may have values from — l to +1, 
that of the spin moment is m s , for which m 8 may have values 
— and +K- In conformity with Chap. I the vectors m z 
and m a are assumed to have the magnitudes mi and m a , respec- 
tively. The orientations of 1 and s are illustrated for one state in 
Figure 23. 1 and s carry out their own Larmor precessions about 
the field direction, s with twice the angular velocity of 1, since 
the ratio of magnetic to mechanical moment is twice as large 
for s as for 1. It will be shown in Chap. VIII that m 8 can not 
change during a transition (that is, A m a = 0), and that the selec- 
tion and polarization rules for m are now valid for m z . 

The magnetic energy of the atom now consists of two parts, 
that due to the orbital precession and that due to the electron 
precession: 


W m ' = m! -A_J_H + 2m e h 


2r 2m<fi 


2i r 2moc" 




or, in the usual units, 

TFm 1 = mi + 2m». (7) 


The interaction energy between s and 1 has the value 

Wa 1 = a -Is cos (Is) (8) 

in which from Equation 3, Chap. IV, 

_ Rhcat ZfrP . /qs 

a n*H(l + + 1) 

cos (Is) is no longer constant and to determine the energy W, 1 its 
average value cos (Is) must be calculated. It can be easily 
shown with elementary principles of trigonometry that if two 
vectors 1 and s precess uniformly and independently about a 
direction H the relation cos (si) = cos (sH) cos (1H) is true, so that 
we may write 


si cos(sl) = m, mi. 


(IQ) 
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The sum of the magnetic and the interaction energy, which 
together determine the separations of the level, is thus 1 

Wm 1 + W, 1 = mi + 2 m s + am e ■ mi. (11) 

It is to be remembered that this expression is valid only when the 
external field is so large that Wrn is large compared with W, x . 
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Fig. 24. — The Paa chen-Back effect for the sodium D-lines. 

Figure 24 shows the Paschen-Back effect for the sodium D- 
lines. From the diagram below it is seen that the lines form 
nearly a normal triplet, such as would be expected for the Zeeman 
effect from the classical theory. The two ^-components of the 
triplet are, however, themselves split, the separation arising 
from the interaction term W 9 \ and in this case (the sodium D- 
lines) being two-thirds as large as the original doublet separation. 
If the field energy Wm 1 alone had been taken into consideration 
the normal Zeeman triplet would have' been obtained. The 
rarely occurring transitions for which m s changes give rise to very 
weak components at twice the normal distance from the center.' 

1 The last term in this equation is in different units from the two others. 
a is usually expressed in cm." 1 , so as to give the “term separations directly in 
frequency units; in these units its value is 

Ra*ZiW _ 5.82 ZfyP 

° ~ n*H(.l + M)(l + 1) " n*H(l + K)(l + 1)' 
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The Paschen-Back effect can be observed experimentally 
only for very narrow doublets, such as the lithium doublet with 
Av = 0.34 cm.” 1 (Table I, Chap. IV), since the ordinarily 
available field strengths of at most 43,000 gausses produce a 
splitting of only Av = 2.02 cm” 1 for g = 1. 

The problem of the motion of the quantum vectors s and 
1 can also be handled rigorously for cases lying in between the two 
we have considered; that is, when the external magnetic field is 
neither very strong nor very weak in comparison with the internal 
fields. The treatment cannot be given here. It is worthy of 
mention that when the external field becomes of the same order of 
magnitude as the internal, the precession of s and 1 about j will be 
no longer uniform. As a result of this, spectral lines will occur 
which are ordinarily forbidden; that is, the selection rule for j will 
be violated, as was mentioned on page 56. This was discovered 
experimentally by Paschen and Back 1 in the case of some lines 
in the zinc spectrum. 

19. THE TRANSITION BETWEEN WEAK AND STRONG MAGNETIC 

FIELDS 

The number of levels into which a given state is split is just 
the same in a weak field as in a strong one. This number is 
called the “quantum weight” or the “a priori probability” of 
the state. In a weak field a level with the quantum number l is 
split into 

2(1 + M) + 1 + 2(1 - y 2 ) + 1 = 4Z + 2 

levels; for in the case of an alkali-like atom a state with the 
quantum number l consists always of two levels, one with 
j — l + V% one with j = l — which can each have 
2 j + 1 orientations in an external magnetic field. In a strong 
field l alone has 21 + 1 orientations and for each of these s 
has 2s + 1, giving altogether 

(2 1 -f- l)(2s + 1) =41 + 2 

different levels. 

In a weak field each of these states is characterized by the 
quantum numbers j and m, since the others (Z and s ) retain 
their original values. In a strong field the magnetic states 
are, however, given by mi and m 8 . We may now inquire which 
of the states with j and m goes over during a slow mechanical 

1 F. Paschen and E. Back, Physica , 1 : 261, 1921. 
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transformation (increase in H ) into a given state with certain 
values of mi and m s , and, conversely, what values of and m 9 
arise from a state with given j and m. 

As a first rule it is found that the total projection of the 
mechanical moment on H does not change. In a weak field this 
projection is m, in a strong field it is m i + m*. But there are 
states having the same value of m, one with j — l + M and one 
with j = Z — For such states it is found that the transition 
occurs so that as the field strength increases the levels do not 
cross. With the aid of these rules the connecting lines in Figure 
24 have been drawn. The derivation of the rules can be rigor- 
ously carried out only with the help of the quantum mechanics. 

20. THE STARK EFFECT 

In 1913, J. Stark 1 discovered that the Balmer lines emitted by 
hydrogen atoms in an electric field are split into several com- 
ponents, some of which are polarized with the electric vector 
parallel to the field (the 7r-components) and the others polarized 
in the plane normal to the field (the <r-eomponents). The study 
of the structure, polarization, and intensities of the Stark effect 
lines of hydrogen and other elements was rapidly and carefully 
carried out by Stark and other investigators. 2 The discovery of 
this new phenomenon at the time at which the old quantum 
theory was being developed excited great interest, and its theoret- 
ical explanation was immediately attempted. In distinction 
to the normal Zeeman effect, the Stark effect can not be accounted 
for by the classical theory. The quantization of a hydrogen-like 
atom in an electric field by Schwarzschild 3 and Epstein 4 and the 
consequent explanation of the observed Stark effect of hydrogen 
and ionized helium in all its details was one of the most striking 
successes of the old quantum theory; the equations found by them 
for the first-order Stark effect are still valid, since they are also 
given by the quantum mechanics. 

The Stark effect is not of so much interest to spectroscopists as 
the Zeeman effect because it does not depend in a simple way on 

1 J. Stark, Berliner Sitzungsber ., November, 1913; Ann . d. Phys., 43 : 965, 
983, 1919. 

2 J. Stark, Gottinger Nachr ., November, 1914; Lo Surdo, Accad. deiLincei 
23: 83, 117, 143, 252, 326, 1914, etc. 

3 K. Schwarzschild, Berliner Sitzungsber ., April, 1916, 

*P. S. Epstein, Ann. d . Phys., 50: 489, 1916. 
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the nature of the spectral state and so can not be used in. unravel- 
ling spectra. 

20a. The First-order Stark Effect of Hydrogen and Ionized 
Helium. — The energy of an atom in an electric field of strength F 
can be written 

W = Wo + AF + BF* + • • • 

in which W o represents the energy of the atom in the absence of 
the field. The term AF+. linear in the field strength, is called the 
“energy of the first-order Stark effect similarly BF 2 gives the 
second-order Stark effect, and so on. 

The first-order Stark effect energy may be considered as the 
energy of a permanent electric dipole in the electric field. The 
electric moment of a system composed of a nucleus about which 
an electron describes a Kepler ellipse is given by 

3 

M = 2 eM > 

in which a is the semimajor axis of the ellipse and e its eccen- 
tricity. The field energy of such a system having the angle fi 
between the major axis and the field direction is 

3 

yJF cos ft = -eeaF cos |8. 

This equation could be used to obtain, the first-order Stark effect 
for the various levels of hydrogen and ionized helium if the values 
of e and 0 could be calculated. It was shown in Chap. Ill that 
the semimajor axis a is determined by the main energy term; 
that is, by the principal quantum number n. In that chapter 
it was also shown how the introduction of a second quantum 
number k suffices to determine the eccentricity. This treatment 
is no longer valid, however; in an electric field the eccentricity 
changes with the time, and so does the angle 0. It was shown by 
Bohr 1 that the consideration of the perturbing influence of the 
electric field leads to the introduction of new quantum numbers 
and the evaluation of the product e cos 0. The resultant energy 
term is 

W ‘ - “8SSZ’ 1( " 1 - n ‘ )F ' < 13 > 

in which n is the principal quantum number and ni and n 2 are 
new quantum numbers, which can assume the values 

0 ^ n\ ^ n — 1, 0 S 2s n — 1. (14) 

1 N. Bohr, “tlber die Quantentheorie der Linienspektren,” p. 98. 
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Equation 13 is the same as that derived earlier by SchwarzschilcJ 
and Epstein, who used different coordinate systems in solving the 
problem. This equation results also from the application of 
the quantum mechanics, as was shown by Schrodingcr. 1 

It is seen that the Stark-effect levels in a hydrogen-like atom 
are all shifted by integral multiples of a fundamental amount 
from the original level. For the first four levels of hydrogen 
these multiples are shown in Table III, as well as by Figure 25- 





n*t — 0 

Tig. 25.* — Stark-effect levels for the first four states of hydrogen, showing relative 

separations. 

The total number of orbits with a given value of n has not been, 
changed by the change in quantization; before there were rv 
values possible for Z; namely, 0, 1, 2, • • • n — 1, and for each, 
one there were 21 + 1 values of the magnetic quantum number 
m, making a total of n 2 orbits. With Stark-effoct quantization 
there are n possible values for n-i, and for each of these there are n, 
values of n 2 , or again a total of n 2 . 

The selection and polarization rules are most easily expressed 
in terms of a third quantum number n 3 , such that 

n 3 = n — 1 — ni — n 2 . (15) 

1 E. Schrodinger, Ann. d. Phys 80 : 437, 1926. 
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Only transitions for which An z = 0 or ±1 take place. Those 
with Arts = 0 lead to the emission of spectral lines lin early 
polarized parallel to the field and those with Arts = ± 1 to lines 
circularly polarized in the plane normal to the field. The 
transitions with A n z == 1 give light circularly polarized in one 
sense, those with Ana = —1 in the opposite sense. It is seen 
from Table III that every Stark-effect level has a negative 


.Table III. — Values of Quantum Numbers for the Stark Effect in 

Hydrogen 
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n 2 — n \ 
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value of ti 8 for every positive value. As a result a transition 
An 3 = — 1 occurs for every transition A n 3 = 1, and the super- 
position of the two oppositely polarized waves emitted by a 
large n um ber of excited atoms leads to radiation which appears 
to be unpolarized when viewed along the direction of the field. 
This is in contradistinction to the polarization phenomena 




shown in the Zeeman effect, where the right-handed and left- 
handed types of polarization occur in different components. 

The possible transitions for the first Balmer line H a are shown 
in Figure 26. Below there is shown, diagrammatically, the 
positions of the expected a- and ^-components arranged on a 
frequency scale. The heights of the lines give the relative 
intensities calculated for them by Schrodinger with the use 
of the quantum mechanics. There are also represented the 
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experimental results 1 for this line. It is seen that the agreement 
is excellent; the only theoretical features not reproduced in 
experiment are the extremely weak outermost components 
whose intensities are, no doubt, so small as to cause them to 
escape observation. 
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Fig. 27. Comparison, of theoretical and observed intensities for Stark-effect 
components of Hp and H 7 . 

Similar results are obtained with the other Balmer lines, as is 
shown by Figure 27. 2 

20b. The Second-order Stark Effect. — The existence of a 
Stark-effect displacement proportional to the square of the 
field strength and not symmetrical relative to the unshifted 

1 The observed intensities are as reported by J. S. Fostek and M. L. 
Chalk, Proc, 7 Roy. Soc., A 123 : 108, 1929. Their measurements are also 
incorporated in Figure 27. The weaker components of H 7 (not measured 
by Foster and Chalk) are given in Figure 27 as reported by Stark. 

2 The energy levels of a hydrogen-like atom in an electric field have been 
discussed with the quantum, mechanics and with consideration of the rela- 
tivity and spin corrections by It. Schlapp, Proc., Roy. Soc., a 119 : 313, 1928 
and V. Rojansky, Phys. Itev., 33: 1, 1929. It is of interest that even for 
very small field strengths a first-order Stark effect is shown by hydrogen-like 
atoms, in contradistinction to non-hydrogen-like atoms (discussed in the 
following section). This arises from the coincidence in energy value of 
hydrogen-like states with the same j and different l in the absence of a field. 
Since the level with j = n — is not shared with any other state, this level, 
however, shows only a second-order Stark effect. 
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line was shown experimentally by Takamine and Kokubu 1 in the 
case of the center <r-component of H 7 . Their results were 
discussed by Sommerfeld, 2 who showed them to be in approxi- 
mate accordance with an expression derived by Epstein with 
the old quantum theory. Wentzel, 3 Waller, 4 and Epstein 6 
have found with the quantum mechanics that the energy change 
W 2 of the second-order Stark effect is given by 


W 2 = - 


16(27r) 6 m 0 3 e 6 Z 4 


*{17 n 2 - 3 (n* - n i) 2 


+ 19 }F 2 , 


in which n h n 2f and n z are the Stark-effect quantum numbers 
previously introduced. This expression differs from that 
of the old quantum theory in the inclusion of the number 19 and 
in the values given to n z (formerly nz was taken as n — ni — n 2 ). 
The new expression is also in better agreement with experiment 
than the old. 6 

Equation 16 furthermore provides theoretical values for the 
electrical polarizability of hydrogen, singly ionized helium, 
doubly ionized lithium, etc. The second-order Stark effect 
energy can be considered as the field energy of an electric dipole 
of moment \x = aF induced in -the atom by the electric field. 
The energy of such an induced dipole is — y^aF 2 ] from Equation 
16 the polarizability of a hydrogen-like atom is, then, 


« “ SSSW*' |1W " 3( ”- - “ l)! " 9 ”>‘ + 191 ' <17 > 

From this there are obtained the following values for ions in the 
normal state: 


H He+ Li++ 

a = 0.666 X 10~ 24 0.0416 X 10“ 24 0.0082 X 10~ 24 . 


These values can be used in calculating the contribution of 
polarization of the atom core to the quantum defects of states 
in which there is one non-penetrating orbit, in the way discussed 


1 Takamine and Koktjbu, Mem. Coll. Sci. Kyoto , 3: 271, 1919. 

2 A. Sommerfeld, Ann. d. Phys., 65: 36, 1921. 

3 G. Wentzel, Z. /. Phys ., 38: 518, 1926. 

4 1. Waller, ibid., 38 : 635, 1926. 

fi P. S. Epstein, Nature , 118: 444, 1926; Phys. Rev., 28: 695, 1926. 

6 Wentzel points out that the measurements of Takamine and KoKtJBtr 
and of M. Knm {Japanese Jour. Phys., 4: 13, 1925) on the center <r-com- 
ponent of H y indicate a shift about 20 per cent larger than that given by 
the old quantum theory, but in good agreement with Equation 16. 
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in Chap. III. Wentzel and Waller showed that these calculated 
quantum defects for helium and singly ionized lithium lie about 
midway between the quantum defects observed for singlet and 
triplet terms. Equation 17 can also be used with the introduc- 
tion of suitably chosen effective nuclear charges in calculating 
polarizabilities of many-electron atoms and ions. The values 
of a used in Chap. Ill were obtained in this way. 1 

An expression for the third-order Stark effect of hydrogen-like 
atoms has been derived by S. Doi, 2 and the effect has been 
observed by Ishida and Hiyama, 3 whose measurements, however, 
are not sufficiently accurate to provide more than a rough check 
of the theory. 

20c. The Stark Effect of Non-hydrogen-like Atoms. — An 
atom with an outer electron moving in a penetrating orbit 
would show no first-order Stark effect; for during the precession 
of the orbit the electric-moment vector would assume various 



Fxg. 28. — The calculated and observed Stark-effect shift for the parhelium line 

X3613.6. 

orientations in the orbital plane, leading to a time-averaged 
moment of' zero. But when the field energy of the electric 
moment became greater than the energy contribution of the 
inner segment of the orbit the nature of the quantization would 
be changed. The orbit would then approximate a hydrogen-like 
orbit in an electric field, and the atom would show a first-order 
Stark effect, with the penetration into the inner region of the 
atom exerting only a secondary energy change. 

1 Linus Pauling, Proc. } Boy. Soc., a 114: 181, 1927; see also J. H. Van 
Vlbck, Proc.j Nat. Acad., 12 : 662, 1926. 

2 S. Doi, reported by Ishida and Hiyama. 

8 Y. Ishida and S. Hiyama, Sci. Papers Tokyo , 9: 1, 1928. 
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The deductions drawn from this model are substantiated by the 
quantum mechanics and by experiment. Spectral lines from 
many-electron atoms show, in general, only a second-order 
Stark effect, arising from the induction by the field of an electric 
moment in the atom. The quantum mechanics permits the 
calculation of the magnitude expected for the effect in some cases. 
In Figure 28 there is shown the wave-number shift of the tt- and 
^-components of the parhelium line 5p : Pi — 2$bS 0 plotted against 
the square of the field strength; the solid lines represent the 
shifts calculated by Unsold, 1 the points those measured by 
Stark 2 and Foster. 3 The agreement is satisfactory for low field 
strengths. At higher field strengths the experimental points 
for the 7r-component show a curvature, indicating an approach 
to proportionality with a lower power of F than the second. 
This is to be anticipated, for the largest observed Stark-effect 
shift of 25.4 cm. -1 is already larger than the field-free bdADz — 
5plPi separation of 24.3 cm. -1 , and the upper state is approaching 
quantization in Stark-effect coordinates rather than in the polar 
coordinates of a penetrating orbit. For still higher field strengths 
the first-order Stark effect should be observed. This is shown 
distinctly at lower field strengths by lines with l D as the upper 
state, for the l D — l F separation is smaller than the l P — l D 
separation. 4 

1 A. Unsold, Ann . d. Phys., 82 : 355, 1927. 

2 J. Stake, “Elektrische Spektralanalyse,” Leipzig, 1914. 

3 J. S. Foster, Phys. Rev., 23 : 667, 1924. 

4 Further papers dealing with the Stark effect in many-electron atoms are 
the following: R. Becker, Z. /. Phys., 32: 332, 1925; W. Thomas, ibid., 34: 
586, 1925; J. S. Foster, Proc., Roy. Soc., a 114: 47, 1927; 117: 137, 1927; 
J. Dewey, Phys. Rev., 28: 1108, 1926; 30: 770, 1927; Y. Ishida and G. 
Kamijima, Sd. Papers Tokyo, 9: 117, 1928. 



CHAPTER VI 


THE VECTOR MODEL FOR ATOMS WITH TWO VALENCE 

ELECTRONS 

Equations correctly describing the spectral phenomena shown 
by atoms with two or more valence electrons can be obtained 
with the aid of the quantum mechanics; but not always, in fact 
not often, simply. Many of these equations can, however, 
be easily obtained from a vector model of the atom s imila r 
to that discussed in the previous chapter, and for clarity as well 
as convenience the use of the model is to be recommended. 
It is found that in some relatively few cases the model does 
not permit the derivation of the correct equations, and that it is, 
consequently, sometimes necessary to refer to the quant um 
mechanics for more than verification. In other cases the model 
can be made to lead formally to the correct equations, but by a 
definitely incorrect procedure; an example of this will be given 
in the following discussion of resonance energy. 

In the vector model the orbital moment of each electron 
(the i th ) is replaced by the quantum vector h, and its spin 
moment by s <. Under varying circumstances these combine 
to form resultant vectors, in terms of which the properties of the 
atom may be expressed. 

21. THE FINE STRUCTURE OF THE SPECTRA OF ATOMS WITH 
TWO VALENCE ELECTRONS 

21a. Two $ Electrons. Resonance Energy. 3 — We shall begin 
with the simplest case, when both of the two electrons have 
li = 0. Each electron is then in an $ state. For a reason to be 
given later (Chap. IX) we shall assume that the principal 
quantum numbers for the two orbits are different. 

The total moment of the atom, which was called j, now consists 
of the spin moments of the two electrons only; it can have in this 
case then only the values corresponding to j = % + 34 = 1 and 

1 See Condon and Morse, Secs. 48, 49, 50, for the derivation of the 
quantum mechanics expressions for the resonance energy. 
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3 “ yi — M — 0. Thus the atom can assume only two different 
states, represented in Figure 29 ; these may be designated by saying 
that the two vectors are either parallel or opposed. 1 Experience 
shows that these two states in general differ greatly in energy. 
This is not explicable with our model, in which the two states 
differ only in the relative orientation of the spin axes of the two 
electrons, as can be seen from the following argument. The 
interaction energy of the electron spin and its orbital motion 
gave in the case of a single electron the doublet separation 



to % 

Fig. 29. — The formation of a resultant spin moment vector s from two oloctron 
spi n vectors S i and S 2 , (a) when the vector magnitudes arc taken to be •%/$(# + 1), 
V«i(si H- 1), and y/ s 2 (s 2 + 1) \ (b) when they are taken to be t$, 81 and 82 , 

The interaction energy of the spin of one electron and the 
orbital motion and spin of another electron is certainly to be 
expected to be smaller than this, since a calculation similar 
to that used for the doublet separation shows that it is pro- 
portional to a lower power of the effective nuclear charge. The 
energy difference of the two possible states, j = 1 and j = 0, 
would thus be expected to be at the most of the same order of 
magnitude as that of the doublets in the alkali spectra. 

It has been shown by Heisenberg, 2 however, that there occurs 
as a result of the presence of the two electrons a resonance 

1 The convenient use of “ parallel” is not to be interpreted as signifying 
that the relative orientations of the vectors s x and s 2 conform to the usual 
meaning of this word. If the quantum vectors be given the magnitudes 
St, and j, this interpretation is justified to some extent, but with the more 
generally satisfactory magnitudes \AiOi + 1), Vs 2 (s 2 + 1), and y/j(j + 1), 
it is not (see Fig. 29a). 

2 W. Heisenberg, Z . /. Phys., 38 : 411, 1926; 39 : 499, 1926; 41< 239, 1926. 
The resonance phenomenon was discovered independently by P. A. M. 
Dirac, Proc Roy. Soc., a 112: 661, 1926, 
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phenomenon characteristic of the quantum mechanics, and that 
the large energy difference of the states with j = 0 and with 
3 — 1 is due to it. Classically, two systems which are coupled 
together are said to resonate when for each a frequency of the 
mechanical motion is nearly independent of the amplitude of 
the motion, and this frequency is nearly the same for the two 
systems. These requirements are satisfied only by two harmonic 
oscillators or by systems with approxi- 
mately simple harmonic motion. As 
a familiar illustration we may mention 
two similar pendulums suspended near 
each other from a support which is 
not rigid. If one pendulum be set 
in oscillation with a large amplitude, 
its oscillational energy will be trans- 
mitted by small impulses through the 
support to the other pendulum, and in 
time the first will come to rest and the 
second will oscillate with the original 
amplitude. As this process is repeated 
the energy of the system fluctuates 
back and forth from one pendulum to the other; we may say that 
the two pendulums change places regularly. 

This phenomenon is of great importance in the quantum 
mechanics, and occurs very often. There are two ways of 
representing an atom with two electrons in different quantum 
states, if we ignore the interaction between the charges of the 
electrons. One corresponds to the first electron in the orbit 
a of energy W a and the second electron in orbit b of energy W b ; 
the second corresponds to the first and second electrons in orbits 
b and a, respectively. Now according to the quantum mechanics 
the frequency associated with the transition of an electron from 
a state of energy W a to one of energy Wi or W b to W a is v = 



Fig. 30. — Diagrammatic rep- 
resentation of transitions in a 
two electron atom giving rise to 
the resonance phenomenon. 


Hence as a result of the coupling of the two electrons 
h 

through interaction of their charges resonance will occur, associ- 
ated with the transition of one electron from a to b and of the other 
from 5 to o; the electrons will change places regularly, and it 
will no longer be possible to say that the first electron remains 
in the outer orbit and the second in the inner, as was predicted 
by the old quantum theory. In consequence, the energy of the 
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system is changed in a definite way, depending on, although 
not arising from, the relative orientation of the spin vectors 
of the electrons. It has been shown by Heisenberg 1 and others 
that the phenomenon provides a quantitatively accurate explana- 
tion of the level-separations of many-electron atoms. 

In order to continue to make use of the vector model, the 
fiction may be adopted that, as a result of some effect not repre- 
sented in the model, there exists a great interaction energy 
between the two electron spins; with this assumption a complete 
description can be given of the structure of spectra. It must 
not be forgotten, though, that this great interaction energy 
is in reality the energy of the Heisenberg-Dirac resonance 
phenomenon, and is to be attributed in reality to the charges 
of the two electrons and not to their magnetic moments. 

This apparent interaction energy is assumed to be small in 
magnitude when the angle between the spin vectors of the two 
electrons is small. Its algebraic sign is such that the state with 
j == 1, for which the spin vectors are parallel, has a smaller 
energy than that with j = 0. The state with j = 1 is hence the 
more stable, and lies lower in the energy level diagram. 

21b. One $ Electron and One Other Electron. — The following 
picture represents one 5 electron and one other electron for which 
l is not zero. The vectors of one electron are Si and U (here equal 
to zero), and of the other s 2 and 1 2 . We assume, in accordance 
with the above discussion, that the interaction energy between 
Si and s 2 is much greater than that between s 2 and 1 2 . This 
has the same influence on the second electron as a strong magnetic 
field had in the Paschen-Back effect ; the vector s 2 acts as though 
1 2 were not present, and obeys only the influence of s x . Si and s 2 , 
as in the previous case with 1 2 = 0, then form a resultant, the 
total spin moment vector s of the atom. The associated 
quantum number 5 can assume the values 1 or 0. The total 
moment j of the two electrons is then formed as the resultant 
of s and 1 2 . For $ = 1 the quantum number j can have the 
values 

j = h — 1, U, and l 2 + 1. 

These three states differ in the orientation of 1 2 with respect 
to s 2 and Si, and hence their energy differences can be calculated 

1 W. Heisenberg, Z. /. Phys ., 39 : 499, 1926; ibid., 41 : 239, 1927; A. 
UnsOld, Ann. d . Phys., 82 : 355, 1927; J. A. Gaunt, Proc., Roy. Soc., 122 : 
513, 1929; Phil. Trans , Roy. Soc., 228 : 151, 1929, etc. 
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in the same way as that of the alkali doublets. We shall show 
later that the separation of this triplet is of the same order of 
magnitude as that of the doublets. With $ = 0, j can have 
only the one value 

j = h 

so that the state is a singlet state. In accordance with the 
discussion at the end of the previous section we may expect 
the singlet-triplet distance to be large compared with the triplet 
separation, with the triplet state the more stable. 

21c. Two Arbitrary Electrons. Term Symbols. — Now let us 
consider the general case when neither h nor Z 2 is zero. In 
coupling Si and s 2 there is now also strong coupling between 
li and 1 2 . That there is a large interaction energy between 
the orbital moments can be seen from our model; the orbits 
interpenetrate each other and hence perturb each other strongly. 
For the composition of vectors this signifies that li and 1 2 should 
form a resultant which we shall call 1. The total moment j is 
composed as the resultant of 1 and s. 

The quantum number s can in this case also have only the 
values 1 and 0. Z traverses the values 

|Ii — Z 2 | < Z < li H- 7*. 

For the case s = 1 this leads to triplets; the quantum number 
j can in general for a given l have three values 
j = Z — 1, Z, and Z + 1. 

For Z = 0 there is, however, only one resultant, with j = s = 1. 
This state also is customarily called a “triplet state” or “triplet 
term” since s has the value 1, even though the state is in reality 
not threefold. 

When $ = 0 all the states are single and are called “singlets.” 

As was mentioned in Chap. IV, the symbols S, P, D , F } etc. 
are used for the terms having the resultant Z = 0, 1, 2, 3, etc. All 
of the symbols shown in Table I are needed to account for 
observed spectra. 


Table I. — Teem Symbols 


1 = 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 


Symbol 

s 

P 

D 

F 

G 

H 

I 

K i 

L 

M 


1 m 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

Symbol 

N 

0 

Q 

R 

T 

U 

V 

W 

X 

Y 

Z 











t The letter J is omitted in accordance with the German practice. 
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It is to be noted that these symbols tell nothing of the actual 
electronic states in the atom, giving only values of the resultant 
quantum vectors. For example, if there is one electron in a p 
orbit (Zi = 1) and another in a d orbit (Z 2 = 2), then l can have 
among others the value 3 and the state is given the symbol F, 
and indeed S F for s = 1 (triplet F) and X F for $ = 0 (singlet F). 
To the right there may be further written a subscript giving the 
value of j. The combination of a p and a d electron gives the 
states shown in Table II. 


Table II. — States Arising from a p and a d Electron 



s — 0, singlets 

s = l, triplets 

j = 

l = 1 

2 

3 

i 

■p. 

2 

l Di 

3 

0 

3 Po 

1 

3 P 1 
*D i 

2 

3 P 2 

3 

3 Da 

^3 

4 

^4 


Similar term symbols are used in the case of atoms containing 
many electrons outside of completed shells; the value of the 
resultant l is given by the symbol of Table I, the multiplicity 
is given by the superscript 2s + 1 written to the left, and the 
value of j is appended as a subscript. If it is desired to mention 
the states of the individual electrons, their symbols are written 
before the term symbol; thus to show that the terms of Table 
II are derived from one p and one d electron we would write 
pd x Pi, pd 8 P 0 , etc. If it were further desired to indicate the 
values of the principal quantum number n for each electron, 
this could be introduced in the usual way; as, for example, 
3p3d x Pi, 3p4<2 x Pi, etc. It is often desirable to express the fact 
that the principal quantum numbers for certain electrons 
are different, even though they be not explicitly stated; for, 
as will be shown in Chap. IX, the allowed terms often depend 
on this difference. This difference is indicated by placing a 
point between symbols representing electrons of different n; 
thus 3p3<Z x Pi or 4p4d x Pi would be pd l P i, while 3p4d x Pi or 
4p6d l P i would be p • d x Pi. If two or more electrons have the same 
values of n and li the fact is indicated by means of an exponent ; 
an atom in which seven electrons with n = 4 and 1* — 3, two with 
n = 5 and Z* — 2, and one with n = 6 and U = 1 combined to 
give a state with $ = l = 16, and j = would have the 
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symbol 4/ 7 5d 2 6p 4 Fs^ or f ■ d 2 ■ p 4 y 3 ^. 1 On account of the length 
of these symbols they are sometimes replaced by abbreviations 
such as those given below. 


Configuration 

Designation 

g 2pn-2 

a 

Spn-* 1 

b 

pn 

c 

fi 2yn-3 • S 

k 

$2pn-3 . p 

m 

fi 2pn-3 . ^ 

n 

s 2 p n “ 3 • f 

<2 


etc. 


1 These were introduced by I. S. Bowen. 

21d. Selection Rules- The selection rule for l in the case of 
alkali-like atoms stated that l could change by +1 or —1 during 
a transition. For many-electron atoms the resultant l may 
change by 0 as well as ± 1. Usually during a transition only one 
electron jumps; i.e., changes its quantum numbers n and h; for 
this electron the selection rule that k must change by +1 or —1 is 
valid. At times, however, as was discovered by Russell and 
Saunders, 2 two electrons may jump simultaneously. It has 
been shown theoretically by Heisenberg 3 that in this case U for 
one of them must change by ±1, and for the other by 0, ±2. 
This rule is empirically verified. 4 

1 Russell and Saunders first suggested the use of capital letters only for 
terms, with the multiplicity indicated by an exponent at the left. Sommbr- 
fejld had previously written j as a subscript, and Grim:m and Sommerfeld 
wrote the quantum numbers of the valence electron before the term symbol. 
The complete symbols described above were introduced by Hund. There 
has been introduced recently the use of capital letters S, L, and J for ,the 
resultant quantum numbers s, l , j, small letter symbols being restricted to 
quantum numbers of the individual electrons. In our treatment there is 
no confusion, since quantum numbers and quantum vectors for the indi- 
vidual electrons are always written with a subscript, whereas the resultants 
have none. (See tl Report of the Committee on Notation in Line Spectra,” 
Phys . Rev., 33: 900, 1929.) 

3 H. N. Bussell and P. A. Saunders, Astrophys. Jour., 61 : 38, 1925. 

3 W. Heisenberg, Z. f. Physik, 32 : 841, 1925. 

4 H. N. Russell, Science, 69: 512, 1924, and 0; Laporte, Z. f. Phys., 23: 
135, 1924, express the following empirical selection rule: the sum of the 
changes in all the h ’ s must be odd. This includes some transitions in addi- 
tion to those allowed by the Heisenberg rule. The observed combinations 
are, however, almost without exception included under the latter. 
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The empirical rule 1 that transitions will occur only from a 
state for which the k sum, VZ;, is odd to one for which it is even, 

i > 

or vice versa , is called the “Laporte rule.” As a result of this rule, 
we may differentiate beween two groups of terms, for one of which, 
the even terms, the k sum is even, and for the others, the odd 
terms, the k sum is odd. Membership in one of these groups 
or the other was formerly indicated by the use of a prime, the 
primed and unprimed terms alternating in the following way: 


Even terms, even 

l - 0 

1 

2 

3 

4 

s 

P' 

D 

F' 

G 

% 

Odd terms, odd 

i 

S' 

p 

D' 

F 

G' 


Recently the custom has developed of omitting the primes; 
if it is desired to differentiate between the groups, a small super- 
script ° is added to the odd terms, following a suggestion of 
Russell. Thus 3s 2 2p 2 P° is a representative odd term in the new 
nomenclature. 

The quantum number s will not change during a transition 
unless the interaction between 1 and s is large; that is, unless 
the separation of the triplet levels becomes of the same order 
of magnitude as the triplet-singlet distance. Usually, then, 
triplet-singlet intercombinations will appear not at all or only 
with small intensities. 

21e. The Level Scheme of Calcium. Metastable States. — 
Figure 31a represents the level scheme of the calcium 2 atom. 
The lowest energy state is the state in which the two outer 
electrons are both in the 4s orbit, giving rise to the 4s 2 x Sq level. 
When both electrons are in the same s state only the singlet level 
occurs, the triplet being non-existent, as will be explained in 
Chapter IX. 

In most of the excited states of calcium only one of the outer 
electrons is excited, the other one remaining in the 4s state. 
These excited states give rise to the series of levels 

4s • ns and 3 Si, 4s • np x Pi and 3 P 2 , 8 Pi, 3 P 0 , etc. 

1 The quantum mechanical proof of this rule has been given by H. Wet l, 
“ Gruppentheorie und Quantenmechanik,” Leipzig, 1928, p. 181. 

2 H. N. Russell, Astrophys. Joum ., 66: 191, 1927. # 
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The level scheme shows that the triplet state is usually lower 
than the singlet state of the same configuration. 

Removing the excited electron completely will leave a calcium 
ion with its outer electron in the 4s state. This explains the 
existence of a limit to which all these level series converge. 

There also have been observed levels arising from the con- 
figurations 3 d*np and 3 d*nd, with both outer electrons in excited 


Cal 



orbits, one of which is a 3 d orbit. Removing the second electron 
will then give rise to a calcium ion with its outer electron in the 
3d orbit. The series of levels 3 d-np and 3d*nd will thus converge 
to a li mi t different from that for the levels considered above, this 
limit representing the 3d state of the calcium ion. The difference 
between these two level limits can be obtained directly from the 
known level scheme of Ca + and is in complete agreement with the 
calculations qf these limits with the help of series formulas. 
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Only the lowest 4$4 p 3 P state is drawn in the diagram as a 
triplet. Of this triplet the levels IP2 and 3 P 0 are so-called metasta- 
ble states. This means that when the atom is in either one of 
these states it will not drop to its normal state, 4s 2 hSo, with the 
emission of radiation, for the selection rule for j forbids these 
transitions. An atom in one of these states can be brought into 
the nearby 4s4p 3 P 1 state by means of collisions with other atoms, 
and from there it can drop to the normal state. Or the atom can 
absorb radiation and in that way be brought into a state of higher 
excitation, from which it might then drop to the lowest level with 
the emission of radiation. 

Metastable states occur in all of the more complicated spectra. 
It has been shown experimentally that they have very long mean 
lives and that often absorption lines can be obtained with such 
a level as initial level. This shows that there can sometimes be a 
large concentration of the atoms in a metastable state. When 
the gas is very rarefied so that few collisions occur this con- 
centration may become very high. In that case the “ forbidden ” 
spectral lines corresponding to transitions from the metastable 
states to the normal state of the atom will take place. For the 
strict formulation of the selection principles does not completely 
“forbid” such a transition, but states that its probability is 
extremely small and, under normal laboratory conditions, much 
smaller than for transitions due to collisions. These considera- 
tions led Bowen 1 to his famous explanation of the previously 
unclassified spectral lines emitted by nebulae, where indeed 
collisions are very rare. Bowen showed that the strong nebular 
lines arise from such “forbidden” transitions from metastable 
states in Nn, On, and Om. The states involved are 2s 2 2p 2 3 P, 
2s 2 2p 2 l D, and 2s 2 2p 2 X S for Nn and Om, and 2s 2 2p z 4 $, 2s 2 2p z 2 D, 
2s 2 2p 3 2 P for On. Combinations between these states are not 
allowed by the selection rule for the liS, for A U = 0 throughout. 

Inspired by Bowen's success, McLennan 2 identified the green 
auroral line X5577.35 with the forbidden transition 2s 2 2p 4 1 D 2 — 
2$ 2 2p 4 ^0 in Oi. 

Merrill 3 also interpreted some lines in stellar spectra in the 
same way. The spectrum of the southern variable star 17 
Carinae consists essentially of known emission lines of H and 

1 1. S. Bowen, A$trophys. Jour., 67 : 1, 1928. 

2 J. C. McLennan, Proc. Roy. Soc., a 120 : 327, 1928. 

8 P. W. Merrill, Astrophys. Jour., 67 : 391, 1928. 



THE VECTOR MODEL FOR TWO-ELECTRON ATOMS 97 

Fen. Most of the others were found to correspond to transitions 
in Fe a forbidden by the Laporte rule. The selection rule for j 
was also not obeyed; the strongest component of a forbidden mul- 
tiplet line was found to correspond to a value of A j equal to 
that of AZ. 

22. EQUATIONS FOR TRIPLET SEPARATIONS 

The terms which are to be expected in general for singlet 
and triplet spectra are shown in Table III. Each singlet level 



Fig. 316. — Combinations of the states 4s4p 3 P, 4s4d 3 D, (4 p) 23 P, and 4p4d 3 I> 

of calcium. 

consists of one term, and each triplet level of three except that 
with l = 0. 


Tab£e III. — Singlet and Triplet Terms 



another are single. The selection rule for j is that changes of 
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0, +1, and -1 are allowed (Sec. 146); except that transitions 
from j = 0 to j = 0 do not occur. Thus l S - *P consists of 
only a single line: - 3 Pi. The maximum number of com- 

ponents of a triplet-triplet line is seven. The combinations o 
the states 4s4 p 8 P, 4s4d 3 D, 4 p 23 P, and 4p4d 3 D of calcium arc 
shown in Figure 316, and the corresponding wave-lengths and 
wave-numbers are given in Table IV. 


Table IV. — Triplet Combinations in the Calcium Spectrum 


4p4d 8 jDi 

8 Da 

8£>s 

4a4 d*Dx 

X6600.21 

17,856.48 

26.79 

X5591.82 

17,883.27 



»£>2 

18.97 

X5604.59 

17,842.51 

26.86 

18.90 

X5596.17 

17,869.37 

89.96 

X5583.68 

17 , 909 . 33 




21.92 


21.78 

»Ds 



X5603.04 

17,847.45 

40.10 

X5590.48 

17,887.55 


4p 2 *Po I 


*Pi 


*Pa 

4a4p 3 Po 



X4290.69 

23,306.27 






52.24 



3 Pi 

X4309.10 

23,206.70 

47.88 

X4300.33 

23,254.03 

86.79 

X4284.34 

23,340.82 




105.84 


106.02 

■Pa 



X4319.99 

23,148.19 

86.71 

X4303.87 

23,234.90 


4S4d»Z>i 

1 

*Da 

I 

»z>. 

4s4p*Po 

X19310.3 

5,177.3 






52.2 





*Pi 

X19506.8 

5,125.1 

14.4 

X19452.6 

5,139.5 




105.6 


106.7 



3 Ps 

XI 9917. 3 
5,019.5 

18.8 

X19864.3 

5,032.8 

22.2 

X19777.1 

5,055.0 
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Often the fine-structure separation of one state is so small 
as to be unresolved by the spectral apparatus; in this case 
triplet combinations have three components, and show just the 
fine structure of the other state. 

In calculating the energy differences of the triplet levels of 
atoms with two valence electrons we shall at first take into 
consideration only the interaction of the spin of each electron 
and its own orbital motion. In case that one of the electrons 
is in an 5 orbit only the other will contribute to the fin e-structure 
separations, and from Equation 2, Chap. IV, we find for the spin 
energy (introducing an effective nuclear charge Z — $i) 

Wa ni 3 Zi(Zi + H)(ii + 1) * 11 cos 


in which the bar over cos (liSi) indicates that the average value 
of this quantity is to be taken. 1 Since the precessions of Si 
about s and of 1; about 1 are uniform, the relation 


cos (liSi) = cos(lil) cos(sis) eos(ls) (2) 

is true; and on calculating the values of these cosines from the 
vector model Equation 1 becomes 

W , 1 - ,, /Q- + !)-!(< + !)-*(» + !) , (3) 

in which 


__ Rhcot?(Z — Si) 4 $i($i + 1) + •$($ + 1) “ $ 2(^2 “b I) 
01 “ + H)Qi + 1) ' ' 2s (s + 1) 

Uh + l) + IQ + 1) — Z 2 (Z 2 + l) 

2 IQ + 1) ’ w 


In this case, with h = 0 and, of course, Si = s 2 , the equation 
is simplified to 


_ RhctfjZ - S 1 ) i v 
ai ni%Qi + }i)Qi + 1 ) 2 


( 5 ) 


If neither electron is an s electron the interaction energy is 


W . 1 - 


Rhca\Z - fix) 4 


niHiQi + yi)Qi + 1) 


ZlSi COS (liSi) + 


RhcaKZ - S 2 ) 4 


n 2 3 Z 2 (Z 2 + y 2 )Q* + 1) 


Z 2 s 2 cos (I2S2), ( 6 ) 


1 For deeply penetrating orbits the Land4 product ZiV/n* 3 can be used 

in place of ( ,Z — <Si) 4 /n s . 
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which becomes on introducing the average values of the cosines 

W = ( 0l + a 2 / (i + 1) ~ ; - G + 1) ~ s(s + 1) , (7) 

in which ax is given by Equation 4 and a 2 by a similar equation 
in which the subscripts 1 and 2 have been interchanged. 

From Equation 7 it is seen that the separations of adjacent 
levels in a triplet are proportional to successive differences of 
j(J + 1). Thus if l = 1, so that j = 2, 1, or 0, the separations 
3 P 2 — 3 Pi and 3 Pi — 3 P 0 are in the ratio (2 X 3 — 1 X 2): 
(1 X 2 — 0 X 1) or 2:1. Similarly the ratio of 3 D 3 ~ 3 I >2 to 
3 jD 2 — 3 Di is 3 :2, that of S P 4 — z Fz to 3 F 3 — 3 F 2 is 4:3, and so on. 
The triplet separations of Table IV lead to the ratios shown in 
Table V for calcium, in approximate agreement with the expected 
result. 

Table V. — Intervals for Calcium Triplets 



Observed Interval 

State 

Ratio 

4s4p 3 P 

2.02 : 1 

4 p 2 S P 

1.83 : 1 

4cs4d 3 D 

3.13 :2 

4p4d 3 D 

2.99 : 2 


The triplet separations of magnesium-like atoms (Table VI) 
are in similarly good agreement with the theoretical ratio of 2:1, 
the deviation being about 3 per cent. Those for beryllium-like 
atoms, on the other hand, deviate considerably from this ratio, 
the most pronounced discrepancy being shown by 2s2p 3 P of 
beryllium (Tables VII and VIII). It is probable that the failure 
to adhere to the interval rule is due to the fact that in case the 
effective nuclear charge is small the interaction between the 
spin of each electron and the orbital motion of the other, which 
has been neglected in deriving the rule, becomes of significance. 
This explanation will be further discussed in the following section. 

In case that one electron is an $ electron the triplet separation 
has been found to be given by Equation 3, in which the spin-orbit 
interaction of the other electron alone has been taken into 
consideration. The maximum value of j is lx + 1, the minimum 
l\ — 1; introducing these values in Equations 3 and 5, the total 
width of the triplet is found to be 


Lv = 5.82- 


(Z - S i ) 4 
nPliQi + 1 ) 


cm.” 1 


( 8 ) 
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This equation is identical with Equation 9, Chap. IV ; the total 
triplet separation accordingly is given in this case by the same equa- 
tion as the doublet separation for sodium-like atoms. In the last 
columns of Tables VI and VIII are given values of Si calculated 
with this equation. On comparing them with the values of 
So for the corresponding alkali-like atoms (2 2 P of Be + , B" 1 " 2 , etc. 
in Table I, Chap. IV; 3 2 P of Mg+ A1+ 2 , etc. in Table III, Chap. 
IV) it will be seen that the screening constants for doublets and 
triplets show closely the same variation with nuclear charge; 
in each atom the introduction of an $ electron has increased the 
screening constant by about 0.30. 


Table VI. — Fine Structure of 3s3p 3 P of Magnesium-like Atoms 


Atom 

3 P 2 - 3 Pi 

3 P i - 3 Po 

Interval 

ratio 

Si 

Me; 

40.9 cm.” 1 

19.9 cm.” 1 

2.06 

7.130 

A1+ 

125.5 

61.8 

2.03 

6.549 

Si+ 2 

263 

131. 

2.01 

6.231 

p+3 

467.9 

228.6 

2.05 

6.042 

S+ 4 

754.7 

365.8 

2.06 

5.894 

C1+ 6 

1717.2 


5.77 


i 





Table VII. — Fine Structure of 2 p 23 P of Beryllium-like Atoms 


Atom 

£ 

i 

<N 

6* 

3 Pi - 3 Po 

Interval 

ratio 

Si 

Be 

2.03 cm. -1 1 

1.41 cm.” 1 

1.44 

2.25 

B + 

22 

.2 


2.20 

C +2 

47.4 

29.7 

1.60 

2.18 

N +s 

124.5 

72.8 

1.71 

2.17 

0 +4 

268.2 

l 

155.4 

1.73 

2.16 




Table VIII. — Fine 

Structure of 

2s2p 8 P of Beryllium-like Atoms 

Atom 

s p 2 - 3 p i 

0 

1 

£ 

Interval 

ratio 

St 

Be 

2.36 cm. -1 

0.67 cm.” 1 

3.57 

2.30 

B +1 

! 22.8 


2.18 

C+ 2 

56.5 

22.9 

2.47 

2.16 

N +8 

143.8 

61.7 

2.33 

2.13 

0+ 4 

305.9 

134.9 

2.27 

2.10 
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If the two electrons are alike, so that h = Z 2 and ai = a 2 , 
Equation 7 gives for the total triplet separation 


Av = 5.82 


(Z-Si ) 4 (Z + M) 

ni z h(h + 1 ) (h + }£) 


cm. 


-l 


(9) 


and if h = l x as, for example, in p 2 3 P, this again reduces to 
Equation 8. The values of Si calculated in this way for 2 p 23 P 
of beryllium-like atoms (Table VII) are nearly the same as those 
found for 2s2p 3 P, so that ’ each p electron is seen to screen the 
other by the same amount as the s electron, about 0.30. 


23. THE SPECTRA OF HELIUM AND IONIZED LITHIUM 

The spectrum of neutral helium consists of two term systems 
which combine with each other hardly at all. 1 One of these 
systems, which includes the normal state of the atom, is a singlet 
system, and the other consists apparently of doublets. The 
systems have been given the names parhelium and orthohelium, 
respectively. 

Since the helium atom contains two electrons its spectrum 
would be expected to be similar to the alkaline-earth spectra, 
and to consist of singlet states and triplet states. The possibility 
that the apparent doublets of helium might be deformed 
triplets, and that the helium spectrum might be analogous to 
that of the alkaline-earths, was first proposed by Slater, 2 who 
suggested that two of the triplet levels come nearly into coin- 
cidence. This suggestion was quantitatively verified by Heisen- 
berg. 3 The normal triplets result when only the interaction 
between the spin and the orbital motion of each electron is 
taken into account. This interaction energy of U on Si and 
1 2 on s 2 is proportional to ( Z — >S) 4 , while that arising from the 
action of the orbital motion or the spin of one electron on the 
spin of the other (1 2 and Si, li and s 2 , and Si and s 2 ) is proportional 
to (Z — S) s ; accordingly normal triplets should occur when the 
nuclear charge is large. By taking into consideration all of the 
interactions with the use of the perturbation theory of the quan- 

1 One intercombination line was reported: T. Lyman, Nature , 110 : 278, 
1922; Astrophys . Jour., 60 : 1, 1924; it has, however, since been shown to be a 
line in the neon spectrum: H. B. Dorgelo, Physica , 6 : 150, 1926. 

2 J. C. Slater, Proc ., Nat. Acad., 11: 732, 1925. 

8 W. Heisenberg, Z. /. Phys ., 39 : 499, 1926. 
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turn mechanics, Heisenberg obtained for the interaction energy 
of Is • 2 p 3 P of helium-like atoms the values 

TF - a{(Z - 3)[H, -H, -i] + W, -K, Ml " HI 
in which the numbers in the brackets refer to j = 2, 1, and 0, 
respectively. For Z very large this gives evidently the normal 
triplet with interval ratio 2:1. For small values of Z the intervals 
are anomalous. In particular they have the following values: 
Z — 2j He:lF = a[-%, -H, %] 

Z-3, Li + : W 1 = a[y 8 , %]. 

These results are shown in Figure 32, in which the levels j = 2, 1, 
and 0 are indicated by lines of lengths 5, 3, and 1, representing 
the relative intensities of transitions to the state ls-2s 3 £. The 
structure shown for helium 
has been verified experimen- 
tally by Houston, 1 who found 
the intervals to be 0.992 
cm. -1 and 0.071 cm.' 1 , in 
satisfactory agreement with 
Heisenberg’s ratio 19 : 2. The 
fine structure of ionized lith- 
ium is also approximately in 
accordance with the theoret- 
ical result. 

It is evident from these 
calculations that a similar 
deviation from the interval 
rules may be expected for 
other triplet states with small 
values of Z — S. Qualita- 
tively the effect is such as to account for the interval ratio 3.5: 1 
of the similar state 2s • 2 p 3 P of beryllium (Table IX), for, as is 
evident from Figure 32, the change in interval ratio with increase 
in atomic number is the expected one. It is probable that the 
deviations in the opposite direction shown by 2p 2 3 P of beryllium- 
like atoms can be similarly accounted for. 

The improbability of transitions from orthohelium to par- 
helium states and vice vevsa results from the small hSi inter- 
action and the correspondingly small chance that s will change 
during a quantum jump (Chap. VIII). 

iW. V. Houston, Phys. Reo ., 29: 749, 1927. 
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Fig. 32. — The fine structure of the state 
ls2p 3 P of helium-like atoms. 
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24. OTHER COUPLING POSSIBILITIES 

In the preceding discussion it was assumed that the apparent 
interaction between the two electron spins Si and S 2 was much 
greater than the interaction between the spin magnetism and 
the orbital motion of each electron; i.e., between Si and U and 
between S 2 and 1 2 . Now although the new quantum mechanics 
shows that the apparent interaction energy between Si and S 2 
is, on account of the resonance phenomenon, much greater than 
that to be expected from our approximate model, it is not 
required that it be always greater than that between Si and li 
or s 2 and 1 2 . In fact there are cases for which this is not true, 
and to which the above treatment is not applicable. We shall 
attempt to make this clear by means of a simple example. 

Let us consider one electron in a p orbit and the other in an 
s orbit; and let the p electron be strongly bound, with a small 
principal quantum number ft, and the s electron loosely bound, 
with n large, so that for much of the time it is far removed from 
the rest of the atom. In this case it is possible, but not necessary, 
that the interaction between the two spins be smaller than that 
between the spin of the first electron and its orbit. The magni- 
tude of the interaction between the first electron and its orbit 
can be seen from the doublet separation obtained when only 
this electron is present. The apparent interaction between 
Si and s 2 evidences itself in the separation between singlets 
and triplets when both electrons are present. Now this separa- 
tion decreases very rapidly as the principal quantum number 
n of either of the two electrons increases. In this way it can 
come about that the singlet-triplet separation can be smaller 
than the doublet separation for the first electron alone. There 
will then occur a different coupling of the quantum vectors. 

If the inner electron were in an $ orbit and the outer in a p 
orbit this would not occur; for wdth increasing n of the p electron 
the interaction energy between s 2 and 1 2 as well as that between Si 
and s 2 would decrease, in both cases as a first approximation pro- 
portionally to 1/w 3 . This case occurs for the alkaline earths, for 
example, for in these excited atoms the inner of the two valence 
electrons usually remains in its normal $ orbit. These spectra 
accordingly show nearly exclusively singlet and triplet structure. 

The atoms of the fourth group of the periodic system, carbon, 
silicon, germanium, tin, and lead, have four valence electrons. 
In most states two of these are in $ orbits, and together form a 
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completed subgroup (Chap. IX), and hence, as will be shown 
later, need not be taken into consideration. For all of these 
states the atoms have effectively two external electrons, and are 
similar to the alkaline earths. Of these two electrons the inner 
one in excited states remains usually in the lowest p orbit; as a 
result of this there occur in addition to the ordinary singlet and 
triplet levels also others, whose structure will 
now be considered more closely. 

Whenever the energy of interaction between 
the second electron and the first is smaller than 
that between the first electron spin and its own 
orbit, the action exerted by the second electron 
on the first is similar to that of a weak external 
magnetic field. (It was mentioned in Section 
216 that the preceding case was similar to that of 
a strong external magnetic field; that is, to the 
Paschen-Back effect.) The coupling between Si 
and li will not be broken; instead they will form tr^Vndone^thw 
a resultant ji, as though the second electron were electron according 
not present. Now if the second electron is in an L ( *! 

s orbit, the total moment j of the atom will be a 
vector formed as the resultant of ji and s 2 , as shown in Figure 
33. Symbolically, this coupling may be written 1 
{(silx)s 2 } = (jis 2 ) ■= j. 

In these symbols brackets always include the vectors which 
form a resultant with each other. The other coupling described 
in Section 216 may be written 

{ (SiS 2 )li} = (six) = j- 

The vectors which form a resultant always carry out preces- 
sional motion about . this resultant. The coupling scheme 
accordingly indicates that vectors in the innermost brackets 
undergo the most rapid precession about each other, since 
otherwise the coupling would be broken through the influence 
of the other precessions. 

The relative positions of the energy levels can also be given 

for the coupling / 

{(Sxli)sa} = (jiS 2 ) = b 

If the second electron were not present, there would be only the 
doublet level of the first electron, with the state j i = h + si 
i S. Gotjdsmit and G. E. Uhlenbbck, Z. f. Phys ., 35 : 618, 1925. 



Fig. 33. — Cou- 
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lying above, that with j x = Zi — $i lying below. The spin 
vector of the second electron can assume two orientations 
with respect to the moment ji of the first, corresponding to the 
values j = ji + and j = ji — M for the total moment of the 
whole atom. Each of the two levels of the doublet due to the first 
electron is split by the addition of the second into two levels. 
Since we have assumed the effect of the second electron on the 
first to be smaller than that of the first on its own orbit the 
separations introduced will be smaller than the original doublet 
separation. We thus obtain four levels consisting not of a 
singlet and a triplet but of two double levels. (The name doublets 


Jrh+si 




‘ j = j ,+*2 


-Jvr s 2 



Fig. 34. — Energy level diagram for one s electron and one other electron accord- 
ing to scheme B. In the vector diagrams the vector magnitudes are taken to bo 
h, si, so, etc. Figure 33 gives the vector diagram for the highest level with the 
alternative choice of vector magnitudes. 


is not used for such double levels; it is reserved for the case 
with normal coupling when the resultant $ is 3^0 It is possible 
to predict which of each of these doubled levels lies the higher. 
The interaction energy between the two electrons consists 
essentially of the energy of the resonance phenomenon described 
before, which is an apparent interaction of the two spins Si and 
s 2 . For this apparent interaction it was stated that the energy 
is small when the angle between Si and S 2 is small. It is easily 
seen that, with j x = Zi + is parallel to s 2 iov j = j x + s 2 , 

and opposed for j = j x — s 2 ; hence the former gives the lower 
level. For the other doublet state, with j x = li — the reverse 
is true. These results are shown in Figure 34. 

So far we have considered only a simple case, with the second 
electron in an 3 orbit. In the general case there are many 
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possible couplings. That previously considered may be written 
symbolically as 

A: { (S 1 S 2 XI 1 I 2 )} = (si) = j. 

This coupling scheme A is called, after its discoverers, the scheme 
of Russell and Saunders. 1 

If the coupling between the spin and the orbital motion of 
the first electron is not broken by the addition of the second, 
the following coupling schemes can occur: 

B: {(silO (silt)} = OJ 2 ) = j. 

C: [{(Sili)*i}ld = { (jis 2 )l 2 } = j- 

D: [{(silOMsJ = {(Jil«)s*} = j- 

Scheme B signifies that coupling between spin and orbit persists 
for the second electron also. In scheme C it is broken and there 
is a strong compling of S 2 with J 1 to form a resultant which then 
combines with I 2 to form the total moment j. Scheme D is 
similar, with 1 2 and s 2 interchanged. Whether all of these 
schemes actually occur has not been determined; there are some 
indications that only A and B occur, but in this respect nothing 
is known with certainty. For the case h = 0 the schemes B, 
C, and D coincide to give the previously considered scheme 

{(Sili)S2} = (jlS 2 ) = j- 

It is to be particularly emphasized that these schemes represent 
merely limiting cases. Just as in the Zeeman effect the theory 
for weak and for strong magnetic fields represents the limiting 
cases and in reality all intermediate stages occur, so here also 
it is to be expected that intermediate cases will arise for which 
none of these schemes is rigorously valid. 

The relative positions of the levels in the general case can not 
be treated in complete detail. It is to be expected for schemes 
B, C, and D that the levels will form two groups with approxi- 
mately the doublet separation of the first electron; for it is 
assumed in these cases that this doublet separation, which is a 
measure of the strength of the coupling (Usi), is greater than the 
other interaction .energies, which cause the further splitting 
of each of the doublet levels. 

We have already shown that for scheme A the terms are 
always singlets and triplets. 

>H. N. Russell and F. A. Saunders, Astrophys. Jour., 61: 38, 1926. 
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25. THE COUPLING SCHEME OF RUSSELL AND SAUNDERS. 

MULTIPLETS 

An atom containing many electrons outside of completed groups 
or subgroups may be represented by means of an orbital moment 
vector U and a spin moment vector s* for each electron and the 
resultant vectors formed from them. As in the case of two 
electrons, the coupling among these vectors may be of several 
kinds. The scheme used in the previous section can be easily 
extended; using the same nomenclature, scheme A may be written 
A: {(sis 2 sa ■ • ■ ) (I1I2I3 ■*•).} = (si) ='j. 

This signifies that the s/s all combine to form a resultant s and 
independently the L’s form a resultant 1. The vectors s and 1 then 
form the total moment j. 

In scheme B the spin moment of each electron is still coupled 
with its orbital motion and this coupling is not broken by 
interaction with the other electrons: 

B: {(SiliXsaUXssla) • • • } = (jij 2 j s ■ • ■ ) = j. 

Each electron thus has its own resultant j* and all the j/s combine 
to form the total resultant j. Coupling according to this scheme 
is generally called “(jj) coupling. 7 ' 

Besides these two simple schemes a large number of other cou- 
pling possibilities among all these vectors can be imagined, analo- 
gous to schemes C and D for the case of two electrons, and to 
various other combinations. 

If the value of U is given for each electron ( Si is one-half for each 
electron), then each of these schemes leads to precisely the same 
number of different energy levels. The values of j for these 
states are also always the same, independent of the coupling 
scheme. This can be easily shown in the not too complicated 
cases; but a general proof can not be simply given. 1 Hund 2 

1 The theorem is proved by R. db L. Kronig, Proc., Nat. Acad., 12 : 330, 
1926, and K. Knopf, Z. /. Phys., 41 : 20, 1927. 

8 F. Hund, Z. /. Phys., 34 : 296, 1925; 52 : 601, 1929. 
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especially has investigated the question of which state of one 
scheme a given state from another scheme is transformed into 
when the coupling is changed. This problem is analogous to that 
of the transition from strong to weak fields in the Zeeman effect. 

Of these schemes that of Russell and Saunders, scheme A , 
occurs most often in spectra. 1 When it does not occur there is 
usually found an intermediate step between scheme A and another 
scheme; there are rather few cases known for which another 
scheme is rigorously valid. 

In the case of alkali-like atoms, with a single valence electron, s 
was given a value Y* The resultant s for two-electron atoms was 
either 1 or 0. In general s can have the values obtained by 
giving each spin vector either parallel on antiparallel orientation 

with respect to the resultant; that is, $ = ^ ± s». For three 

i 

electrons, for example, s = % ° r for four, s = 0, 1, or 2, etc. 
A state with s = 2 is called a quintet state, since if l is large 
enough (l S 2) the total resultant j can assume five different 
values: 

\l — s| ^ j ^ l + s. 


The possible terms of an atom with s =2 and with l = 0, 1, 
2, • • • , are given in Table I. If l is smaller than s the composi- 
tion of the two vectors leads to less than five states, but the term 
is still called a quintet term. The names singlet, doublet, 
triplet, quartet, etc., give accordingly not always the actual 
complexity of the state, but rather the multiplicity, the value of 
the resultant s. The multiplicity is always taken equal to 
2s + 1. The possible terms for various multiplets are indicated 

in Table II. 


Table I. — Quintet Terms 



o 
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Hh 
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5 <?4 
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i Very probably this is only apparent, resulting from the fact that spectra 
for which this scheme is valid are most easily analyzed. 
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Table II. — Multiplet States 


State 

Values of j 

Values of j 


Singlets 

Doublets 

l = 0 8 

o 

II 

CO 

O 

H s = 

1 P 

1 

X X 

2 D 

2 

X X 

3 F 

3 

X X 

4 G 

4 

X X 


Triplets 

Quartets 

1 = 0 S 

1 8 = 1 

X S = X 

1 P 

0 12 

XXX 

2 D 

1 2 3 

X X X X 

3 F 

2 3 4 

X X X X 

4 G 

3 4 5 

X X X *x 


Quintets 

Sextets 

1 = 0 S 

2 s = 2 

X s = X 

1 P 

1 2 3 

XXX 

2 D 

0 12 3 4 

X X X X X 

3 F 

1 2 3 4 5 

X X X X X x x 

4 G 

2 3 4 5 6 

X X X X *X 1S A 


Septets 

Octets 

CQ 

o 

1! 

i-o 

3 s = 3 

II 

CO 

1 P 

2 3 4 

XXX 

2 D 

1 2 3 4 5 

X X X X *X 

3 F 

0 1 2 3 4 5 6 

X X X X X *x *x 

4 G 

1 2 3 4 5 6 7 

X X X X X X X IX *x 


As a result of transitions from one multiplet state to another 
a line complex called a “multiplet” is produced. 1 The number 
of components in a multiplet is determined by the selection 
rules for j (Sec. 33), which state that j may change by 0 or ±1, 
and that the jump from j = 0 to j = 0 is not allowed. It will 
be seen from Table II that the multiplet 4 P — 4 D, for example, 
will have eight components, and 4 D — 4 F nine components. 

For an atom or ion containing an even number of electrons 
the resultant 5 is always integral, and for one with an odd number 

1 Before 1922 only singlet, doublet, and triplet spectra were known. At 
this time M. A. Catalan discovered the existence of higher multiplicities 
(Phil. Trans., a 223 : 127, 1922), and Sommerfeld soon after (Ann. d . Phys. f 
70 : 52, 1923) applied the vector model in the interpretation of Catalan's 
observations. 
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of electrons s is “half-integral.” Accordingly, successive neutral 
atoms in the periodic system of the elements will show alternately 
even and odd multiplicities. This is illustrated in Table III, 
in which are shown the observed multiplicities of the atoms 
from potassium to manganese. Similarly, successive degrees 


Table III. — Alternation in Even and Odd Multiplicities 


Atom 

K 

Ca 

Sc 

Ti 

V 

Cr 

Mn 

Atomic Number 








Z 

19 

2° 

21 

22 

23 

24 

25 



Singlets 


Singlets 




Multiplicities 

Doublets 

Triplets 

Doublets 

Triplets 

Doublets 

Triplets 





Quartets 

Quintets 

Quartets 

QuintetB 

Quartets 






Sextets 

Septets 

Sextets 








Octets 


of ionization of an atom will lead to alternation between even 
and odd multiplicities. In Table IV are given the multiplicities 
observed for various ions of chlorine, in substantiation of this 
conclusion. 


Table IV. — Alternation in Even and Odd Multiplicities 



Cl*«(Clvil) 

Cl +fi (Clvi) 

Cl +4 (Cly) 

Cl + s(Cliv) 

Cl +2 (Clm) 

| 

b 

Electron number. . 

11 

12 

13 

14 

15 

16 

Multiplicities 

Doublets 

Singlets 

Triplets 

Doublets 

Quartets 

Singlets 

Triplets 

Doublets 

Quartets 

Singlets 

Triplets 


In calculating the possible multiplicities in any spectrum it is 
necessary to consider only the electrons not composing a com- 
pleted subgroup, usually only the external or valence electrons. 
The reason for this will be given in Chap. IX, where this subject 
will be further treated. 

26. COUPLING OF THE ATOM CORE AND THE EMITTING 

ELECTRON 

Often the spectra of many-electron atoms can be discussed 
without treating the individual electrons in complete detail. 
If only one electron changes its quantum numbers during a 
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quantum transition, it may suffice to consider interaction of the 
quantum vectors of this electron (the “emitting electron”) 
and the resultant quantum vectors formed from all the other 
electrons in the atom (the “atom core”). Then the discussion 
given in the previous chapter for two electron atoms may be 
applied directly, the quantum vectors U, Si, and ji being inter- 
preted not as the angular momentum vectors of a single electron 
but as the resultants for all the electrons in the atom core. The 
restriction of $i to the value is then no longer valid. 

The same couplings are possible between the outermost 
electron and the atom core as between two electrons. Values 
of the Land6 ^-factor and multiplet separations can be calculated 
by the same methods. 

It is evident that this picture cannot be used when the inter- 
action between the atom core and the added electron is so great 
as to change the coupling scheme of the core. 

27. THE ZEEMAN EFFECT FOR MANY-ELECTRON ATOMS. 

VALUES OF THE LANDS 0-FACTOR 

In the treatment of the different coupling schemes the use- 
fulness of the vector model has been clearly seen. It would 
have been very difficult to have presented these considerations 
with the aid only of the orbital representation. In all of the 
vector schemes there was a total mechanical moment j, com- 
posed of two or more vectors which precess about it. Each 
of these vectors was in general also the resultant of other vectors 
which similarly precess about it. The precession about j was 
slower than those about the component resultants. 

The application of an external magnetic field has certain 
analogies with the introduction of a new quantum vector. If 
the external field is weak the whole vector system carries out a 
common Larmor precession about the field direction; that is, 
the total vector j no longer retains a fixed direction in space, 
but precesses about the field. The field is called weak if this 
precession is slower than that of the component vectors about 
j, since, just as in the case of a single electron, the coupling 
between these vectors would be broken as soon as the precession 
about the field became of the same magnitude as that of the 
vectors about each other. The velocity and the energy of this 
Larmor precession are dependent on the ratio of the magnetic 
moment to the mechanical moment of the whole atom. We 
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shall now give some general rules for the calculation of this 
ratio, which we shall designate here also (as for one-electron 
atoms) by the letter g or by g(j). 

Let us consider the total mechanical moment as built up of a 
number of moments x*, which arise in part from the orbital 
motion and in part from the spins of the electron (a moment 
Xi may itself arise as the resultant of orbital motion and spin). 
The magnetic moment of each of these vectors may be written 
Xjgfi, in which g t is the Landi factor giving the ratio of magnetic 
to mechanical moment when these are expressed in the cus- 
tomary units h/2r ■ e/2moC and h/2~, respectively. For the 
magnitude of the total magnetic moment of the atom we have 
then 

39 U) = cos (xq) 

i 

or 

gi.3) = cos W)- (i) 

i 

The significance of this equation is evident; each vector x* has 
an average component in the direction of j and so has each 
magnetic moment x^t. Only the component of magnetic 
moment , along j is observed experimentally, since the com- 
ponent normal to j averages to zero during the precessiona! 
motion about j. This is, of course, true only when the pre- 
cession about j is to be considered fast; that is, not for a “strong” 
external magnetic field. 

We can now express g(j) in terms of the quantum numbers 
concerned with the use of this equation. W e assume the x» s 
to be the orbital moments U and the spin moments s*. For the 
former we know g(U) to be 1, and for the spins we assumed 
g(si) = 2. Equation 1 then becomes 

gU) = cos M + C3y« (Sij) - (2) 

i i 

The total moment j is the sum of the projections of all the 
moments in the direction of j : 

j = COS (li j) + COS (Sij) 
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or 

1 = COS (l»j) + 2^ C0s ^ 

J 3 

i I 

With the preceding equation this gives 

ff(j) = 1 + cos ( s <i) = 2 - 008 

i i 

It is easil y verified that for a single electron this reduces to Equa- 
tion 2, Section 17. 

If the cou pling scheme of Russell and Saunders is strictly 
valid it is possible to calculate the values of g(j ) exactly. All 
the s^s precess in this case about a resultant s, which itself 
precesses about j. It is easily seen 1 that then the average 
projection of Si on j is equal to its average projection on s times 
the cosine of the angle between s and j. The same is true for 
li and 1. Thus one obtains 

g(j ) = 1 + y. s 4^ (SjS) cos (sj) = 2 — cos Oil) cos (lj). 
3 3 

% * 

Now we have also 


so that 


s = Si cos (SiS) and l = cos (hi) 


g(j) - 1 + j cos (sj) = 2 - j. cos (lj). 


( 5 ) * 


This equation is nearly the same as that for a single electron ; it con- 
tains in place of s and l for the single electron the resultant $ and l 
for all spins and all orbits. If l and s are known this equation can 
be used to calculate values of g(j), or, conversely, observed values 
of g(j) can be used to deduce those of l and s. 

Using the quantum mechanics values of the cosines, Equation 
5 may be rewritten (as in Sec. 17a) 

/ *\ 3 j(j +1) + s(s + 1) — 1(1 + 1) /gs 

° {j) 2j(j + 1) (6) 


1 The average value of the cosine between two vectors a and c such 
that a rotates uniformly about a vector b which in turn rotates uniformly 
about c is found on evaluation to be cos (ab) cos (be). 
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Table V. — The Land£ actor for Rtjssell-Saunders Coupling 


Singlets, 8 = 0 


3 W 

0 

1 

2 

3 

4 

5 

IS 1 = 0 

*p 1 

X D 2 

*P 3 

X G 4 

% 

1 

1 

1 

1 


5 






1 


Doublets, s = H 


3 - 

X 

X 

X 

i-H 

D 


»S 

l - 0 


2 






*P 

1 


X 

X 





a£) 

2 : 


X 

% 




3J? 

3 



% 




*G 

4 




w 

l X 


ap 

5 . 





x Xi 

‘Hi 










Triplets, s — ] 

L 




i " 

0 

1 

2 

3 

4 

5 

6 

a S 

*P 

2>0 


2 






1 

% 

X 

% 





*<? 

2 

X 

X 

M 




3 


H 

l M 2 

% 



4 




2 Ho 

X 



5 






8 Ko 

% 










Quartets, s «= X 


; - 

H 

X 

X 

X 

X 

l X 

l X 

<S 1-0 

*F 1 

<Z> 2 

*P 3 

<G 4 

<H 5 

:^o : : : 

2 

*Xs 

X 

X 

X 

4 M« 

*Hb 

2 Hi 
6 H3 

X 

X 

XX %9 

s Hs 

X X i 
1B H48 

X Xs 










i- 

D 


H 

n 

3 


»H 

‘Hi 

|£ l m Q . , , , 




3 





*p l . T . , 



*H 


l H 




*p ' 



*Hi 


•Hi 

*M» 



»JF 3,,,, 

4 

3 


•Hi 

•Hi 

» f H4l 

•Hi 

■Hi 

9Q 4 





‘•Hi 

••Hi! 

•»H« 

*H « 

-1* 

■Hi 

■Hi 

*H. 

‘•Hu 

•Hi 

11 Hi 


Values o! g calculated in this way for a number of multiplet levels 
are given in Table V 1 . 

As in the case of alkali-like atoms, discussed in Chap. V, the 
individual components of the Zeeman pattern of a level are indl- 

1 An extensive tabulation of the theoretical Zeeman effect* for poeaihle 
term combinations has been published by C. C. Kiss* and W. F. Macias**, 
Burmu <4 Standard » Jour, of Hm., X s 641 , 1928, 
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cated by the magnetic quantum number m, which assumes the 
values 0, ±1, ±2, • • • ±j for j integral (multiplets of odd 
multiplicity), or ±1/2, ±3/2, • ■ • ±j for j half-integral 

(multiplets of even multiplicity). The a priori probability or 
quantum weight of a state is hence in each ease equal to 2 j + 1. 

For the other coupling schemes it is not possible to derive a 
generally valid formula for g; usually it is not known what the 
values of the cosines are. The cosines are always known when 
only two vectors combine to form a resultant, as, for example, 
when there are only two electrons. Thus let us consider scheme 
Bj the (jj) coupling: 

B: { (sili) (S 2 I 2 ) } = (j 1 J 2 ) = j* 

Here it is seen at once that the average projection of Si on j 
is equal to its projection on j 1 times the cosine of the angle between 
ji and j, so that the ^-formula is 

g(j) = 2*v cos (Siji) cos (jij) + 2 j cos (s 2 j 2 ) cos (j 2 j) + 

J J 

l l 

4 cos (liji) cos (jij) + 4 cos (l 2 j 2 ) cos (j 2 j). 

J J 

These terms can be combined: 

g(j) = 3 l g(ji) cos Go) + J 4g(ji) cos (j 2 j) (7a) 

J J 

or 

/•\ /■ x j(j +i) + iiO'i + i) — + 1 ) | 

g(j) - g 00 • - 2j(j + l) “ + 

c ■ J(j + i) + j*(j* + i) - iiO'i + i) /- 7& \ 
2j(f+ 1) ' m 

in which g(j x) and g(jz)> the (/-values for the first and the second 
electron alone, respectively, can be calculated from the ^-formula 
for a single electron. 

Equation 7 is also applicable to a many-electron atom in which 
the coupling between the emitting electron and the atom core is 
that of scheme B. The gr-values for the entire atom can be calcu- 
lated if that of the core is known; conversely, that of the core can 
be obtained from experimental Zeeman-effect measurements 
giving the g values for the entire atom. 

27a. The p-sum Rule. — The numbers g have a property which 
is of great usefulness in the interpretation of spectra. We 
have seen that, for a given set of Us, different coupling schemes 
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lead to different sets of values of g(j). However, the sum of 
the g(j)’ s for all states with the same value of j is independent 
of the cou pling scheme. 1 This sum rule for g-values holds even 
when none of the coupling schemes is strictly applicable. If 
one of the schemes holds, it is usually possible to deduce from 
the values of g and j found experimentally from Zceman-effect 
measurements something about the quantum vectors. If no 
scheme holds rigorously, this is not so easy; but it is still possible 
to use the sum rule to help find how the observed states are 
related to the electron configurations and the quantum numbers. 

Thus if there are two electrons, one in a p and one in a d orbit, 
then j can have a large number of values as the resultant of 
Zi = 1, U = 2, si = Yi, and s 2 = V%. The values of g for these 
states are given in Table VI both for Russell-Saunders and 
(jj) coupling. 


Table VI. — LandIs ^-values for a pd Configuration 



3 

- 4 

3 

2 

1 

o 1 



*F 

X 

% 

H 

.... 




*D 


X 

% 

X 




zp 



3 A 

% 

% 

- Eussoll-Saundors 


iF 

. . 

1 

, . . . 

.... 


Coupling 


\ D 

. . 


l 

.... 







— 

1 





H 

% 

1S A 

3 

% 


ii 

ii 

X 

II 

* 

X 

2 %o 

lf> %0 

l Mo 



3 1 
ii 

= Z A 32 - A 
- H 32 = A 


l Xt 

1 «« 

% 

1C >U 

%\ 

1 

| (jj) Coupling 

3 1 

= A 32 = A 



0 





It follows from the sum rule that the j-values which occur only 
once (0 and 4) must retain their values of g for all couplings of the 
quantum vectors; the other predictions of the sum rule are also 
seen to be satisfied in this special case. The 0-values for the ps 
configuration given in Table X, Section 29, provide an example of 
the application of the 0-sum rule with an intermediate coupling. 

28. THE PASCHEN-BACK EFFECT FOR MANY-ELECTRON ATOMS 

In an external magnetic field so strong that the Larmor 
precession of j about the magnetic field H is faster than that 
of the component vectors about j itself the coupling will be 

1 ~ W . Pauli, Z. f. Phys., 16 : 155, 1923. 
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broken. Just as for a single electron (Sec. 26), j then looses all 
significance. The vectors which in the absence of the field 
united to form j now carry on independent Larmor precessions 
about H. With Russell-Saunders coupling in such a strong field 
to, does not change during a transition, just as in the case of 
a single electron (Chap. VIII). The sole difference between 
many-electron atoms and a single electron is that to, is not 
restricted to the values and but can assume the 

values 0, ± 1, ± 2 . . . ± s for s integral, or ± }/&, ±H, • • ■ ±* 
for $ half-integral. 

28a, Transition from a Weak to a Strong Field. — Equations 
for calculating the energy levels for every field strength have 
been given by C. G. Darwin. 1 Formerly these were known 
only for doublets. 2 Darwin's derivation is based upon the 
quantum mechanics; only his results can be discussed here. 

Consider the equation 

~ X mi - 1 , m, + 1 ~ m + l)(s + to . + 1 ) 

+X mi)m JE - Am t m a - (mi + 2m,)co} 

~ X m l + l,m.-l,^ l + mi + X ^ s ~ m. 4- 1) = 0. (8) 


Here A is similar to the constant ai + a 2 in Equation 7, Chap. VI, 

h c 

and w, the Lorentz unit ^ ^rrTc * contains the field strength. 
X mi _ i m& .j. i and the other X's are variables. Now write 


for a given value of m = m 6 + m* all the equations possible (a 
finite number, since |m«| ^ $ and \mi\ ^ l). The determinant 
of this set of equations is to be equated to zero, and solved fori?. 
The resultant values of E give the energy of the system; the 
largest value corresponds to the largest value of j, and so on in 
order (if A is negative, this is reversed). 

In this way there is obtained for every value of m a set of 
equations, and it is possible to follow the energy levels completely 
from a weak to a strong field. It is not hard to show that when 
o) is much larger than A these equations lead simply to the 
equation of the Paschen-Back effect (Equation 11, Chap. V), 


1 C. G. Darwin, Proc. 7 Koy. Soc. a 115 : 1, 1927; see also W. Hbisbnbbro 
and P. Jordan, Z> /. Phys., 37 : 263, 1926. 

2 A. Sommerfeld, Z. f. Phys 8 1 257, 1922. 
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and when w is much smaller than A to the equations for a weak 
field. The values of the X’s obtained from these equations are 
needed for the calculation of intensities. 

These calculations have been carried out numerically 1 for 
three cases, for S — P doublets, 8 — P triplets, and P — D 
doublets. 

The equations given by Darwin also show that in the general 
case of a many-electron atom the same rules for the transition 
of states from a weak to a strong field hold as were given in 
Section 19 for doublet spectra; for it is found that the different 
roots of Darwin’s equation (Eq. 8), corresponding to a given 
value of m = mi + m 8 , do not cross as the parameter o> is changed. 

It is also possible to think of a field so strong as to break not 
only the coupling between the component vectors which formed 
the resultant j but also that between the vectors which formed 
these component vectors themselves. Finally, the field could 
become strong enough to cause the spin and the orbital moment 
of each electron to carry out independent Larmor precession. 
This can be written symbolically 

(siH)(s 2 H) • - • (1iH)(1 2 H) • • - 

28b. The g- permanence Rule and the 0 -sum Rule. — Pauli 2 
has studied the relations which exist between the magnetic 
energies of a multiplet level in a weak and a very strong field. 
For this purpose it is desirable to introduce a new 0-factor, 
0st«mg, which is equal to the ratio of the total projection of the 
magnetic moments in the field direction to the total projection of 
the mechanical moments for an atom in a field strong enough to 
give a complete Paschen-Back effect. 

The total projection of the magnetic moments in Bohr 
magnetons is mi + 2 m S} while that of the mechanical moments iix 
units h/2 7r is m = mi + m 8 . Accordingly, 


_ mi + 2 m 8 

hrstrong — j 

mi + m, 


1 + — = 2 — 

m to 


(9> 


Now for a given multiplet level, characterized by its values of l 
and s, a definite value of to usually occurs several times; for j 
can in general have several values, each one leading to various 
values of to. Pauli pointed out that the sum of the values of 

1 K. Dabwin, Proc., Roy. Soc., a 118 : 264, 1928. 

8 W. Pauli, Z. f. Phys., 16: 156, 1923. 
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g. tron* corresponding to a given m is equal to the sum of the 
values of the weak-field Land6 0-factor for the same m; that is, 

SgWra* = 2 g, for given m, l, and s. (10) 

In the strong field the sum is to be taken over the different 
sets of mi and m s with the same m, and in the weak field over the 
different j’a which have the same projection m. 

In Table YII there are given as an example values of and 
g for a S D level, with l = 2 and 5 = 1. 


Table VII. — The Land£ ^-factor and the Strong Field 0-factor for a 

“D Level 
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+3 

+2 

+1 
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-1 

-2 
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X 
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0 
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Vi 
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^^Btrong 




(3) 

3 

% 

X 

s? 

m* = +1 

X 

% 

2 



0 




m 3 = 0 

. . 

1 

1 

- 

1 

1 

. . 

Matron* 

m a = — 1 



0 

— 

2 

% 

X 



The upper half of the table shows the Land6 0-values ordered 
with respect to j and to m; the m - values in each row are limited 
by +j and —j. The lower half shows the strong field 0-values 
ordered with respect to m„ and m; here the rows are limited by 
mi, which can assume only values from —l to H -l. 

From Equation 10 it is possible to deduce several proper- 
ties of the ^-factors, mostly of minor importance. Of most 
significance "is the fact that it permits the derivation of the 
Land6 ^-formula from the relatively simple rule determining 
the strong field 0-factor (Equation 9). This treatment does 
not involve the use of the quantum mechanics corrections, which 
had to be used in the derivation of Section 17a. Thus the 
g-permcmence rule (expressed in Equation 10) introduces these 
corrections automatically, and it must be connected with the 
fundamental principles underlying spectral phenomena as 
given by the quantum mechanics. It can be derived, as a 
matter of fact, from Darwin’s equation of the preceding section; 
and this derivation shows that it is valid also for intermediate 
field strengths. 
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A somewhat similar treatment was later used by Pauli 1 
in deriving further properties of the 0-values 'of many-electron 
atoms. He considered the atom in an exceedingly strong mag- 
netic field, such that all couplings within the atom are broken, and 
the spin and orbital moments of each electron are oriented relative 

Table VIII.— Values of 0veuy strong for a pd Configuration 



f7vory strong 


m « rrit x -1- mi x + w* 2 + 

2 m* x + mi x ” 1 “ ^ m h 

m 


i W. Pauli, Z . /. Phya., 31 : 765 , 1925 . 
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to the field. Pauli stated that even in this case the sum of the 
^-values for a given total m will retain its value, m is here, of 
course, equal to the sum of the individual s and m a /s for all 
the electrons: 

m = + m Zl .). 

i 

The total projection of the magnetic moments is 

(2 m H + mi.). 


Table IX. — Values op g and of 0 very strong for a pd Configuration 






124 


TEE STRUCTURE OF LINE SPECTRA 


The ratio of these may be called g yeT y strong In Table VIII its 
values are assembled for the case of a pd configuration. 

In the upper half of Table IX the same values are arranged with 
respect to m, as in Table VII. The lower half of this table 
gives the ^-values for this configuration in a weak field, with 
Russell-Saunders coupling, which leads to the levels 3 P, 3 D, 
3 P, X P, 1 D, and X P. The rows in this part of the table have been 
arranged with respect to the j-values of these multiplet levels. 
Again it is seen that the sums in the m columns are the same for 
the two halves of the table. 

It is in general not possible to deduce the gr-values for a weak 
field from those for a very strong field with the use of a table 
of this type. Thus in this case the 0 -value for the 3 P 4 level is 
given, but only the sum of the 0 -values for the 3 P 3 , 3 D 3 , and X P 3 
levels. Whenever a configuration gives rise to more than one 
level with the same j } only the sum of their weak field g - values 
can be obtained from the strong-field table. This sum is fixed, 
however; it is the same for all field strengths, and is independent 
of the coupling of the quantum vectors. This is the g-surn 
rule 1 as it was stated in Section 27. 

29. THE ENERGY OF INTERACTION OF THE ORBITAL MAGNETIC 
MOMENTS AND THE SPIN MAGNETIC MOMENTS FOR MANY 
ELECTRONS. INTERVAL RULES 

Of the various interaction energies among the many quantum 
vectors in an atom, it is possible to handle simply only that 
between 1 » and the corresponding s*. As was discussed in 
Section 15, the interaction energy of the spin magnetic moment 
and the orbital motion of an electron is equal to (Equation 6 ) 

CLiliSi COS (liSi). 

A calculation similar to that of Section 15 shows that the inter- 
action energy between the spin magnetic moment of an electron 
and the spin or the orbital magnetic moment of another electron 
is as a first approximation proportional to the average third 
power of the effective nuclear charge, whereas involves its 
average fourth power with the same proportionality constant . 2 

1 The 0 -sum rule should not be confused with the 0 -pcrmanence rule 
described above. 

2 See for example A. Land^, Z, /. Phys., 24 : 88, 1924; cf m Sec. 23 also. 
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In general, then, as a first approximation, these interactions 
can be neglected. 

If energy states differing only in the orientation of the s^s with 
respect to the 1/s are under discussion, everything is known 
regarding the energy differences. Considering only the inter- 
actions between each orbit and the corresponding spin, the 
interaction energy is 

W s l = cos (1,-Si). (11) 

i 

With the coupling scheme of Russell and Saunders this averaged 
cosine is 

COS (liSi) = COS (14) cos (Is) COS (S;S) 
and the energy is 

W 8 l — cos (Is) ^aiSiU cos (U) cos (s t s), 

i 

which can be written, bearing the quantum mechanics value of 
cos(sl) in mind, as 

W, 1 = Asl cos (si) = A • ffi + 1 )- z ( z +J)-«(» + 1 ) . ( 12 ) 

This gives the interval rule of Land6 : With s and l given, 
the energy differences of states with different j are proportional to 
the differences of j(j + 1). For example, a 5 D state, with 1 = 2 
and s = 2, has j = 4, 3, 2, 1, 0, and the successive energy dif- 
ferences are proportional to 

{4(4 + 1) - 3(3 + 1)} : {3(3 + 1) - 2(2 + 1)} : {2(2 + 1) - 

1(1 + 1 )}: { 1(1 + 1 )} 
or 

4:3:2: 1. 

The scheme! of Russell and Saunders is differentiated from 
the other schemes by the fact that it shows great analogy with 
the case of a single electron. For example, if there are only two 
valence electrons in the atom and the scheme of Russell and 
Saunders is valid, the factor A can be calculated very easily, 
as was shown in Section 22. Thus in the alkali-earth spectrum 
it was found that when one of the two valence electrons is in an s 
orbit the total width of the triplet is given by the same equation 
as that leading to the separation of the alkali doublets. The 
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evaluation of A and the discussion of the magnitudes of multiplet 
separations will be treated in Section 39. 

29a. Fine Structure with Different Coupling Schemes. — 
As an example of the different coupling schemes there are shown 
in Figure 35 the lowest P states of silicon, germanium, tin, and 
lead. Here the first electron is in a p orbit and the second 
(the outer electron) in an 5 orbit. For silicon the scheme of 
Russell and Saunders holds pretty well, although the triplet does 
not strictly correspond to the interval rule. For lead (jj) 
coupling is valid. Equation 1 of Chap. VI shows that in the for- 
mer case the total triplet separation must be equal to the 
doublet separation for the p electron alone. According to the 
discussion of Section 24 this is also true for the separation of 
the double levels for the other couplings. Hence the states 
with j = 0 and j = 2 for the different elements are drawn in 
the figures with the same ordinates. 1 


% 


3p ; ■■ ■■ 

° Si Ge Sri Pb 

Fig. 35. — Transition from Russoll-Saundors coupling to Scheme* B in the soriefl 

Si, Ge, Sn, Pb. 

The ions of the noble gases also possess doublet states (one 
electron of a complete p-group is lacking, giving rise, just as 
with the X-ray levels, to an inverted 2 P doublet (see Sec. 39)). 
The lower $ states of the outer electron of an excited noble gas 
atom are coupled with the ion according to scheme A , the higher 
according to scheme B. As a matter of fact, for neon and argon 
the triplet separation of the lower s states is nearly exactly equal 
to the separation of the double levels of the higher terms and 
hence to the doublet separation of the ion. 

1 S. Goudsmit and E. Back, Z. f. Phys., 40 : 530, 1926. 
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Following are the observed ^-values for the lower s states of 
neon, tin, and lead, and those calculated from schemes A and B. 
The gradual transition is striking. 


Table X. — ^-values tor Different Couplings 



2 S P 2 1-50 1 50 1.500 1.501 1.50 
1 1.50 1.46 1.375 1.350 1.33 
1 ip, 1.00 1.03 1.125 1.150 1.17 


The tr ansi tion from scheme A to scheme B has been followed by- 
Houston 1 with the aid of the quantum mechanics. His equations 
permit the expression of the fine-structure intervals, the gr-factor, 
and the intensities of transitions in terms of a single constant. 
Houston evaluated this constant from the observed positions of 
the fine-structure levels and calculated the following values of g, 
which are in good agreement with the observed ones given 
above. 



Sn 

Pb 

ps S P 2 

1.500 

1.500 

*Pi 

1.377 

1.352 

l Pi 

1.123 

1.148 


He also found similar agreement with experiment- in other cases. 
1 W. V. Houston, Phys. Rev., 33 : 297, 1929. 



CHAPTER VIII 


THE INTENSITY AND POLARIZATION OF SPECTRAL 

LINES 

30. THE EINSTEIN TRANSITION PROBABILITIES 

The radiation emitted by an accelerated electrical charge 
according to the classical theory can be calculated by means of the 
electromagnetic equations. In the case of a one-dimensional 
harmonic oscillator with coordinate x defined by the equation 
x = 2x 0 cos 2tv q t, 

the electric moment at a given instant is ex. This varying elec- 
tric moment causes the emission of electromagnetic waves of 
frequency v Q at a rate such that the energy radiated in unit time 
is 

s = (1) 

As a result of this emission of radiation the energy of the oscillator 
continuously becomes smaller. 

Such a continuous change in the energy of a dynamical system 
is not in accord with the quantum theory. We have found that 
atoms may exist in successive stationary states, characterized 
by discrete energy levels; and that the emission or absorption 
of radiation is accompanied by the transition of the atom from one 
state to another. The intensity of a spectral line ; that is, the rate 
of emission of radiant energy of the corresponding frequency, will 
be determined by the probability of the corresponding q uan t um 
transition. 

Let us consider two quantum states m and n of a system, such 
that the energy level W m lies above that W n . Transition from 
one state to another will be accompanied by the emission or 
absorption of radiation of frequency 

- _ W m - W n 
v h 

If the system is in the lower state, the probability that it will 
absorb the energy hv from the surrounding radiation field will 
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be proportional to the density p(y) of this radiation; we may 
write it as 

Bn—*inp{y) • 

j B n -nn is called u Einstein’s coefficient of absorption.’ 7 The 
probability that the system will change from the upper to the 
lower state, with the emission of the energy hv , may be similarly 
written 

A m —*n + B m -> n p( ?). 

Here A m -> n is “Einstein’s coefficient of spontaneous emission” and 
Bmr+n is “Einstein’s coefficient of induced emission.” 

Now let us consider a large number of identical systems in 
equilibrium with black body radiation at the temperature T . 
Let the number in the states m and n be N m and N n . Then the 
number of systems going from state n to state m in unit time will 
be proportional to the number in the state n and to the probabil- 
ity of the transition : 

AN n -+m ” B n ->mP(v)N n . 

Similarly the number going from state m to state n in unit time 
will be 

AN m _» n = { A m-+n + B m -> n p(v) }N n . 

At equilibrium AN n -> m must be just equal to A N m -+ n , so that 
we may write 

The equations of statistical mechanics as applied to quantized 
systems lead to the result that at equilibrium at temperature T 
the ratio N n /N m is given by 1 

AT Wn — W m A? 

ZL* a SA e ~ kT ~ £!» e kT , 

N m pm Pm 

in which p n and p m are the a priori probabilities or quantum 
weights of the states n and m, and the exponent is the Boltzmann 
factor. 

Introducing this in the above equation, we obtain 

p(v) Am* ( 2 ) 

Pm 

*See, for example, R. C. Tolman, “Statistical Mechanics with Applica- 
tions to Physics and Chemistry/ 7 Chemical Catalog Co., New York, 1927. 
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The relation between energy density and temperature for black 
body ra dia tion is known, however, to be that given by Planck’s 
radiation law: 


_ 8 rhv* 1 
PW “ tfNJkT _ ]/ 


(3) 


In order for Equation 2 to assume this form, the following 
r ela tions among the Einstein coefficients must hold: 


D V n j> 

■Dm— >n ~ M 
Pm 

A - 87r ^ 3 R 

A-m—*n D?n— 


(4) 


These relations were first derived by Einstein 1 . Dirac 2 has 
obtained them in his study of the interaction of light quanta 
and atoms with the aid of the quantum mechanics. 

The values of the Einstein coefficients are customarily 
expressed in terms of the amplitude constant a mn of the equivalent 
classical harmonic oscillator 3 (the analogue of x 0 in Equation 1). 
From comparison with Equation 1, we may write the following 
expressions: 


D R 

Rm— »n Rn— Mn 

Pm 


(5) 


The intensities of spectral lines, both in emission and absorption, 
depend on the constants a mn . Methods of calculating these 
constants accurately are provided by the quantum mechanics. 
A discussion of the derivation of intensity and polarization 
formulas would be out of place here; 4 some of the formulas 
themselves will, however, be given in Sections 34 and 35. 

Even before the development of the .quantum mechanics 
considerable progress had been made in the prediction of spectral 


1 A. Einstein, Verh. d. Deutschen Phys. Ges ., 18 : 318, 1916; Phys. Zeit. 7 
18:121,1917. 

a P. A. M. Dirac, Proc ., Roy. Soc., a 114 : 243, 1927. 

3 By the equivalent harmonic oscillator is meant a harmonic oscillator of 
such frequency and amplitude that it would radiate energy classically at a 
rate corresponding to that given by the Einstein coefficient of spontaneous 
emission. 

4 Reference must be made to the original papers or to a treatise on quan- 
tum mechanics, such as Condon and Morse, Chap. Ill; and G. Birtwirtiac, 
“The New Quantum Mechanics, ” Cambridge, 1928, A. Sommerfetuo, 
“Wellenmechanischer Ergj'inzungsband, ” 1928. 
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intensities, and especially in the derivation of selection and 
polarization rules, through the application of Bohr’s corre- 
spondence principle, which will be the subject of the following 
sections 


31. THE CORRESPONDENCE PRINCIPLE 

The classical motion of a dynamical system with one degree 
of freedom (an anharmonic oscillator, for example) can be 
expressed by a Fourier series 

SO 

® = 2 Or cos(27tt£o£ "b 5 r ) (6) 

r»0 

in which v 0 is the frequency of the periodic motion and 8 T is the 
phase constant. For the harmonic oscillator only the term 
with r « 1 occurs, the fundamental term; but in general all the 
higher harmonics or overtones may be present, with frequencies 
which are integral multiples of the fundamental frequency pq , 
The amplitude factors a r depend upon the system under con- 
sideration. During the motion of the system radiation of the 
various frequencies rv 0 will be emitted, the rate for each frequency 
being given by Equation 1 when v 0 is replaced by tv 0 and x 0 
by Or. In other .words, the Fourier analysis of the parameter 
x (or, better, of the electric moment ex) resolves the system into 
a set of equivalent harmonic oscillators of frequencies v Qj 2v 0 , 

. . . ; and the interaction of the system with radiation is just 
the interaction of this set of oscillators. 

Both the amplitude constants a r and the fundamental fre- 
quency vo depend in general on the state of motion of the system, 
and hence will change as the energy of the system decreases 
through the emission of radiation. Now it can be shown 1 that 
there is a correspondence between the classical frequencies 

tv o and the quantum frequencies v nm = — The integer 

r is to be identified with the change in the quantum 
number during the transition; that is, t = m — n. It is then 
found that in the limiting case of large quantum numbers the 
quantum frequency v nm is equal to the classical frequency tv 0 . 
In the case of small quantum numbers the classical frequency 
tv o is different for the two states with energies W n and W m , and 

1 For a detailed discussion see J. H. Van Vleck, “Quantum Principles 
and Line Spectra,” Chap. IX; M. Bohn, “Atommechanik, ” Secs. 11, 17. 
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the quantum frequency has an intermediate value, which can be 
found by a process of averaging. This is called the correspondence 
theorem for frequencies. 

(The fundamental frequency of the motion of the electron in 
the hydrogen orbits is, according to Equation 21 of Section 5a: 


h 


4:T 2 m Q e 4 
n s h} Se °* 


For large n and comparatively small An the emitted frequency in 
a transition from n to (n — An) will be 


/ 1 1\ 2 Rc k 4x 2 m 0 e 4 

V— Rci 7 7—^ o) = ~ 

y(n — An ) 2 n 2 y n 3 n%* 


sec. 


-l 


This verifies the above statement about the relation between 
the orbital and the emitted frequencies in this simple case.) 

These considerations suggest that the quantum amplitude 
a mn may in the limit of large quantum numbers be equal to the 
classical factors a T} and for small quantum numbers be equal to 
some average value of these factors for the initial and final states. 
This postulate was made by Bohr, and expressed as his corre- 
spondence principle for intensities . 

The components along the x, y } and z axes of the electric 
moment of systems with more than one degree of freedom may be 
similarly expressed as multiple Fourier series; 


y>x — OX — * 2flSjr ir# 

T 1 t 2 

COS (2^^ • • * t + br x r % • - * ) 

Mv = ey = • • • 2 ■ • • 

T i n 

COS (2lTV Ti r t ■ ■ ■ t + S Ti r 2 • • • ) 

JU* = ez = ■ ■ ■ 2zr 1 r i • • • 

T l T s 

COS (2ffV Ti T t • • • t “l - ■ ' ) 


(7) 


in which v Tl T t • • • = nPi + r 2 P 2 + • • • is composed of har- 
monics of the various fundamental frequencies vi, V 2 , . . . 
The quantum frequency will now depend on several quantum 
numbers. The correspondence theorem is valid in this case also, 
ti, Ti, . . . being the changes made by the corresponding quantum 
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.numbers during a transition, and the correspondence principle 
lor intensities may be similarly applied. 

In general, only approximate values of the probabilities of 
quantum transitions in the region of small quantum n um bers 
can be predicted with the aid of the correspondence principle, 
on account of lack of knowledge of how to average the classical 
amplitude factors between the initial and final states. 


32. SELECTION RULES AND POLARIZATION RULES FOR ALKALI- 
LIKE ATOMS 

The selection rules which we have used in the discussion of spectra 
can be simply derived with the correspondence principle. In the 
Fourier analysis of the electric moment it often occurs that some 
of the amplitude factors are identically zero for all states of 
motion of the system; it is then assumed that the correspond- 
ing quantum transitions do not take place at all. 

For example, let us consider the motion of the valence electron 
in an alkali-like atom. The orbit described by the electron 
(Sec. 9) possesses two fundamental 
frequencies, the frequency P n of the 
radial . motion, and the frequency h 
of the precession of the orbit as a 
whole. 1 The Fourier analysis of the 
components fij and ix v ' of the electric 
moment on the axes x'y r (Figure 36) 
which process with the orbit will con- 
tain not only the fundamental fre- 
quency P n , but also all the overtones 
2 P n) 3 P n , . • • and a constant term 
0 P n * These axes precess uniformly 
with respect to stationary axes xy . . Hence the expansion of the 
electric moment relative to x and y will be 



Fig. 36. — The components of 
electric moment of an orbit pre- 
cessing in the orbital plane. 


Hx = fix' cos 27 tv it — /V sin %rPit 
iL.. ess ti J sin 2t rPd 4- 




( 8 ) 


1 The precessional motion may arise from penetration of inner electron 
shells or from the effect of polarization of the core, or (for hydrogen-like 
atoms) from the effect of the relativistic change of mass and interaction 
with the electron spin. 

a The Fourier development of elliptical orbits is given by M. Born, 
tl Atom mech anile.” pp. 166-169. 
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In evaluating the products of sines and cosines, it is seen that the 
complete Fourier series representing the orbital motion and 
the superimposed precession will possess only terms with the 
frequencies 

Tv n ± h, t = 0, ±1, ±2, • • • (9) 

If we now consider a transition in the region of large quantum 
numbers in which the principal quantum number n changes by 
t and the azimuthal quantum number 1 l changes by <r, it can be 
shown that the corresponding energy change and the frequency of 
the emitted radiation are given by 

= v = rv n + <rvi. (10) 


This holds with the same approximation with which v n and 
n are equal in the initial and final states. The condition that 

the classical frequency (Equa- 
tion 9) must become identical 
with the quantum theoretical 
frequency (Equation 10) in 
the case of large quantum 
numbers shows that n may 
undergo any change, includ- 
ing zero, but that Z can change 
only by +1 or —1. This is 
the selection rule for l. 

External electric fields have 
the effect of making the pre- 
cession no longer uniform. 
In the Fourier expansion there 



& 


Fig. 37. — ‘The precession of the orbital 
piano xy about j. 


then occur overtones of vu It is found experimentally that in 
this case the selection rules do not hold, and lines occur which are 
forbidden under normal conditions. 

Similarly we can derive the selection rule for j, which represents 
the total angular momentum of the atom. The vector 1 was 
assumed to precess uniformly about j, which is fixed in space 
(Chap. IV), and the motion of the electron no longer takes 
place in a fixed plane. Three axes of reference are needed; one 
(the 2 -axis) may be taken along j, and the other two in the plane 

1 We have used k for the azimuthal quantum number, and placed l = k - 1. 
On account of this linear relation selection rules derived for h are valid for 
l also. 
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normal to it (Fig. 37). Since the precession of the orbital plane 
about j is uniform, the corresponding frequency occurs with the 
coefficients +1 and —1 in the Fourier expansions of the electric 
moments normal to j. On the other hand, this frequency does 
not occur at all in the Fourier expansion of the electric moment 
along j ; that is, it occurs only with the coefficient 0. Hence the 
only jumps allowed for the quantum number j are 0, +1, and 
— 1, completely in agreement with experiment. This selection 
rule for j cannot be rendered invalid by perturbing electric fields, 
as could that for l. It is, however, affected by strong external 
magnetic fields. 

In the presence of a weak external magnetic field there is 
introduced a new uniform precession, that of j about the field 
direction H. The Fourier expansion of the electric moment in 
the plane normal to H contains the new frequency of the Larmor 
precession only with the coefficients +1 and —1, and that along 
H contains this frequency with the coefficient 0, just as in the 
case of the precession of 1 about j. The selection rule for the 
magnetic quantum number m accordingly allows jumps only 
of 0, +1 and —1. 

Polarization rules are also easily derivable with the correspond- 
ence principle. Since the Larmor frequency occurs with the 
coefficient 0 only in the Fourier expansion of the electric moment 
of the atom along the field direction H, the transitions whereby 
m changes by 0 result in spectral lines which are linearly polar- 
ized with the electric vector parallel to H. When m changes by 
+1 or —1 the emitted line is circularly polarized in the plane 
normal to H. 

Since such polarization rules hold for m, they must also hold 
for j. If j changes by zero, the emitted line must be polarized 
parallel to j. But the total moments j of different atoms have 
different directions, so that the observed light coming from many 
atoms is unpolarized. As soon as an external magnetic field is 
applied, however, all the atoms orient themselves with respect to 
this preferred direction, about which they all undergo Larmor pre- 
cession, and the polarization due to H becomes experimentally 
observable. 

In a sufficiently strong magnetic field the Is coupling is broken, 
and 1 and s undergo independent Larmor precessions about H. 
The Fourier analysis of the electric moment shows that in this 
case changes of 0, +1, and —1 are to be expected for m h and, 
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since the electron spin does not greatly affect the orbital motion, 
no change is expected for m e . This is observed experimentally in 
the Paschen-Back effect (Sec. 18). 

33. SELECTION RULES FOR MANY-ELECTRON ATOMS 

As a first approximation, the orbital motion of each electron 
in a many-electron atom is independent of that of the others. 
The Fourier expansion of the total electric moment will contain 
terms involving all multiples of the orbital frequency of each 
electron, so that all changes in the principal quantum number 
Ui of each electron are allowed. 

A different selection rule holds for the resultant l than in the 
case of a single electron; for the electric moments arising from 
the individual electrons have components along 1 as well as 
in the plane normal to it. (In the case of one electron the orbital 
motion is in the plane normal to 1.) The discussion of the 
frequencies is just that given for j in the preceding section; 
as a result of the nearly uniform precession of the 1/s about 1 there 
occur transitions for which the resultant l changes by ± 1 and 
by 0 and occasionally by ± 2 or more. 

The interaction between 1 and s is shown by the multiplet 
separation. If this is small relative to the other interactions, 
the Is coupling will have little influence on the orbital motion 
of the electrons, and it is to be expected that s will not change 
during a transition. This is the explanation of the small intensi- 
ties of intercombination lines, such as those corresponding to 
transitions from a triplet to a singlet state (from parhelium to 
orthohelium, for example). Only when the triplet separation 
is not much smaller than the distance between triplet and singlet 
states will transitions occur for which s changes. In helium the 
singlet-triplet distance is very large compared to the triplet 
separation itself. Going down in the periodic table from Ho 
to Be, Mg, Ca, Zn, Sr, Cd, Ba, Hg, the triplet separation increases 
very rapidly, while the distance between singlets and triplets 
of the same configuration decreases. As a result, intercom- 
binations between singlet and triplet terms have not been found 
in the helium spectrum, whereas they give some of the strongest 
lines in the mercury spectrum. 

The selection rule for j , A j = 0 or ±1, is strictly valid for 
many-electron atoms just as for alkali-like atoms, and it can bo 
similarly derived with the aid of the correspondence principle. 
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In addition there now can occur the value j = 0, and special 
consideration must be given the possibility of a transition from 
a state with j = 0 to another with j = 0. Since $ does not 
change during a transition, and since j can equal 0 only when 
l = s, l also does not change. In Figure 38 there are represented 
the vectors 1, s, and j for the case when l = s and j is very small 
(nearly zero). 1 and s precess uniformly about j ; the component 
of the electric moment along 1, which corresponds to A l = 0, 
is nearly normal to j so that when this component is referred 
to stationary axes there occur terms containing the fre- 
quency of precession about j with the coefficients +1 and 
— 1, but not (in the limit j = 0) with the coefficient 0. 

As a result, the transition from j = 0 to j = 0 must be 
excluded, in agreement with experience (Sec. 22). 

The selection rules and polarization rules given in the 
preceding section for m, mi, and m 8 are also applicable 
to many-electron atoms. 

The old selection rule — ±1 holds for the electron 
which changes its state during a transition. It sometimes . * * 

happens that two electrons jump at once; that is, the values of 
the quantum numbers associated with them change during the 
emission or absorption of a single spectral line. Heisenberg 1 has 
shown that in this case U for one electron may change by ± 1, and 
for the other by 0 or ±2. This rule is also substantiated by 
experiment. 2 

These rules are valid in case the multiplet separation is not 
large; otherwise there occur larger changes of U, attributed to the 
perturbing effect of the l*s i interactions. 

34. THE SUMMATION RULES. INTENSITY FORMULAS 
FOR MULTIPLETS 

A very simple method of deriving the relative intensities of the 
lines forming a multiplet was discovered by Burger, Dorgelo, 
and Ornstein. 3 Their rules, called the " summation rules,” 
can be formulated in the following way. 

Let us consider, for a multiplet resulting from transitions 
from one multiplet state to another, the sum of the intensities 

1 W, Heisenberg, Z. /. Phys ., 32 : 841, 1925. 

2 It leads to the Laporte rule, given in Sec. 21d. 

8 H. C. Burger and H. B. Dorgelo, Z. f. Phys 23: 268, 1924; L. S. 
Ornstein and H. C. Burger, ibid, 24 : 41, 1924. 
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of all lines common to a given level of the initial state. The 
summation rules state that for the different levels of the initial 
state these sums must be proportional to the quantum weights 
of the levels; that is, to the quantities 2j + 1. Similarly, the 
intensity sums for the levels of the final state must be propor- 
tional to the quantum weights. 

Some justification for these rules is provided by the corre- 
spondence principle. For, neglecting the small perturbing effect 
of the electron spins on the orbital motion, the Fourier, analysis 
of the electric moment of the atom is the same for every transition 
from a level of the upper state to one of the lower state. We 
can accordingly assume that the probability that an atom in a 
given level of the upper state will jump to some level of the lower 
state is independent of the particular level which it occupies. 
The first rule then follows from the fact that at equilibrium the 
number of atoms occupying the various levels of the upper 
state are proportional to the quantum weights of the levels. 
Similarly, the probability that an atom in the lower state will 
absorb radiation and jump to the upper state is independent 
of the particular level occupied. Taking into account the 
relation between the Einstein coefficients of absorption and 
emission, this leads to the second summation rule. 

As an example, let us consider the relative intensities of some 
multiplets in the doublet spectrum of the alkali-like atoms. 
The 2 D — 2 P transition can be represented by the following 
scheme, in which the numbers near the term symbols represent 
the quantum weights 2j + 1. 



2 D$4 2 Dy, 


6 4 

2 P?i 4 

x y 

2 Py, 2 

— z 


x, y , and z represent the relative intensities of the corresponding 
lines; the transition 2 D% — 2 P^ is not allowed by the selection 
rule for j . The summation rules give the following equations, 
which suffice for the determination of the relative values of x y 
and z: 


x + y 


= 2 , 


y + z 


= |;^ence x = 9y, z = 5 y. 
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The intensity scheme may new be written 




2 D h 


6 

4 

2 Ph 4 

9 

1 

2 P^2 

— 

5 


Similar results are obtained for other multiplet. lines; thus for 
2 F — 2 Z) the following : 



l F Vl 

2 Fm 


8 

6 

6 

20 

1 

4 

— 

14 


The lines 2 Py z - s Sn and 2 P^ - 2 S }i are seen from the 
summation rules to have the relative intensities 2: 1. This is 
well verified by experiment on the sodium D-lines and the related 
lines of the other alkali metals. 

Intensity formulas valid for multiplets in general are known. 
We shall not derive them here, but shall present some corre- 
spondence principle considerations to assist in their interpretation. 

Let us consider the orbital motion of the electrons in an atom 
projected on an axis along the resultant 1 and in a plane normal 
to 1. These projections are to be expanded in Fourier series. 
We shall then want to know the Fourier expansion along and 
normal to the total resultant j, about which 1 precesses uniformly. 
Let us now take one of the Fourier terms, for example along 
1, and discuss its components along and normal to j. The 
frequency of this harmonic wave projected along j is not changed, 
but its amplitude is, being now multiplied by cos (lj). The 
projection of this Fourier term on the plane normal to j gives 
a Lissajous figure resulting from the original wave and the 
uniform precession about j. This Lissajous figure can be 
thought of as composed of two uniform circular motions, one 
with the original frequency plus the precession frequency, the 
other minus the precession frequency. These motions are 
opposed in direction and have the same amplitude, }4\/2 sin (lj) 
times the original amplitude along 1. 

The significance of this in terms of quantum jumps is the 
following. We started with a Fourier term along 1, which corre- 
sponds to a transition for which l does not change. The pro- 
jection along j also accompanies a transition for which j does 
not change. For this case we found a wave polarized along j 
and with an intensity proportional to cos 2 (lj). The projection 
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normal to j led to two circularly polarized waves of intensity 
M sin 2 (lj). One had the original frequency plus the precession 
frequency, and corresponds to a transition for which j increases 
by 1; the other corresponds to a transition for which j decreases 
by 1. 

The treatment of the Fourier components normal to 1 is more 
complicated. Each of the Fourier terms along one of the axes 
normal to 1 is to be considered resolved into two oppositely 
directed circular motions around 1 of the same frequency and 
amplitude. One corresponds to a transition with l increasing 
by 1, the other with l decreasing by 1. Now if the projections 
of each of these circular motions along and normal to j arc 
studied, there are found : 

Along j a wave with unchanged frequency and amplitude 
sin (lj) times the original. 

Normal to j a compound motion resolvable into two circular 
motions, one with the amplitude H\/2{cos (lj) + l}, the other 
with J^V2{cos (lj) — l}. In case we took the circular motion 
about 1 corresponding to an increase in Z, the first of these 
amplitudes corresponds to an increase of j by 1, the second to a 
decrease of j by 1. The frequency of the first circular motion 
is the sum of the original frequency and the precession frequency, 
of the other the difference. 

Now the question is, what values are to be introduced for 
these sines and cosines? These are in general from the model 
different for the initial and the final state, so that the model 
provides only approximate values of relative intensities. But 
the intensities must also satisfy the summation rules; and this 
suffices to determine them. 1 The formulas obtained in this 
way are the following: 

Transition l — > Z, j — > j 1:1^% sin 2 (lj) 

7= + j + s + 2 ) G + j — s + 1) (l— j + s)(l — j — 9 — l) 

0 + l) 

l—* l, j —*j: I ~ cos 2 (lj) 

t - j M+ii±i o: +D - ■(« + pi* 

, id + ll ,2) + ^ 

l—* l, j —*j — 1 : 1 ~ % sin 2 (lj) 

i = _ ±1 ± s + i)q + j - s)q - 1 + s + i)q - j - $) 

o 

‘R. de L. Kronig Z. /. Phys., 33: 261, 1925; A. Sommerfeld and H. 
HSnl, Sitzungsber. d. Preuas. Akad. d. Wist., 9: 141, 1925; H. N. Rttbseld, 
Nature, 115 : 735, 1925. ’ ’ 
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Transition l l + 1, j -» j + 1; 7 ~ ^{cos (lj) + l} 2 
T _ jjO' + 3 + ^ + 2)(l + j + s + 2)(l + j — s + 2)(l+j — s + 1) 

(j + 1) 

l^l + 1, j — > j : I ~ sin 2 (lj) 

I = B 

Q + } +_* + 2)<J + 3 - * + W- 3 + • + m- j - a), n . , ,, 

i(i + 1) (2j + 1) 

l-*l-h 1 , j —> j — 1 : / ~ M { cos (lj) — 1 } 2 
7 = 7 ? (j ~ 3 + £ + 2 )(l — j + s + 1)0 — j — s + 1 )(Z — j — s) 

3 

The intensities are expressed here in terms of the quantum 
numbers of the initial state. The intensities corresponding 
to the transitions during which l is decreased by 1 are given by 
the above expressions when the rOles of the initial and final states 
are interchanged. 

In the limit of large quantum numbers, for which the angle 
between 1 and j no longer changes during a transition, these 
formulas approach those provided by the vector model and the 
correspondence principle. 

These formulas have since been derived by Dirac 1 with the 
aid of the quantum mechanics. 

The expressions given here are valid only for Russell-Saunders 
coupling. It is possible to derive similar formulas for other 
couplings. 

For intermediate coupling one can only apply the summation 
rules of Burger, Dorgelo and Ornstein to all the states of the 
configuration under consideration. It is then only possible 
to find the sum of the intensities of all transitions to or from all 
levels of this configuration which have the same j. This sum 
will be proportional to * • (2j + 1), if x denotes how often a 
level with this j value occurs in this configuration, (2j + 1) 
being the weight of each one of these levels. Table I gives 
the intensities 2 in the neon spectrum for all transitions from the 
configuration 2p 5 • 3 p to 2p e • 3s. The initial state deviates very 
much from Russell-Saunders coupling, so that the ordinary 
term symbols can not be used here and the terms have been 
denoted by numerals, 8 the subscript giving the y-value. 

1 P. A. M. Dirac, Proc., Boy. Soc., a 111: 281, 1926. 

* H. B. Dorghilo, Pkys. Zeit., 26: 766, 1926. 

•The lowest term is denoted by 1, the next one by 2«, etc. 
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Table I. Intensities in Neon 


^ v ' s>s ^ SSs ^ 2p fi • 3 p 

80 lOo 

li 4i Gi 9i 

32 62 72 

2 3 

Sum 

2p 5 • 3s 





obs. calc. 

*P 2 


20 10 3 9 

34 34 17.5 

100 

227.5 215 

*Pi 

15 1 

20 32.5 1.1 4 

39.5 10 20.5 








254.5 258 

iPi 

0.1 14 

2 2 19.5 17 

5 20 31.5 



»Po 


1 15 16 10.5 



42.5 43 

Sum obs. 

30 

181.5 

218 

100 


calc. 

29 

171.5 

214 

(100) 


It must be 1 

born in mind that what were call 

ed intensities 


in this treatment are just quantities proportional to the square 
of the amplitude of the equivalent classical oscillator. Accord- 
ing to Equation 1, Section 30, the actually observed intensity con- 
tains also the fourth power of the frequency of the spectral line as 
a factor. Only in comparing the intensities of lines which lie near 
together in the spectrum is it allowed to neglect this factor. 

35. INTENSITY FORMULAS FOR THE ZEEMAN EFFECT 
For the Zeeman effect the summation rules of Ornstein and 
Burger 1 are the following. The sum of the intensities for the tran- 
sitions beginning from one of the levels into which the initial 
state is split by the external field is the same for all these levels. 
This is true also for the levels of the final state. 

With their aid, the intensities in the case of the Zeeman effect 
can also be determined. The direction of the magnetic field then 
assumes the r61e previously played by j and j assumes that of 1. 
The angle between j and 1 becomes now that between the field 
direction and j, and the formulas become simply: 

Transition j — > j, to — to ± 1: 1 ~ sin 2 (jin), polarization 
-LH, 

I = A(j ± m + l)(j + to); 

3 3 > to — > to: I ~ cos 2 (jm), polarization ||H, 

I = 4 Am 2 ; 

Transition j -* j + 1, m-*m ± 1 :1~ J^{cos (jm) ± 1}*, 
polarization _LH, 

I = B(j ± m + 1)0‘ ± to + 2); 

3 —*3 + 1, to — > to: / ~ sin 2 (jm), polarization ||H, 

I - 4B(j + to + l)(j - to + 1). 

These formulas hold for all coupling schemes 
1 L. S. Oknstein and H. C. Burgee, Z. f. Phys., 28: 135; 28: 241, 1924. 
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In applying the summation rules, it is to be remembered that 
when observations are made of the light emitted perpendicular 
to the field direction half the intensity of the light polarized 
circularly is seen and the total intensity of the linearly polarized 
light. By observations in the direction of the field the other 
half of the circularly polarized light is seen and none of that 
linearly polarized. The intensity formulas given above are for 
observation perpendicular to the field direction. 

The total light emitted in every direction is non-polarized, 
as it is when the lines coincide (zero field). 

In the case of the Paschen-Back effect the same rules are 
valid, except with j replaced by 1; the Paschen-Back effect 
requires that the motion take place as if s were not present. 
There are, of course, relations between the intensities in a weak 
and in a strong field, but they cannot be discussed here. 



CHAPTER IX 


THE PAULI EXCLUSION PRINCIPLE AND THE PERIODIC 
SYSTEM OF THE ELEMENTS 

36. THE PAULI EXCLUSION PRINCIPLE 

A principle of extreme importance to spectroscopy as well as 
to other phases of physics and chemistry is the exclusion principle 
discovered by Pauli in 1925. 1 The applications of this principle 
made even before the development of the new quantum mechan- 
ics were of great significance; more recently the restatement of the 
principle in terms of the language of the quantum mechanics 
has led to a number of further important applications. 2 We shall 
consider the principle, which characterizes certain conceivable 
quantum states as being non-existent in nature, only in its 
connection with the structure of spectra and the periodic system 
of the elements. For these considerations the form in which 
it was originally stated by Pauli suffices. 

Let us consider an atom in an external magnetic field so strong 
that the couplings among the various electrons are broken and the 
electrons orient themselves independently with respect to 
the field. It is of no importance whether or not the coupling 
of the spin and orbital moments of the individual electrons 
is broken. The state of each electron is then given by fixing 
the values of a set of quantum numbers, such as ? % U, j i} and m if 
in case the coupling between Si and U has not been broken, or 
Ui, lij mi i} and m H) , in case it has been broken. The spin quantum 
number s* could also be added to either set, but it need not be 
explicitely included since it has the value for every electron. 

The Pauli exclusion principle in its original form can be 
expressed in the following way: there cannot exist an atom in 
such a quantum state that two electrons within it have the same 
set of quantum numbers . 

1 W. Pauli, Z . f. Phys ., 31 : 765, 1925. 

2 The extended exclusion principle of the quantum mechanics was formu- 
lated by P. A. M. Dirac, Proc. Roy. Soc., a. 112 : 661, 1926, and W. Heisen- 
berg, Z. f, Phys,, 38 : 411, 1926. 
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87. THE NUMBERS OF ELECTRONS IN SUCCESSIVE ELECTRON 

SHELLS. ELECTRON CONFIGURATIONS OF THE ELEMENTS 

The Pauli exclusion principle provides an immediate explana- 
tion of the salient features of the periodic system of the elements, 
and is fundamental to the variety and character displayed by 
the elements in their chemical and physical properties. If there 
were no exclusion principle the stable state of every atom would 
be that in which every electron had the principal quantum 
number 1. Any atomic property would then be a monotonic 
function of the atomic number; there would be no trace of the 
actual periodicity in physical and chemical properties shown 
by the elements when arranged in the order of increasing atomic 
number. The characteristic difference in the chemical properties 
of hydrogen, carbon, nitrogen, and oxygen, essential to life as we 
know it, would give way to a drab and sterile uniformity. 

But Pauli’s principle requires that there be not more than two 
electrons with = 1 in a given atom; namely, one with k = 0, 
= 0, and m H = y 2 , and one with U — 0, m H = 0, and 
= “ H- An atom of lithium, with three electrons, will 
have in its normal state two electrons with n ; = 1, and one 
in the next most stable orbit, with n, = 2. This outer electron 
could be either a 2s or a 2p electron, depending on which is the 
more stable. We have seen earlier that the 2s orbit, which 
penetrates more deeply into the inner electron shell, is more 
stable than 2 p, so that lithium in the normal state will have the 
configuration Is 2 • 2s. 

Let us calculate in general how many electrons with a given 
principal quantum number rii — n can exist in an atom. With 
rii = n given, h can have any one of the values 0, 1, 2, • • • n — 1. 
For each of these, m ti can go from —U to +U, a total of 2f< + 1 
possibilities. And for each of these, m H can be either +K or 
— Hence for given n there are 

n-1 

X (4 li + 2) = 2n z (1) 

li »»0 

different sets of quantum numbers. This is the number of 
electrons with total quantum number n allowed in an atom by 
Pauli’s principle. These 2 n 2 electrons are said to form a “com- 
pleted shell” or “completed group.” If both n, and U are 
fixed there are 4Zi + 2 different sets of quantum numbers, and 
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the 4Z{ + 2 electrons with these quantum numbers are said to 
form a “completed subshell” or “completed subgroup.” 



The formation of completed shells and subshells leads to the 
periodicity in properties indicated by the division of the elements 
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into the 8»oceKiT, groups of the periodic system (Pigs. 39 rmd 

are givm i„ TaUe L SUCCeS8iTe and of subsheUs 


j3Li UNa( / 

/ SB — GAlXs 


lH-\ 6C — (4Si 
HeA 7N — EP^ 
\\ *0 —#S\ 
ySE — 17 CL 
WQJfc — /6Ar 


\\\ \ 2 ?*> 

v\\n 


r-55 Cs - 
/-£6Ba- 
/ fS7La 
/ \sdcT 

S3 Pr 

60 m 

61 II 

62 Sm 

63 Eu 

64 Gd 

65 Tb 

66 Dy 

67 Ho 

66 Er 

69 Tu 

70 Yb 
S \7/ Lu 
S 72 m 
S 73 Ta 
s 74 W 
' 75 Re 
s 76 Os 

77 Ir 

78 Ft 
^ 79 All 
V QOHg 
'-et Tl 
^82 Pb 
^83 Be 
^84 Po 
^ 85 - 
^86 Rn 



Fia. 40. — The periodic system of the elements (after Bohr). 
Table I. — Electron Numbers of Completed Shells 


Subshells 


Completed 


K n- 1 

2 

L 2 

2 6 

M 3 

2 6 

N 4 

2 6 

0 5 

2 ft 






148 


THE STRUCTURE OF LINE SPECTRA 


The completion of the K shell (with Ui — 1) occurs at the noble 
gas helium. Further electrons in successive elements add on in 
the L shell, until at Z = 10, the noble gas neon, this, too, is 
completed. As additional electrons are added in the M shell 


Table II. — Electron Configurations of the Elements 1 



K 

Is 

L 

2s 2 p 

M 

3s 3 p 3 d 

N 

4s 4p 4 d 4/ 

O 

5s 5p 5d 

P 

6s 6p 6 d 

Q 

7s 

Lowest 

State 

H 1 

1 









He 2 

2 








‘So 

Li 3 

2 

1 








Be 4 

2 

2 







‘So 

B 5 

2 

2 1 








C 6 

2 

2 2 







»Po 

N 7 

2 

2 3 







'SK 

O 8 

2 

2 4 







»Pa 

F 9 

2 

2 5 








No 10 

2 

2 6 







‘So 

Na 11 

2 

2 6 

1 






•syi 

Mg 12 



2 






‘So 

A1 13 



2 1 






2 ^M 

Si 14 


10 

2 2 






*Po 

P 15 

Neon oorc 

2 3 







S 16 



2 4 






8Pa 

Cl 17 



2 5 







A 18 



2 6 






‘So 

K 19 

2 

I 2 6 | 2 6 | 


1 





Ca 20 





a- 




‘So 

So 21 




1 

2 




an?* 

Ti 22 




2 

2 




ap 9 

V 23 


18 

3 

2 





Cr 24 


Argon ooro 

5 

1 




*Sa 

Mn 25 




5 

2 





Fe 26 




6 

2 




#£>4 

Co 27 




7 

2 





Ni 28 




_8 

2 




®F 4 

Cu 29 

| 2 | 2 6 

i 2 6 

10 

1 





Zn 30 





2 1 




‘So 

Ga 31 





2 1 




ip H 

Ge 32 


28 


2 2 




ap 0 

As 33 


Copper oore 


2 3 





Se 34 





2 4 




»Pa 

Br 35 





2 5 





Kr 36 





2 6 




‘So 

Rb 37 

2 

| 2 6 

| 2 6 

1c 

>| 2 6 


1 



2 SK* 

Sr 38 







2 



‘So 

Y 39 






1 

2 




Zr 40 






2 

2 



»Pa 

Cb 41 



36 



4 

1 



6 i>M 

Mo 42 


Krypton oore 


5 

1 



’Sa 

Ma 43 






6 

1 




Ru 44 






7 

1 



aPa 

Rh 45 






8 

1 




Pd 46 






10 




‘So 






THE PAULI EXCLUSION PRINCIPLE 


149 


Table II. — ( Continued ) 



46 

Silver core 


2 2 6 2 6 10 2 6 10 


54 

Xenon core 


2 | 2 6 | 2 6 10| 2 6 10 1 2 6 I 1 I 



46 

7 

5a, 5 v 

1 

la to 4d 

8 


1 




2 | 2 6 I 2 6 101 2 6 10 141 2 6 I 2 I 2 


Hafnium oore 



2 1 2 6 I 2 6 101 2 6 10 14[ 2 6 10 [ 2 


86 

Radon oore 


1 2 
2 2 

3 2 Wte 


1 This table ia baaed upon those given by J. S. McLennan, A. B, MoLay, and H. O. 
Smtth. Proe , , Roy, Soo., a 112: 76, 1926, and S. Dushman, Chem. Reviews, 6: 109, 1928. 
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the properties of the elements show similarities with those of the 
corresponding element in the L row of the periodic system (see 
Table II). Sodium, with one M electron, is similar to lithium, 
with one L electron; magnesium is similar to beryllium, and so on. 
The first two subgroups of the M shell are completed at the 
noble gas argon, whose properties are similar to those of neon 
and helium. 

It might be expected that the ten elements following argon 
would have properties different from any of those before them; 
for the introduction of electrons with U = 2 could not take place 
in the previous shells. But it happens that the energy value of 
potassium in the state with an electron in the orbit rii = 3, 
li = 2 is greater than that for the state with the orbit n t - = 4, 
h = 0 occupied. This arises from the greater penetration of the 
highly eccentric 4s orbit, which produces an energy change 
sufficient to overcome the effect of the principal quantum number. 
Potassium consequently has properties similar to those of 
sodium and lithium; the third row of the periodic system, like 
the second, contains only eight elements. In calcium in the 
normal state there are two 4s electrons. In scandium also there 
are two 4s electrons; the third electron has, however, dropped 
back into the M shell, for the 3d orbit is more stable than the 
4p orbit. This continues until there are ten 3d electrons. 1 

Whereas in general the normal state of the ion is the same as 
that of the previous element, this is not so in scandium and similar 
elements. In the normal state of Sc + there is one electron in a 
3d and one in a 4s orbit. In doubly ionized scandium the most 
stable state is with the outer electron in the 3d orbit. Comparing 
K, Ca+, and Sc - * - * - one finds that increase of the nuclear charge 
causes the 3d orbit to become more stable. 

The state selected as normal state may not be differentiated to 
any pronounced degree by its energy value from others, and even 
the assignment of the outer electrons among the various shells 
sometimes depends on accidental circumstances. Different 

1 E. Fermi, ( Z . /. Phys. : 48 : 73, 1928) has obtained the result with the aid 
of an approximate atomic model that the first d electron should occur at 
scandium, in agreement with experience. His equations require the first f 
electron at cesium ( Z = 55), rather than the experimentally observed 
cerium (Z = 58). With the use of expressions for the central fieldin an atom 
obtained from observed term values, H. C. Urey and Y. Sugittra (Danske 
Vid. Selsk., 7 : 13, 1927) were able to show that the rare earths should begin 
at Z = 57 and that scandium should have the first d electron. 
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configurations give rise to different sets of energy levels, which 
often overlap. The configuration entered in the table is that 
to which the very lowest energy level belongs. In the spectrum 
of vanadium, Z = 23, for example, the many multiplet levels 
arising from the configurations 3 d 3 • 4s 2 and 3d 4 ■ 4s are all mixed up 
together. The very lowest state, a *F term, happens to arise 
from 3d 8 • 4s 2 ; and the 6 D level of the other configuration lies only 
slightly higher. 

Copper ( Z = 29) has a completed M shell and one 4s electron 
(as the nuclear charge increases, the stability of 3d increases 
relative to that of 4s). Although it has one outer electron, 
as the alkali metals have, the properties of copper differ from 
those of the alkali metals as a result of the influence of the 
completed shell of eighteen electrons, rather than only eight. 
In fact the configuration with nine electrons in 3d orbits and 
two in 4s orbits gives rise to an energy level which is only 
little higher than the normal state. As it is lower than the other 
excited states in copper it forms a metastable state of this atom. 
In successive atoms electrons are added in the N shell, until at the 
noble gas krypton ( Z = 36) the first two subgroups of this shell 
are filled. This marks the end of the first long period in the 
periodic system. The number of elements in this period is 
eighteen, as a result of the completion of the 4s, 4 p, and 3d 
subgroups. 

As with potassium, the added electron in rubidium ( Z — 37) 
does not go into the N shell, but rather the 0 shell, with the 
result that the properties of this element are those of an alkali 
metal. At yttrium ( Z — 39) an electron drops into a 4d orbit; 
this continues until at palladium (Z = 46) the 4d subgroup is 
filled. Silver ( Z = 47) has one 5s electron. The 5s and 5p 
subgroups are completed at the noble gas xenon (Z = 54), 
which marks the end of the second long period of eighteen. 

Cesium (Z = 55), with a 6s electron, is an alkali metal. At 
cerium (Z = 58) an electron appears in the 4/ subgroup, and at 
lutecium (Z = 71) this subgroup has its full complement of 
fourteen electrons. This succession of elements has no analogue 
in the earlier periods of the system, for no f electrons have 
occurred before. The properties of the rare earth metals also 
differ from those of the preceding elements. These facts find 
expression in the segregation of the rare earth metals in. the 
periodic system reproduced in Figure 40. In filling up this 4/ 
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group the configurations of the outer electron shells remain 
completely unchanged, which explains why the rare earths are 
chemically so much alike. 

From lutecium to platinum (Z = 78) electrons are introduced 
into the 5d subgroup, so that this succession is similar to the 
previous ones in which the 3d and 4 d subgroups were filled. 
There is some doubt as to the electron distributions of some of 
these elements, since their spectra have not been sufficiently 
well analyzed to permit the confident recognition of the normal 
state. 

Gold (Z = 79) has one $ electron outside of an eighteen shell, 
and is accordingly similar to copper and silver. At the noble 
gas radon (Z = 86) the first two subgroups of the P shell are 
filled, and the third long period is ended. This long period 
consists of thirty-two elements, corresponding to the completion 
of the 6s, 6p, 5d, and 4f subgroups. 

Probable electron configurations for the succeeding elements 
are included in the table. 

, Each of the subgroups with given rii and U can be further 
divided into two Stoner subgroups, 1 * * 4 one with ji = U + % 
and one with ji = U — %. There are 2 ji + 1 orbits in each 
of these, so that the 4 U + 2 electrons are divided into Stoner 
subgroups of 2U + 2 and 2 U respectively. 

The remark has been recently made by several people that this 
last subdivision is of no significance; it is said, for example, 
that when there are several electrons in a group it is not possible 
to assign values of ji to the electrons. From our preceding 
discussion it is evident that this depends on the coupling scheme; 
if the scheme of Russell and Saunders is valid it is indeed mean- 
ingless to speak of the value of ji for the individual electrons. 
The study of X-ray spectra, however, has shown that very 
probably not this scheme but rather (jj) coupling is valid for 
completed electron shells, especially those in the interior of the 
atom. Then each electron has its own total moment ji, and we are 
justified in speaking of the Stoner subgroups. 


1 E. C. Stoner, Phil. Mag., 48 : 719, 1924; also J. D. Main-Smith, “ Chem- 

istry and Atomic Structure,” D. Van Nostrand Company, New York, 1924. 

The assignment of electron numbers to shells was first made by N. Bohr ( Z . 
f. Phys.j 9 : 1, 1922), who also divided the shells into equal subgroups (4 and 

4 in the L shell, etc.). The correct electron numbers of subgroups were 
given by Stoner and Main-Smith. 
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38. STATES WITH EQUIVALENT ELECTRONS. ALLOWED TERMS 
WITH RUSSELL -SAUNDERS COUPLING 

As a result of the exclusion principle our vector diagram will 
give states actually occurring in spectra only in case equivalent 
electrons are not involved. Some of the states obtained by 
combining vectors in the usual way will be ruled out, as they 
correspond to an atom containing two or more electrons with 
the same values of n if U, mu, and m 6i . We shall now discuss 
how the allowed states are to be determined. 

Let us consider an atom in a strong magnetic field by which 
the electrons are oriented independently. We first write down 
the quantum-number combinations allowed by the exclusion 
principle and assume that these all occur. Then we make use 
of the rule (discussed in Sec. 27) that during the transition from a 
strong to a weak field the projection of the total angular momen- 
tum of the atom in the field direction remains unchanged. This 
gives a number of values of m, from which, by grouping them 
properly, the possible values of j can be deduced. 

With Russell-Saunders coupling the transition rule is valid 
for mi and m s individually, so that the allowed values of these 
quantum projections can be found and from them the values 
of $ and l can be deduced. As an example, let us consider two p 
electrons with the same value of n. The following table shows 


Table III, — Allowed States for Two Equivalent p Electrons 
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the sets of quantum numbers remaining after the exclusion of 
those with m Sl and m Zl the same as m 82 and There are also 
given the total projections of the two spin moments and of 
the two orbital moments. 1 

Table IV. — Paschen-Back Effect for Two Equivalent p Electrons 


State 

8 l 

rn B 

mi 

•P* 3 Pl, 3 Po • ■ . . 

1 1 

+1 +1 

0 

-1 

0 +1 

0 

-1 

-1 +1 

0 

-1 

»<So 

0 0 

0 

0 

3 I>a 

0 2 

0 +2 
+1 

0 

-1 

-2 


It is next necessary to group these quantum numbers m* and 
mi so as to see what are the corresponding values of 5 and l in a 
weak field. In this example there is a term with l = 1 and s = 1, 
one with l = 0 and 5 = 0, and one with l = 2 and 5 = 0; that 
is, there is a 3 P, a 1 S ) and a l D term. Hence, there are just five 
allowed levels, three for 3 P with j = 2, 1, and 0, one for X S with 
j = 0, and one for l D with j = 2. 

The values of m z and m 6 which these levels give in the Paschen- 
Back effect are given in Table IV ; it is seen that they are just 
those of Table III. The method of deriving the desired result 
by grouping together the quantum numbers can be best learned 
by actually carrying it out a couple of times. 2 

1 It is not at all certain that on increasing the strength of the external 
magnetic field the projections of the resultants m, and mi conserve their 
values individually. The results derived in the text are not changed, 
for use is made only of the manifold of possible values of m, and mi; 
a state at the left in Table III, however, may not change when the field 
strength is slowly decreased into the state on the same line at the right. 

2 This derivation of the allowed states was first given by S. Goudsmit, Z. 
f. Phys ., 32 : 794, 1925. A similar treatment without the use of m, was 
given by W. Pauli, Z . /. Phys., 31 : 765, 1925. 
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Even though the scheme of Russell and Saunders be not valid, 
five terms with the same j values will always be found. They 
can then, of course, no longer be considered as a triplet and two 
singlets. 

This method can also be used when the electrons do not have 
values of n, and U in common. The table will then be larger, 
since Pauli’s principle, which usually excludes a number of sets 
of quantum numbers, will not be of influence. The result 
obtained is precisely that found much more easily by the com- 
position of vectors. For example, for two p electrons with 
different values of ni there are found the states s = 1, l = 0, 1, 
and 2, and s = 0, l = 0, 1, and 2; that is, 3 S, IP, ID, 1 S, IP, and 
l D ; ten states in all. 

Assistance in grouping the quantum numbers to determine 
the allowed states is provided by a graphical scheme suggested by 
Breit. 1 If, for two equiva- \~ 0 +, 

lent p electrons, for example, m* p 

the values of m t be grouped -/ | -* I -/ I t> co) 

in such a way that the corre- I I 

sponding values of m h repre- o I -/ j o +/ (i) 

sent abscissae and ordi- 

nates, the adjacent scheme j 0 +/ +-z (z) 

is obtained. ' 

The values , of mi can then be grouped into runs as shown 
((2) signifies the run +2, +1, 0, —1, —2) by outlining the 
L-shaped regions shown. These values of mi are all valid in case 
m. i = + l A,m S3 = -K or m Si = -}{, 
m H = +A- But if both m tl and 
have the value +A or —A the 
diagonal terms in the mi array are 
excluded, as shown in the scheme. 

Only the runs (1) and (1) remain. 

The totality of runs can be tabulated 
as follows: 

m, = 1 m.i = - • (1) , 

0 (2) (1) (0) 

- 1 ( 1 ) 

j ‘D >P tS 

leading to the same allowed terms. 

1 G. Breit, Phys. Rev., 2S: 334, 1026 ; also H. N. Russell, ibid., 29: 
782 , 1927 . 
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The possible terms arising from a number of combinations 
are given in Tables V to IX. 1 

Table V. — Equivalent s Electrons 
s - 2 S 
s 2 - 'S 

Table VL — Equivalent p Electrons 


V 1 - 
p 2 - 1/S 

2 P 

\ D 

zp 

pZ — 

2p 

*n 

*s 

p 4 - 'S 



zp 

P* _ 

P 6 - is 

2 P 




Table VII. — Equivalent d Electrons 


d 1 

s (2>) 


d 2 

- HSDG) 

5 (PP) 

d 3 

HD) 

HPDFGH ) ‘(PP) 

d 4 

- ‘(SOD) 

S (PP) HSDFGJ) \PDFGH) *(D) 

d fi 

2 CD) 

HPDFGH ) ‘(PP) i (SDFGI) ‘(ZX?) «(S) 

d fl 

- KSOD) 

8 (PP) HSDFGI) \PDFGH ) HD) 

d 7 

HD) 

HPDFGH ) *{PF) 

d 8 

- HSGD ) 

8(PP) 

d« 

HD) 


d 10 

- HS) 



Table VIII. — Equivalent f Electrons 

Z l 

2(F) 


Z 2 

HSDGI) 

KPFH) 

Z* 

HPDFGHIKL ) 

2 2 2 2 

KSDFGI) 

/* 

HSDFGHIKLN) 

KPDFGHIKLM) ksdfgd 


2 4 4 2 3 2 

3 2 4 3 4 2 2 

Z 3 

HPDFGHIKLMNO ) 

KSPDFGHIKLM ) «(PF#) 


4 1 7 6 7 5(1 2 

2 3 4 4 3 3 2 

Z 8 

K8PDFGHIKLMNQ) 

a ( PDFGHIKLMNO) KSPDFGHIKL) 7(F) 


4 048473422 

00796638 32322 

Z 7 

KSPDFGHIKLMNOQ) i {SPDFGHIKLMN) »(. PDFGHI) HS) 


207 10 10 0075 4 2 

228076688 

Z* 

i (SPDFGHIKLMNQ) 

KPDFGHIKLMNO) KSPDFGHIKL ) 7(F) 


4 648473422 

600796633 32322 

z» 

HPDFGH1KLMNO) 

KSPDFGHIKLM) KPFH) 


46707053 2 

2 8 4 4 8 3 2 

Z10 

HSDFGHIKLN) 

KPDFGHIKLM) KSDFGD 


2 4 4 2 3 2 

3 2 4 3 4 2 2 

Zu 

KPDFGHIKL) 

4 (<snpc?z) 


2 2 2 2 


Z 18 HSDGI) KPFH) 

fit 2(F) 

Z 1 * HS) 

1 From the tabulation of R. C. Gibbs, D. T. Wilber, and H. E. White, 
Phys. Rev. f 29: 790, 1927. The sign 0 to denote odd terms has been 
omitted in these tables. It is useful only when the electron configuration 
is not known or not given. 
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Table IX. — Two Electron Systems 


s-+*S 

y-**P 

d-+*D 


8-$ -+ l S 3 £ 
f ps — > 3 P 

i p • v -» 1 (iS r P2>) 3 (&pd) 

’ -» *y>) 3 (D) 

• dp -» 1(PDP) 3 (PDF) 

l (SPDFG) KSPJDFQ) 

7* -► HP) 3 (P) 

/p -> KDTO) 3 (DPG9 

/d -+ 1 (PDFGH) HPDFGH) 
J-f -+HSPDFGHI) KSPDFGHI) 


In these tables the multiplicity of all terms included in paren- 
theses is given by the common superscript to the left. Where 
several identical terms appear, their number is indicated by a 
small number placed directly below the term symbol. 

One result of particular significance is easily derived. In a 
complete electron group or subgroup there is for every electron 
with given values mi. and m 8 . an electron with the values 
— mi. and— raj- Hence the sum of all ra z /s as well as of all 
m s /s is zer^ and there is only one allowed state, with s = 0 
and l — 0. "Tiie state of a completed group or subgroup is always l S. 

Furthermore, in determining the allowed states of an atom 
only the electrons not included in completed groups or subgroups 
need be considered. 


39. THE MAGNITUDES OF MULTIPLET SEPARATIONS. INVERTED 

TERMS 

It was shown by Pauli in his famous paper on the building 
up of electron groups that the same spectral terms arise from a 
configuration obtained by removing a given number of electrons 
from a completed subgroup as from the configuration composed 
of the given number of electrons alone. Thus in Table VI we 
see that the allowed terms for the configuration p 4 are the same 
as for p 2 , for example. X-ray levels arise from the removal 
of one electron from a completed inner group, so that their 
observed doublet structure is to be expected. For a long time, 
however, there was no explanation as to why the X-ray doublets 
follow exactly the same doublet formula as optical doublets due 
to single electrons, but are inverted. The explanation of this 
fact and the derivation of formulas for multiplet separations 
were first given by Slater, 1 who gave an interesting treatment of a 

1 J. C. Slater, Phys. Rev,, 28 : 291, 1920. 
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vector model of the atom with the methods of the old quantum 
theory. His treatment is not entirely trustworthy, however, 
and his results are in part valid only for large quantum numbers; 
in particular he assumed that cos (s*s) is always either +1 or 
— 1. An alternative and very simple treatment of the problem 
by methods similar to those used by Pauli for the ^-values (Secs. 
27 and 286) has been given by Goudsmit. 1 

It was shown in Section 29 that the interaction energy of the 
spin moments and the orbital motion of the electrons in an atom 
is 


W 1 8 = r = 2/ liUsi cos (liSi) 


in which 


Oi = 


Ra 2 Z\ti.i 


ni'UQi + X A)(U + l) 


( 2 ) 

( 3 ) 


This may be rewritten as 


r = Als cos (Is) = A + ^ ifl-+ 0 s i s + 1) , ( 4 ) 


with 


A — 2/*i j cos (SiS) ~ cos (14), 


(*) 


in case that the coupling is Russell-Saunders. Our problem is 
the evaluation of the A ’ s for the different multiplet levels. 

39a. The r -permanence Rule and the T-sum Rule. — In a 
weak magnetic field an atom is spatially quantized so that the 
vector j has the component m along the field. If the field 
strength is increased to such an extent that the si coupling is 
broken, each of these vectors is quantized relative to the field, 
their components along the field being m 8 and m i respectively. 
In this case the interaction energy of spin and orbital motion 
of the electrons is changed, so that, since 


cos (si) = cos (sH) cos (1H) = 
the T values become 


T == Als cos (Is) = Amim s . (6) 

In Table X there are given T-values for a Z D term in a weak and 
a strong magnetic field, calculated by Equations 4 and 6. They 

1 S. Goudsmit, Phys. Rev., 31 : 946, 1928. 
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are arranged according to values of the total projection m, which 
for the strong field is taken equal to m 8 + mu 


Table X. — r-YALtrEs foe 3 2) 



m = 

-3 

-2 

i 

-1 


+1 

+2 

-1-3 


7=3 

+2A 

+ 2 A 
- A 

+2A 
- A 

+2A 
- A 

4-2A 

H-2A 

-J-2A j 

Weak 

field 

2 

- A 

- A 

1 



— 3A 

— 3A 

— 3A 


J 







sr 

+-2A 

+A 

— 2A 

-2A 

— 2A 

■f A 

+2A 


m g = — 1 

+-2A 

+A 

q 

0 

-A 

— 2A 


1 

Strong 

0 

0 

0 

0 

0 



-1-1 


— 2A 

-A 

0 

+A 

-J-2A J 

field 








It is seen that the sum of the F -values corresponding, to a 
given value of m is the same for a strong field as for a weak field. 
This result was given by LandS; 1 it is analogous to the ^-perma- 
nence rule of Section 285, and may be called the ‘ T-permanence 
rule.” 

In Section 286 we also considered the behavior of the resultant 
magnetic moment of the atom in a very strong field, such that 
the spins and orbital moments of the individual electrons are 
quantized relative to the field, their projections being m Si and 
mu; in this case, too, it was found that the p-sums for a given 
value of m (which in a very strong field equals +■ mi)) 

i 

are conserved. In this very strong field F is given by the 
equation 

r — 8=5 2/^’ ^ a » 'W'h* m ^ 

* i 

in -which y,- is used to represent T for a single electron. In 
analogy with the j-sum rule, Goudsm.it formulated the following 
T-sum rule: For a given electronic configuration the sum of all 
T-values corresponding to a given value of m is independent of the 
field strength. "With the help of this rule and the T-permanence 
rule it is possible to evaluate T in many important cases. 

39b. T-values for Configurations of Equivalent Electrons. — As 
an example, we shall treat the case of two equivalent p electrons. 

1 A. Lan»4, Z. f. Phys., 19 : 112, 1923. 
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The factor a* is the same for the two electrons, and can be set 
equal to a. In Table XI there are given values of y 1 and 72 and of 
their sum T for the various states of the atom in a very strong 
field. The columns on the left contain the sets of values of the 
quantum numbers compatible with Pauli's principle, the next 
contain values of 71 and 72, then values of m 8 and mi, of m , and 
of r. 


Table XI. — Very Strong Field t-values for a p 2 Configuration 


m 8 ^ 


m 8 

2 

mi 

2 

Yi 

Y2 

m 8 

mi 

m 

r 

+y 2 

+1 

4-M 

0 


0 

+1 

4-1 

+2 

+ M <* 

.... 

+ 1 


-1 

+Ha 

-Ma 

+1 

0 

+1 

0 

.... 

0 


-1 

0 

—Ha 

+1 

-1 

0 

-Via 

+H 

+1 

-H 

+1 


-Mo 

0 

+2 

+2 

0 


+1 


0 


0 

0 

+1 

4-1 

+ 'Aa 


+1 


-1 

+Ma 

+Ha 

0 

0 

0 

4 - a 


0 


+1 

0 

-Ha 

0 

+1 

4-1 

- Ha 


0 


0 

0 

0 

0 

0 

0 

0 


0 


-1 

0 

+Ha 

0 

-1 

-1 

44 £ a 


-1 


+1 

— Ha 

-Ha 

0 

0 

0 

— a 


-1 


0 

-Ha 

0 

0 

-1 

-1 

-Ha 


-1 


-1 

-Ha 

4 * Ha 

0 

-2 

-2 

0 

-ii 

+1 

-X 

0 

-Ha 

0 

-1 

+1 

0 

-H a 


+1 


-1 

- Ha 

YHa 

-1 

0 

-1 

0 


0 


-1 

0 

-hH a 

-1 

-1 

-2 

4 -Ha 


In the upper half of Table XII these T -values are shown 
arranged according to the total projection m, and the sums are 
calculated. In the lower half of the table symbols representing 
the weak-field T-values are similarly arranged according to m. 
A configuration of two equivalent p electrons leads to five states, 
two with j = 2, one with j = 1, and two with j = 0. Their 
T-values, which are, of course, independent of m, are called 
IV, r 2 ", T 1, IV, and To", respectively. A comparison of T- 
sums for different values of m yields the equations 

r 2 +r 2 = a/2 ) Ti = a/2, To' + r 0 " = —a. 

Thus we are able to calculate the sums of T-values for levels 
with the same j resulting from a given electron configuration; 
and these T-sums are the same for all couplings. The individual 
values can be determined only when the type of coupling is 
known. This treatment exactly parallels that for the 0-sums 
described in Section 186 . 
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Table XII. Strong Field and Weak Field r-VALUES for a p 2 
Configuration 


m = 

-2 

-1 

0 

+1 

+2 


m, = +1 



-Ha 
+ a 
0 

— a 

-Ha 

0 

+Ha 

-Ha 

0 

Strong field 
mi ~ m — m 8 

m % = 0 

0 

~Ha 

0 

m » « — 1 

+H a 








sr = 

+Ha 

0 

—a 

0 



j « 2 

IV 

r 2 " 

iY 

r 2 " 

Ti 

IV 
r 2 " 
r i 

To' 

To" 

r 2 ' 
r 2 " 
r i 

r 2 ' 

r 2 " 

Weak field 

j « 2 

j m 1 

j - o 



j ** 0 









The most important application of the r-sum rule is to 
X-ray doublets. These arise from the configuration obtained by 
removing one electron from a completed group or subgroup. 
If the azimuthal quantum number for the removed electron is 
l f the values of j for the two levels resulting from its removal 
are l + ^ and l — and it can be shown by the construc- 
tion of tables similar to Tables XI and XII that the corresponding 
values of T are —la/ 2 and +(l + l)a/2, respectively, as for one 
eleotron, but inverted. In this case the individual T-values are 
determined, and are independent of the coupling ; the usual doub- 
let formula holds for X-ray doublets despite the fact that for light 
atoms the coupling is Russell-Saunders, while (jj) coupling holds 
in inner shells of heavy atoms. 

The individxial T- values can be calculated for the various 
types of coupling. With (jj) coupling of two equivalent p 
electrons, j is composed of two vectors ji and j 2 . j 1 and can 
have either of the values % or for which y ^ is }{a and —a, 
respectively. The T-values for the entire atom are they 
are listed in the following table. It is evident that with this 
coupling T-values can be easily calculated for any state. 


V*-3 i “ % A 

u - % 

j = o 

3 = 2 

r = a 

a 


i* = H 

3 = 2 

3 = 1 

cq cq 

e e 

1 1 

h “ H 

3* - Vi 

3 = 0 

—2 a 
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For Russell-Saunders coupling of two electrons r can be 
calculated, as was done in Section 22, for the angles between 
the quantum vectors are known. But with more than two 
electrons this method cannot be used; it is found instead that 
the T-permanence rule, which requires that the T-sums for a given 
m do not change during the Paschen-Back orientation of 1 and 
s, provides just enough further information to permit the evalu- 
ation of the individual T’s. This can be illustrated by our 
V 2 configuration. The allowed states with Russell-Saunders 
coupling are ^o, 1 D 2 , 3 P 2 , 3 Pi, 3 Po. Of these 1 Z> 2 is the only one 
which leads to the projection mi — 2; reference to Table XI 
shows that the only T-value for mi = 2 is 0, so that we may put 


Table XIII. — Multiplet Separations for Equivalent p and d 
Electrons 


Configuration 

Multiplot 

Total 

separation 

A 

Configura- 

tion 

V 

2 p 

% a 

a 

— p 5 

V 1 

*P 

A a 

H a 

— 

p 3 


0 

0 

— V s 


*p 

0 

0 


d 

2 D 

% a 

a 

-d° 

d* 

*F 

% a 

A a 

~d« 


3 P 

A a 

Vi d 


d 3 

*F 

7 A a 

M & 

-d' 


4 JP 

A a 

% a 



2 H 

% a 

A a 



HI 

27 Aoa 

Aoa 



2 p 

— K20 

-H a 








2 Dj 

H a 

A a 



ip 

a 

A a 


d 4 

6 D 

B A a 

A a 

-d* 


m 

'Ho* 

Hoa 



HI 

SCI ^ 

27 Aoa 

Ao<* 



w] 


H20 



*D 

— 

— H20 



zp\ 





3 P \ 

A a 

A 0 


d 6 

all 

0 

0 

-d® 


1 The values given are the sums for the two states. 
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T \ “ an< ^ r 2 " = a/2. Since for To' = 0, we also have 
To = —a; so that the resultant values are 

x 5 o r = 0 sp 2 r = a /2 

w* o s Pi — a/2 

3 P 0 —a. 

T. he^ total separation of 3 P is seen to be |^a. The value of A 
in Equation 4 must hence be equal to a/2 for this p 2 3 P state. 

By methods such as this, values of A have been calculated 
for various configurations of equivalent electrons; they are listed 
in Table XIII. 

Several features of this table are noteworthy. The most 
striking is that with Russell-Saunders coupling the absence of a 
given number of electrons leads to a multiplet which is identical 
with that arising from the presence of these electrons but is 
inverted. It is also seen that in general A is positive for con- 
figurations with less than half of the electrons in a subgroup 

Table XIV. — Observed and Calculated Multiplet Separations in 


Tin 



1 This state has not been identified. 
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present, so that the lowest level of a multiplet is that with the 
smallest j. Only two of the states listed in the table are excep- 
tions. For configurations composed of more than half the 
electrons in a subgroup, the lowest level usually has the largest 
j. When just half the electrons in a subgroup are present the 
multiplet separation is very small. 

To illustrate the application of this table, we may consider 
the terms arising from a d 3 configuration in the spark spectrum 
of titanium 1 . Observed and calculated multiplet separations 
are given in Table XIV. The constant a was obtained from 
the 2 H separation. The agreement is very good in most cases; 
thus the expected anomalous inversion of the 2 F term is observed. 
It is probable that the poor agreement in the case of levels with 
small values of j is due to large deviations from the interval rule; 
that is, to departure from Russell-Saunders coupling. 

39c. Multiplet Separations for More General Configurations. — 
Goudsmit and Humphreys 2 have shown that the factors A 
can be calculated for configurations obtained by adding an 
electron to a configuration of known A, in particular one of 
equivalent electrons, in case that the coupling of the original 
configuration is not changed. This is done by the method 
indicated in Section 26. If A' and a 2 are the A values for the 
original configuration; that is, the atom core and the added 
electron, respectively, and h, $i and Z 2 , $ 2 are their quantum 
numbers, then 

a _ a ,KH“l)+Zi(^i“t”l)“^2(Ja+l) s($+l) +Si(si+1)— s 2 ($ 2 +l) . 

A * 2Z(Z + 1) 2*(«+l) 

^ Z(Z+1)+Z 2 (Z 2 + 1) — Zi(Zi+l) $(s + l)+$ 2 (s 2 + l) “ $l( s l + l) /o\ 
02 270 + 1) 2s(s+l) W 

This equation is found to agree well with observed separations 
in complicated spectra. A simple example is provided by the 
spark spectrum of oxygen. In Table XV there are included 
data for terms of On arising from the addition of an $ or p 
electron to Om with the configurations $ 2 p 2 and p 4 . Since 
six p electrons make a completed subgroup, the value of A ' for 
p 4 should be just equal to that for $ 2 p 2 , except that it should 
have the opposite sign (a small change in absolute value might 
occur as a result of the different screening action of two 5 and 

1 H. N. Russell, Astrophys. J., 66 : 283, 1927. 

2 S. Gotjdsmit and C. J. Humphreys, Phys . Rev., 31 : 960, 1928. 
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two p electrons). This is actually observed; the A' values 
for the two configurations are 95 ± 5 and —89 ±3, respectively. 


Table XV. — Mtjltiplet Separations for Oh 


Electron 

configuration 


Separation factor from 

A' 

Separation from 
Equation 8 

Adjacent levels 

Total 

separa- 

tion 

s 2 p 2 • s 




A'(p 2 ) 

8 P + 3s 

4 P A - HA' 

A = 64, 70 

66 

99 

4s 


65, 70 

67 

100 

3s 

■5 

ti- 

ll 

Nrf- 

120 

120 

90 

4s 


125 

125 

94 

3s 

2 Z> A = 0 

—0.4 

-0.4 


4s 


-0.3 

-0.3 


D 4 • S 




A'(p*) 

*P + 8 

4 P A = HA' 

A 65,-55 

- 61 

-91 


2 P A - HA' 

-115 

-115 

-86 

!D + S 

*B A = 0 

- 4 

- 4 


S 2 V* * V 




A'(p 2 ) 

° f j r 

*P + v 

*P A = HA' + Hai 

A = 37, 31 

34 


*D A = HA' + Ha, 

36, 37, 37 

36 



*P A = HA' - Ha „ 

40 

40 



i D A = HA' - Ha 2 

76 

76 



2 = 2 A’ 

2 = 186 


93 

W + p 

*P A - -Ha j 

A - 31 

31 



2 D A - +Ha t 

-8 

- 8 



*F A = +Ha, 

• 7 

7 



40. THE RELATIVE POSITIONS OF SPECTRAL TERMS 

The sequence of terms arising from a given electron con- 
figuration can be predicted with the aid of the following rules, 
which are applicable to a great number of spectra. We shall 
assume that of the interactions among the quantum vectors the 
apparent ss interaction (actually arising from the resonance 
phenomenon) is the greatest. This splits the terms into several 
groups with different values of s. Within each group, terms 
are again subdivided as a result of the 11 interaction. And 
finally, each term with given values of s and l is split into the 
levels forming a multiplet by the Is interaction. It has been 
found, at first empirically, that 
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1. Of the terms arising from a given configuration those with 
the largest value of s lie lowest , those with the next largest next , 
and so on . 

2. Of the group of terms with a given value of s, that with the 
largest value of l lies lowest . 

3. Multiplets arising from a configuration consisting of less 
than half the electrons in a completed subgroup are usually normal 
(smallest j lowest ), and those from a configuration consisting of 
more than half are usually inverted (largest j lowest ). 

The justification for these rules has been provided by tho 
quantum mechanics and the spinning electron. Before then 
they were discussed theoretically by Slater, 1 who treated an 
idealized vector model with the methods of the old quantum 
theory. The third rule, regarding normal and inverted multi- 
plets, has been discussed in the preceding section. 

With the aid of these rules, Hund 2 predicted the sequences 
of multiplets to be expected in the spectra of various elements, 
and was extraordinarily successful in using them in correlating 
and interpreting the experimental term values in a great number 
of spectra. 

Their application needs to be shown by only a simple example. 
The lowest configuration for the elements carbon and silicon 
is a p 2 configuration, which gives rise to the states 1 S, 1 D, and 
3 P. According to the above rules, the expected order of terms 
is 3 P 0 , 3 Pi, 3 P 2 , 1 E> 2 ) hS 0 ; these terms are actually observed to bo 
the low terms, and in this order, with 3 P 0 as the ground term. 
For oxygen, on the other hand, with ap 4 configuration, 3 P 2 is the 
ground state. 

It has been found that although these rules are well fulfilled 
by the lower states of an atom, the higher states generally show 
large deviations. 

41. THE NORMAL STATES OF ATOMS AND IONS 

The application of these rules leads to the prediction of tho 
term which lies lowest for every atom or ion. The terms which 
have been attributed in this way to the various elements are 
included in Table II. In the case of most of the light elements 
these normal states have been verified experimentally. With 

X J. C. Slater, Phys . Rev ., 28:* 291, 1926; see also his quantum 
mechanical discussion, Phys. Rev., 34: 1293, 1929. 

2 F. Hund, Z. f. Phys., 33 : 345, 1925. 
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the very heavy elements, however, there is considerable uncer- 
tainty in attributing to them any such term symbol, for the 
coupling of the quantum vectors is not Russell-Saunders, so that 
it is not possible to determine a resultant s and a resultant 
l for them. 

42. IONIZATION POTENTIALS OF THE ELEMENTS 

The difference in energy of an atom in its normal state and 
of its ion (obtained on removing one electron) in its normal state 
is eV, in which V is the first ionization potential of the atom. 
Thus the first ionization potential multiplied by the electronic 
charge is the work which must be done to remove one electron 
from the neutral atom. The second and succeeding ionization 
potentials measure the work which must be done to remove 
further electrons. 

Ionization potentials can be obtained with great accuracy 
from spectroscopic data. It was in this way that most of those in 
the table on the following page, taken from Noyes and Beckman, 1 
were obtained. 

42a. Chemical Valence and Ion Formation. — The ionization 
potentials of an element determine the charges of the positive 
ions which it can form in solution or in crystals. 2 Thus it will 
be seen in the table that the first electron can be easily removed 
from an alkali atom, the energy required being about 5 v.e. or 
120,000 cal/mole; but the second electron is held very strongly, 
around six or eight times as much energy being required to 
remove it. Two electrons can be easily removed from the alka- 
line earth metals, and the third is again held tightly. These 
facts make clear at once why the alkali metals form only uni- 
valent cations, and why the alkaline earth metals form bivalent 
cations; for the energy quantities available in a chemical reaction, 
such as crystal energy or hydration energy and the electron 
affinity of electronegative elements, are of such magnitude as to 
accomplish the removal of loosely held electrons only. In 
general there is a discontinuity in the trend of successive ion- 
ization potentials when the ion reaches a rare gas structure; 
and for this reason ions with such a structure are formed almost 
to the exclusion of others. 

1 A. A. Noyes and A. 0. Beckman, Chemical Reviews, 5 : 85, 1928. 

2 See H. G. Gbimm and K. F. Herzfeld_Z. f. Phys., 19 : 141, 1923, as well 
as Noybs and Beckman, loc. cit. 
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Spectral terms are also of importance in the formation of 
molecules involving shared electron bonds. It has been shown 
by Heitler 1 and London 2 that the maximum number of shared 
electron bonds which an atom in a given spectral state can 
form with other atoms without a change in the electronic quan- 
tum state is related to the multiplicity of the state, being equal 
to 2s; that is, bonds can be formed to a number one less than 
the multiplicity of the state. 

1 W. Heitler, Z. /. Phys., 46 : 47 , 1927; 47 : 835, 1928; 61 : 805, 1928. 

2 F. London, ibid , 46 : 455, 1928; 50 : 24, 1928. 
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X-RAY SPECTRA 

43. So far we have considered only spectra arising from 
transitions in the outermost electrons of the atom. Under 
normal circumstances no transitions involving electrons in 
inner shells can occur, for the inner shells are completed It 
is possible, however, to remove one of the electrons from an inn er 
shell either by the absorption of radiation of sufficiently high 
frequency or by the bombardment of the atom with high-velocity 
electrons. An electron from one of the outer shells in the atom 
can then jump into the vacant orbit, emitting a spectral line of 
frequency corresponding to the energy difference of the two 
states of the atom. Another electron in a shell still further out 
can jump into the newly vacated orbit, with the emission of still 
another line; and so on. Finally, the singly charged positive 
ion can combine with a free electron to form an atom identical 
with the original one. Such processes as these take place in the 
familiar X-ray tube; 1 spectra arising from electronic changes 
in the inner shells of atoms are called “ X-ray spectra” or 
“Rontgen spectra.” 2 

The energy changes during such transitions are usually so 
large that the corresponding spectral lines are of very short 
wave-length: the hard X-ray region extends from about 0.01 k 

1 In addition to the line spectrum characteristic of the material of the 
anticathode, a continuous background of X-radiation is emitted as a result 
of the sudden stopping of the electrons. The highest frequency of this 
radiation corresponds to the emission in one quantum of all the energy of the 
electron, according to the relation 


hvin^x. = 14mv 2 - eV, 


in which V is the maximum potential difference of the cathode and 
anticathode. 

2 W. Kossel ( Verh . d. deutsch. physik . Ges., 16: 898, 953, 1914; 18: 339, 
1916) was the first to recognize that X-ray spectra are due to the removal 
of inner electrons from the atom. 
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to 1 A, the soft X-ray region from 1 to 10 A, and the very soft 
region from 10 to 100 A. 

Wave-lengths of X-rays are often reported in X-units, such 
that 1X.U. = 1 X 10- 3 A. 

43a. X-ray Spectroscopy. — The wave-lengths of X-rays are 
usually measured by the use of a crystal as a three-dimensional 
diffraction grating. The angle of reflection 6 of a beam of X-rays 
diffracted by atom layers parallel to the crystallographic plane 
Qikl) of a crystal is given by the Bragg equation 

n\ = 2 dhhi sin 0, (1) 

in which n is the order of reflection and dnu is the interplanar 
distance for the plane (hkl) in the crystal. 1 Very precise meas- 
urements have been made by Siegbahn, 2 who has achieved nearly 
the same percentage accuracy in the X-rays region as is possible 
in the visible optical region. 

In recent years considerable progress has been made in the 
determination of the wave-length of X-rays by diffraction with 
ruled line-gratings. s This method may be of particular value 
in the investigation of very soft X-rays. 

43b. X-ray Absorption Spectra. — Under normal conditions 
none of the X-ray emission lines will appear in absorption, 
as the lines originate in ionized atoms with one or more inner 
electrons missing. Instead, absorption within a continuous 
region bounded by one or more sharp edges on the long wave- 
length side is observed. Radiation of frequency such that 
the energy hv^ is just sufficient to remove an electron from 
one of the inner shells of the atom will be absorbed by the atom, 
as will radiation of higher frequencies, the extra energy then 
being converted into kinetic energy of the emitted photoelectron. 
Ra dia tion of lower frequencies will not be absorbed, however. 
It is seen that the frequency iw of the absorption edge gives 
exactly the energy of removal of an electron from an inner shell 
of the atom, so that it is possible to obtain directly from absorp- 

i For a discussion of this equation and its application see W. H. and W. L. 
Bragg, “X-Rays and Crystal Structure;” P. P. Ewald, “Kristalle und 
Rontgenstrahlen ; ” etc. 

* M. Siegbahn, “The Spectroscopy of X-Rays,” Oxford University Press, 
1925. 

8 A. H. Compton and R. L. Doan, Proc., Nat. Acad., 11 : 598, 1925; F. L. 
Hunt, Phys. Rev., 30: 227, 1927; A. P. R. Wadlund, Phys. Rev., 32 : 841, 
1928; J. Thibaud, Rev. d’Opt., 5 : 105, 1926; Phys. Z., 29 : 241, 1928. 
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tion experiments the energy-level diagram for the different 
X-ray quantum states. 

Figure 41 is a reproduction of the X-radiation from a tube 
with molybdenum anticathode resolved into a spectrum by a 
crystal of gypsum, BaS0 4 .2H 2 0. The characteristic X-radiation 
of molybdenum is shown superimposed on a general background of 
minimum wave-length 0.25 A. corresponding to a peak voltage 
of 50,000 volts. The distinct change in blackening of the plate 
at about 0.33 A arises from the large absorption of radiation of 
wave-length less than this value by the barium atoms in the 
crystal, with the removal of an electron from the K shell (X lb .. 
of barium = 0.3308 A"). The K edges of the silver (0.4852 
A) and bromine (0.9182 A) in the photographic plate are also 
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Fig. 41. — A photograph of the X-radiation from a molybdenum antioathode 
reflected from a barite crystal, showing the K absorption edges of Ba, Ag, and 
Br as well as the K emission lines of Mo. 


shown; they show increased blackening: on the short wave-length 
side because of the greater action of strongly absorbed radiation 
on the grains in the photographic emulsion. 

It is found experimentally that there are three absorption edges 
corresponding to the removal of an electron from the L shell. 
These edges, called the L t , L n , and L 1U edges, 1 lie close together; 
their interpretation is given in the following section. Similarly 
there are five M edges, seven N edges, etc. 

The energy level diagram for uranium is shown in Figure 42. 

43c. X-ray Levels . 2 — There are two Is electrons in a completed 
K shell. When one has been removed the state of the atom can 
be represented by the symbol Is 2 S}$, using the notation of optical 

1 These three edges are called Lu, Lu, and L 22 by Sommerfeld. In some 
respects this nomenclature is preferable, as it indicates the difference in 
the origin of the L^Ln separation and the LijLiii separation. 

2 The first papers dealing with the systematization of X-ray levels are the 
following: A. Smekal, Z. /. Phys 5 : 91, 1921; G. Wbntzel, Z . /. Phys 6 : 
84, 1921; D. Coster, Phil. Mag., 43 : 1070, 1922; 44 : 546, 1922. 
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spectroscopy. In X-ray spectroscopy this level is customarily 
designated as the K level. 

The 2s electrons are the most tightly bound of those outside 
of the K shell. The removal of one 2s electron from the atom 
will again give rise to a 2 S ^ state; namely, 2s This 

corresponds to the Li level, which lies below and next to the 
K level. There is, indeed, this important difference between 


9000 



stant, plotted to scale. 

X-ray and optical spectra, that the terms of the former are 
generally inverted. In optical spectra the term Is, for example, 
is always lower than 2s, while in X-ray spectra it is higher. This 
arises from the fact that the X-ray levels result from the removal 
of an electron from a given orbit, while the optical levels corre- 
spond to the presence of an electron in that orbit. 

Next come the 2p electrons, composing a completed group 
of six; removal of one leaves the configuration 2 p 6 . It was shown 
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in Chap. IX that the removal of one electron from a completed 
group gives rise to the same states as the presence of a single 
electron in the group. We thus expect two levels in this case, 
one with j = 24 and one with j = J4. In case Russell-Saunders 
coupling were valid for the electrons, the levels would be 2 p 6 2 P^ 
and 2p 5 2 P%. The doublet would be inverted, so thatL n would 
correspond to j = Y and L m to j — 24- 

But the high nuclear charge effective for the L shell in atoms 
with large atomic number tends to break down the Russell- 
Saunders coupling and replace it by the (jj) coupling, according 
to which the spin and orbital moments of the individual electrons 
are combined to form individual resultant moments j*, which 
then combine to a resultant j. This coupling is to be expected 
for all X-ray levels except those of very light atoms or possibly 
those arising in outer electron shells. The individual p electrons 
can hence be divided into two subgroups, one composed of the 
two electrons with ji = the L n subgroup, and the other 
of the four electrons with ji = 24; the L m subgroup. These 
electron numbers two and four of the subgroups are obtained 
with the Pauli exclusion principle (Sec. 36). If the values of 
tti, k and ji are given, there are still 2 ji + 1 possible values for 
the quantum number in a strong magnetic field and there 
can thus be a maximum of 2 ji + 1 electrons in this subgroup. 
From the alkali spectra and the considerations of Chap. VI, 
we know that the electrons with ji = 34 are more strongly bound 
than those with ji = %, in agreement with our assignment of 
the levels L n and Lm. 

The corresponding values of the resultant j are also 34 and 
24> since the completed group has j = 0. This coupling scheme 
thus leads to the same qualitative results as Russell-Saunders 
coupling — two states, one with j = J4 and one with j = 24* 
the former lying higher in the level scheme. 

The existence of the ji subgroups was assumed by Stoner 1 on 
empirical evidence from X-ray spectra at a time when it was not 
yet possible to account for these subgroups. Main-Smith 2 
independently suggested the same division into subgroups. 
After the discovery of Russell-Saunders coupling and its wide 
applicability to optical spectra it was generally thought that 

1 E. C. Stoner, Phil Mag., 48: 719, 1924. 

2 J. D. Main-Smith, “ Chemistry and Atomic Structure,” D. Van Nos- 
trand Co., New York, 1924, 
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this division into subgroups was meaningless, and that only 
the resultant s and Z for all electrons, and not the individual 
ji’s, could be assigned values. We now know that this is merely 
a question of the coupling type, and that very probably the 
division of inner electron groups into subgroups is permitted 
and is of significance. 1 



Fig. 43. — Moseley diagram of term values. (From Bohr and Coster.) 

The removal of a 3s or a 3 p electron leads to three M levels, 
Mi, Mn, and Mm, analogous in their origin and relative positions 
to the three L levels. In atoms with atomic number higher 

1 It is seen that in the Sommerfeld nomenclature (Ln, Z/*i, Lvt, etc.) the 
first subscript represents the state of the removed electron (1 for an s 
electron, 2 for a p electron, etc.) and the second subscript the value of 

i + «• 
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than 29 there are ten 3 d electrons. They can be considered 
as inner electrons only for the heavier atoms, and probably 
only for these is the coupling of the (jj) type discussed above. 
Independent of the coupling, however, we expect the removal of 
one 3d electron from the completed group to lead to two possible 
3d 9 states, the upper one with j = y 2 and the lower one with 
j = y. These are the levels Mvr and My. 



Fig. 44. — An enlarged portion of Fig. 43. 

A similar treatment can be given the succeeding levels. 

43d. Term Values. — It is found that the dependency of term 
values on atomic number for the various X-ray levels is such 
that there is an approximately linear relation between the square 
roots of the term values for a given level and the atomic numbers 
of successive elements. This relation is shown graphically by 
the Moseley diagrams in Figures 43 and 44, taken from Bohr 
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and Coster’s paper. 1 It will be shown in the following pages 
that not only the salient features, but many of the detailed 
peculiarities of these diagrams can be satisfactorily explained. 
It will be observed in particular that the separations of the square 
roots of term values for successive levels are of two kinds; the 



separations la — Ln, Mi — M u , Mm — ilfiv, etc., are inde- 
pendent of Z, while those Ln — Lm, Mu — Mm, M w — M v , 
etc., increase very rapidly as Z increases. This distinction is, 
of course, related to the removal of a 2p rather than a 2s electron 
in going from Li to Ln, and a 2 p electron with ji = % rather 
than ji - ^ in going from Lu to Lm. The doublets with 

1 N. Bohr and D. Coster, Z. f. Phys., 12 : 342, 1923. 
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constant square root separation, called screening doublets, 
in general differ in the values of li of the removed electron; 
those with increasing separation, now called spin doublets, 1 
differ in the values of ji of the removed electron. 

The sharp bends in some of the curves are also of interest. 
These changes in slope are seen to occur at atomic numbers 
at which electrons begin to go into previously unoccupied 
sub-shells, and it is, in fact, possible to account for this 
correlation. 

43e. X-ray Line Spectra. — A transition from one X-ray level 
to a lower one is accompanied by the emission of an X-ray line. 
Observed transitions are represented in Table I and Figure 45, 
together with the symbols used to designate the lines. Lines 
with K as the initial state are said to form the K series. Four 
lines are generally resolved in the K series; for molybdenum 
these can be seen in Figure 41. 

The notation used for the lines, while convenient for practical 
X-ray spectroscopy, differs from that used for optical spectra. 
It would be simpler to designate the X-ray lines by the symbols 
of the initial and final states; some effort to introduce this system 
has recently been made. 

From Table I it can be seen that the selection rules for optical 
spectra, 

An arbitrary, 

A j - +1, 0, - 1, 

A l = +1, -1, 

are valid also for X-ray spectra. Not all the possible transitions 
have been observed, however, perhaps on account of the low 
intensity of some of the lines. For example, transitions for 
which An is zero are allowed, provided the selection rules for 
l and j are obeyed; in the alkali spectra the strongest lines arise 
from such transitions. Nevertheless, lines corresponding to 
these transitions have never been found in X-ray spectra, 
although they have been looked for, and in some cases should 
lie in a spectral region favorable to observation. 2 The explana- 
tion of the failure to find these lines probably is that the intensity 
formulas for spectral lines contain a factor which for these 

1 Formerly the spin doublets were called regular doublets or relativistic 
doublets; the screening doublets were sometimes called irregular doublets. 

2 D. Coster, Phil. Mag 43: 1070; 44: 546, 1922. 
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Table I. — X-ray Nomenclature 1 



1 Forbidden transitions are indicated by dashes. 

a The forbidden transitions Lj — M\y » L/ 3 io and Lj — My «■ L/89 were observed by 
Oostjdr, PAiL May., 43: 1070, 1922. 


lines is very small compared with lines corresponding to other 
transitions from the same initial state. 1 

1 This is not true for the outer electron groups. The energy difference of 
the N and 0 levels is of the same order of magnitude as for the different N 
levels themselves, so that for the N levels one would expect transitions with 
An » 0 to bo of the Hame order of intensity as the transitions from N to 0. 
Very recently certain lines in the X-ray spectra of Ta, W, Pt and Au have 
been interpreted by Sakae Idei ( Nature , 123 : 643, 1929) and Joan Thibaud 
(C.r., 188 : 1394, 1929) as transitions from Niy to Vvi and 2Vv to iVvi,vn; that 
is, from 4 d to 
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44. THE INTERPRETATION OF TERM VALUES 
44 n xhe Main Energy Term. — It is possible to derive moro 
accurate expressions for the energy values of X-ray levels than 
of optical levels in many-electron ato.ms (except the hydrogen- 
like levels), inasmuch as the changes in effective nuclear charge 
along an electron orbit in the interior of an atom are rather small 
compared with the effective nuclear charge itself. A 3 p electron 
in sodium moves in a field of an effective nuclear charge varying 
from e to about 9e in the inner part of its orbit; but for a 3 p 
electron in mercury, for example, the effective nuclear charge 
varies only within the relatively narrow limits of about 70e 
and 78e. In this case, then, the orbit can be considered as 
approximating .a hydrogen-like orbit with an average effective 
nuclear charge somewhere within these limits. The energy of 
removal of t his electron from the field of the nucleus and the 
inner electrons can be represented by the hydrogen-like equation 

, _ RhcjZ - (To) 2 ( 2 ) 

Ir ° ” n 2 

in which <r 0 is a measure of the screening action of other inner 
electrons in effectively reducing the nuclear charge. 

44b. External Screening. — Outer electrons, however, also 
influence the energy of an inner orbit. If, as a first approxima- 
tion, in accordance with the discussion of Chap. IV, outer electron 
shells are replaced by a uniform distribution of negative charges 
on the surfaces of spheres of suitable radii, it is easily seen that 
the energy of removal of an inner electron is reduced. The 
potential energy of an electron within a spherical shell of elec- 
tricity of total charge ze and radius pa o is given by ze 1 / pfflo- 
These energy terms, summed over all the outer shells, are to be 
subtracted from the main energy term of Equation 2: 

w Bhc(Z - cro) 2 _ ^2»e 2 
F ° 

It is diffi cult to distinguish the energy change due to this external 
scree nin g from that due to screening by the inner electrons j 
and, moreover, no sharp distinction is even theoretically possible, 
since the various orbits interpenetrate. For these reasons 
and for simplicity it is customary to include the two effects 
in a single screening constant <n, given by the following equation: 1 

1 Obtained with the use of the value e 2 /2 Rhc for ao (Sec. 5). 



X-RAY SPECTRA 


181 


Wo = Rhc( - Z , a —> with (Z - <n) 2 = (Z - <r 0 ) 2 - 2 n 2 Vr- (3) 
n yt Pi 

44c. Fine Structure. — To represent the fine structure of 
X-ray levels the relativity correction and the interaction energy 
between the electron spin and orbital motion must be taken 
into account. As a first approximation these lead to the equation 

W — Rhc(Z — o“i) 2 _ Rhca 2 (Z — o" 2 ) 4 f 3 1 

^ n 2 n 3 1 4 n l + 

j(j + 1 ) - 1(1 + 1 ) - 8(8 + 1)1 

2i(i + y 2 )(i + 1) y w 

in close analogy with Equation 14 of Chap. IV for the hydrogen 
levels. In this equation, as before, a is the Sommerfeld fine- 
structure constant, 

44d. The Spin Doublets. — We have interpreted the two states 
of an atom corresponding to a spin doublet, Ln — L m , for 
example, as differing only in the direction of the spin of the 
removed electron. The value of the screening constant <n in 
the main energy term is expected to depend only on the nature of 
the electron orbits, so that for these two states the main energy 
term will be the same. The doublet separation is found from 
Equation 4 by placing j = l + y 2 and j = l — y 2 to be 
aw _ Rhca 2 (Z — cr 2 ) 4 21 y 1 __ RKcol 2 (Z — c^) 4 ^ 

W n*'~ ~ 21(1 + H)(l + i) “ ‘ nH(l + l) ~' [b) 

This equation, first derived by Sommerfeld with the old quantum 
theory from considerations involving only the relativistic change 
of mass of the electron, was found to lead to difficulties when 
applied to the experimental data. It is expected that <r 2 should 
be a constant, independent of Z , for it depends mainly on the 
positions of the inner electrons relative to the removed electron, 
and these relative positions are not affected by change in ZK 
But the experimental values of <r 2 found from Equation 5 vary 

1 It is found experimentally that <r 2 and <rj do not have the same value for 
a given level, nor do <r 2 and <r 0 . Both Z — <ro and Z — <ra are averages of 
the effective nuclear charge, but different averages; (Z — <r§) % is approxi- 
mately equal to the average value of the square of the effective nuclear 
charge along the orbit, and (Z — <r 2 ) 4 to the average value of its fourth 
power. This leads us to expect <r 0 to be larger than <r 2 for a given state, o- 2 
and <r 0 should be nearly independent of Z\ since the external screening 
varies with the number of outer electrons and with their varying configura- 
tion, however, <r\ is expected to be a function of Z, in agreement with obser- 
vation. 
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markedly with Z, and in the case of the Ln — Lm doublet 
become negative for values of Z greater than 75. This discrep- 
ancy is, however, only apparent, and results from the use of 
the approximate equation with only the term in a 2 . Sommer- 
feld, using only the relativity correction of the old quantum 
theory, derived the complete expression involving terms in 

— <rs) 6 , ^ (Z — <y 4 ) 8 , etc.; these terms, while negligible for 

71 71 

the lighter elements, especially hydrogen and ionized helium, 
are of importance for the X-ray levels of the heavier elements. 
For the Ln — Lm doublet the separation in wave-numbers is 
given by the equation 


Av 


Ra 2 (Z — cr 2 ) 4 [ 
2~ 4 } 


1 + ZL(Z - cr 2 ) 2 + 


53a: 4 

2 7 


(Z - <r 2 ) 4 + 


( 6 ) 


in which <r 3 , <r 4 , . . . have been given the approximately correct 
value <r 2 . Similar expressions hold for the other spin doublets. 1 

The introduction of the observed values of Av in Equation 6 
leads to values of <r 2 for the successive elements which are remark- 
ably constant. The average value for thirty-eight elements, 
from niobium, Z = 41, with <r 2 = 3.50, to uranium, Z ~ 92, 
with <72 = 3.49, is az = 3.50, and deviations from this average 
rarely exceed 0.05. Similarly constant values of <r 2 for the other 
spin doublets are found; these are given in Table II. In agree- 
ment with expectation they increase with n; that is, with the 
size of the orbit of the removed electron, and, moreover, for a 
given value of n they increase with increase in Z, for the less 
eccentric orbits penetrate less deeply into the region of large 
effective nuclear charge. 

The 5 states, K , Li, Mi, etc., are single, so that values of <rz 
cannot be derived for them from doublet separations. Approxi- 
mate values have been obtained by an indirect method to be 
described shortly, and these are included in the table. 

These considerations, in particular the necessity for the higher 
order terms and the resultant constancy of the values of <r 2 as 
well as their reasonable magnitudes, provided one of the most 


1 See A. Sommerfeld, “ Atombau und Spektrallinien,” 4th ed., Chap. 0., 
for these expressions and for details concerning the evaluation of the screen- 
ing constants from the experimental data. 
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convincing arguments substantiating 
the wide-spread belief, from 1916 to 
1925, that the Sommerfeld relativistic 
mechanism as well as the Sommerfeld 
equation for the doublet separation was 
correct, and that these doublets arose 
from the relativistic change in mass 
alone. Soon after the introduction 
of the spinning electron, however, it was 
shown by Heisenberg and Jordan that 
the approximate equation 4 can be 
derived from the treatment of the 
spinning electron atomic model with 
the methods of the quantum mechanics; 
and recently it has been shown 1 that 
Dirac’s theory of the electron leads not 
only to the approximate equation, but 
also to Sommerfeld’s exact equation, 
including all higher terms. The equa- 
tion, as well as the values of screening 
constants derived with it, are accord- 
ingly still valid, but the mechanism 
giving rise to the doublets is now 
believed to lie in the magnetic inter- 
action of the spin moment of the 
removed electron and its orbital motion. 
For this reason the doublets are no 
longer called relativistic doublets, 
but rather magnetic or, better, spin 
doublets. 2 

A first-order perturbation treatment 
of the problem 3 of the theoretical cal- 
culation of the screening constant 
leads to the values included in Table 

1 W. Gordon, Z . f. Phys., 48: 11, 1928; C. 
G. Darwin, Ptoc., Itoy. Soc., a 118 : 654, 1928. 

2 The correction term includes both spin 
and relativity corrections, the latter, however, 
being the same for the two levels comprising a 
spin doublet. 

3 Linus Pauling, Z. /. Phys., 40: 344, 1926. 



calculated 0.167 2.11 2.85 7.04 7.94 10.37 15.55 17.20 20.43 26.27 
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II, which are in general agreement with the experimental ones. 
The method used was such as to give more accurate results with 
the more eccentric or bits, so that the excellent agreement found 
for the most eccentric orbits, corresponding to Li, Mi, Ni and 
NuNm, as well as the somewhat less eccentric MnMm, is 
particularly satisfactory. 

It is a remarkable coincidence that two such different mech- 
anisms as the relativistic change in mass of the electron and the 
interaction of its spin moment and orbital motion should lead 
to the same equation; Sommerf eld’s no longer acceptible deriva- 
tion of his still valid highly complicated formula is without 
parallel in the history of physics. The coincidence becomes 
less remarkable through Dirac’s derivation of the spin from 
relativistic equations, for the electron spin may now be con- 
sidered a relativistic phenomenon, and it is not out of place to 
speak, as Sommerfeld did, of relativistic doublets. 

44e. Moseley Diagrams for Term Values. — Bohr and Coster 
plotted (W/Rhc)M or (v/R)% against the nuclear charge, as 
shown in Figures 43 and 44, for the purpose of studying the 
properties of the first-order screening constant <n. Such graphs 
are called “ Moseley diagrams.” 1 From Equation 4, neglecting 
the fine-structure term, it is seen that the ordinates in these 

diagrams roughly represent values of — — — ; or, more accurately, 

Ti 

values of the quantity 

jv __ Z — <Tl ol 2 (Z — o- 2 ) 4 / 3 1 

VR ~ n ” 2 n\Z - <n) 14^ T+Ji 

j(j + 1) - 1(1 + 1) - s(s + 1) \ 

2i(i + y 2 )(i + 1) j (0 

1 In his first papers Moseley plotted against Z, with v the wave- 
numbers of the X-ray lines themselves. He found it necessary to assign 
particular values to Z in order that his curves should be smooth; this was 
the way in which the correct values of the atomic numbers of the heavy 
elements were first found. Two significant improvements in the construc- 
tion of Moseley diagrams were introduced by Sommerfeld, who was the 
first to use for v X-ray term values instead of line frequencies, and who 
divided them by R to obtain a dimensionless quantity {Ann. d. Phys. r 
51: 125, 1916). Bohr and Coster ( Z . f . Phys., 12: 342, 1923), using 
Coster’s careful measurements, made accurate Moseley diagrams and dis- 
cussed them in terms of the electronic configurations of the atoms, making 
especial use of their mechanism of external screening. 
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The curves consist, for the most part, of nearly straight lines 
with a slight upward curvature due to the spin and relativity 
term. It is seen that the slope of the lines is indeed roughly 
inversely proportional to n. The sudden changes in slope 
which occur at certain places are of extreme interest. These 
arise from the external screening term in cr h which has the form 
given by Equation 3, or, roughly, 


, n 2 ^ 

0-1 = <J 0 + -= ZLf — 

6 — (T 0 i Pi 

In going from one element to the following one the change of one 
unit in Z will not be of great direct significance. The addition 
of an extra outer electron, however, brings with it an increase of 

72,2 

jp _ — in <7i. If the added electron goes into an outer orbit, 

with a large radius p*a 0 , this increase will not be large; moreover, 
if for a series of elements the added electrons go into the same 
shell, their contribution to <n will be uniform and will give a linear 
contribution to the Moseley curve. But when the successively 
added electrons begin to be introduced into an inner shell there 
will be a change in the magnitude of this increase, and Z — <n 
will show a sudden decrease in slope. From Table II, Chap. 
IX, we expect such a bending at scandium, Z = 21, where the 
3d subshell begins to be occupied. At copper, Z = 29, this 
subshell is filled, and here the curves resume approximately 
their original slopes. The same effect of the occupation of the 
4 d subshell, from yttrium, Z = 39, to palladium, Z — 46, and 
of the 4/ subshell, from cerium, Z = 58, to lutecium, Z = 71, 
is also clearly evident in the diagrams. 

44f. Screening Doublets. — With <r 2 known for states forming 
spin doublets, the relativity and spin correction can be calculated 
and subtracted from the observed term values, to give the 
reduced term values v\ It is then possible to solve for cri. This 
has been done by Sommerfeld, 1 from whose book Figure 46 is 
taken. The curves show very clearly the steady increase of <ri 
with increase in Z , It is of interest to note that the curves for Mn 
Mm and MivMy are parallel, as are those for the various L and AT 
levels. This shows that the external screening for orbits with the 
same total quantum number, as 3 p and 3d, is the same, while the 
screening of inner electrons is different on account of a difference 
1 A. Sommbrfbld, u Atombau und Spektrallinien,” 4th ed. p. 460, 
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in penetration. This is in agreement with expectation; we 
expect, moreover, that the external screening will also be the 
same for 3s, and that its <n curve will parallel the others. . 

A spin doublet is formed by two states with the same value 
of l and different values of j; namely, l + and l — The 
doublet formed by two states with the same j and different 



45 SO SS 60 65 10 15 8 0 85 90 

I’iq. 46.— The screening constant <n. ( From SommcrfclcL “ AtoTribau” 4th cd. 

p. 460.) 

1% j + % and j — is called a “ screening doublet,” for a 
reason which appears when their energy difference is written 
out. The bracketed part of the spin and relativity term for the 
two states as given by Equation 4 is 

/ 3 1 . j(j + 1) — l(J> + 1) — s(s + 1) \ __ 

I4n Z + H 21(1 + V 2 )(i + 1) J 

{in j + y}’ 
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leading to a difference in 





(H = 

R n 


+ 


2n 2 1 4n 


1 

i + M 


A 


(2 - <r 2 ) 4 

(■£ — (Ti) 


( 8 ) 


As a first approximation the term in a 2 may be neglected, so 
that we may write 

a,/|s^3, (» 

\R n 

where Am is a constant. This equation expresses the screening 
doublet law, discovered by Hertz. 1 It explains immediately why 
some of the curves in the Moseley diagram are nearly parallel; 
namely, those with the same n and j but different l. 

Equation 9 should hold accurately for reduced term values. 
That it does is shown by the constancy of Am for 3p — 3d, etc., 
Figure 46. It is possible to make use of this fact to obtain 
approximate values of m and <ri for the states which form no 
spin doublets, such as 2s, 3s, etc. If an arbitrary value of m 
is chosen for 2s and the reduced term values for Li are calculated 
from the observed term values with its use, it is found in general 
that the reduced Moseley curve does not parallel that for Lii 
and Lin) that is, that Am is not independent of Z. Only by 
choosing a certain value for <r 2 , about 2.0, is this constancy 
obtained. Similarly, values of <n for other s levels can be 
calculated; this was done by Wentzel, 2 whose results are incorpo- 
rated in Table II. Knowing cr 2 for these states, m can also be 
found. The results of this treatment for Li, Mi, and Ni are 
shown in Figure 46; it obviously cannot be applied to the K 
level. Average values of A<ri as given by Sommerfeld are to be 
found in Table III. It is of particular interest that the values 
of Acri are integral multiples of the constant 0.57. 

44g. External Screening: a Quantitative Discussion. — The 
qualitative discussion given the question of external screening 
by Bohr and Coster could evidently be replaced by a quantitative 
treatment in case values of the effective radii p»c i 0 of the outer 
electron shells were known. The calculation of these radii 
for various atoms can be made with the use of a general method 

1 G. Hertz, Z. f. Phys., 3 : 19, 1920. 

2 G. Wentzel, Z. f. Phys , 16 : 14, 1923. 
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Table III. — Differences in the Energy Screening Constant o\ 



2s 
L 1 

2 V 

LnLni 

3s 

Mi 

3p 

MizMiu 

3d 

MiyMv j 

4s 

Nt 

4p 

NnNui 

4td 

NiyNy 

if 

NviNvn 

Ao-j 

1.15 

2 X 0.57 

1.70 3.49 

3 X 0.57 2 X 3 X 0.58 

2.2 4.9 10 

4X0.55 2X4X0. 6 4X4X0. 6 


of discussing the properties of many-electron atoms by con- 
sidering each orbit to be a hydrogen-like orbit in the field of an 
effective nuclear charge. For properties involving the size 



Fig. 47. — The size screening constant S 8 for various electrons as a function of Z. 


of the orbits the values of the screening constant S 8 to be used 
for the various orbits are shown in Figure 47. 1 p*a 0 should be 


1 Values of S 9 for certain values of Z are given by Linus Pauling, Proc 
Roy. Soc., A 114 : 181, 1927. In the construction of Figure 47, S t was 
assumed to be independent of Z for a given orbit except when an inner shell 
is being completed. For this reason there is probably some inaccuracy in 
the curves for Z large. 

To assist in preventing confusion, there are listed below the various 
screening constants used in this chapter, with the section in which each first 
occurs. 

o-o : energy screening constant due to inner electrons; Sec. 44a. 

o-i : energy screening constant due to both inner and outer electrons; Sec. 
44b. 

0*2: spin doublet screening constant; Sec. 44c. 

<r 8 , 0-4: spin doublet screening constants for terms of higher order in the 
Somnierfeld equation; Sec. 44d. 

S a : size screening constant, giving the average distance of the electron 
from the nucleus; Sec. 44g. 
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chosen in such a way as to give the right average value to l/r< ; 
that is, 



Fio. 48.— Values of <ro obtained from <n by correction for external screening. 

Substituting this in Equation 3, it is found that <ro and <n are 
related by the equation 

(2 - <ro) 2 - (Z - <ri) 2 + 2 n 2 2*i^A (ID 

with the aid of which <ro can be evaluated. 

The results of the application of this equation are shown in 
Figure 48. The dots represent values of <ro for the levels Li, 
Mi, and Ni calculated for representative elements. It is seen 
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that <r 0 is sensibly constant for succeeding elements; the increase 
in <7i for Mi from 26.0 for silver, Z = 47, to 38.9 for uranium, 
Z = 92, is due entirely to the external screening term. More- 
over, the characteristic shapes of the <ti curves are seen to arise 
from external screening. Quantitative verification is given 
the suggestion that the changes in slope of <ri at Z — 57 and 
Z = 71 are due to the change in external screening accompanying 
the insertion of electrons in the 4/ subshell. 

For elements with Z < 65, <r 0 for Li varies between 5.90 and 
6.00. Above Z — 65 it shows a trend, increasing to 6.7 at 
Z = 92. It is probable that this trend is not real, but is due to 
error in the S a curves in this region. 

The increase in <7 0 for the level Ni in the region from Z = 57 
to Z = 71 is the expected result of the completion of the 4/ 
subshell. 

The cr 0 curves for LuLm, MnMm, etc., are easily obtained 
from the corresponding <n curves and the Li, M h etc., curves 
in the following way. If A <7 0 and A<ri represent the differences 
in the values of <r 0 and cri for two levels in the same shell, such as 
Li and LuLm, then there hold the relations 

(Z - (To) 2 = (Z - <7i) 2 + C, 

(Z cr o Acr 0 ) 2 = (Z cr i A<n ) 2 + C, 

in which C, arising from external screening, has the same value 
for the two levels. Eliminating C, we obtain the relation 

A<r 0 = Affijl - n ~ o-o + — ' y- * 0 )}- 

It is found on substitution of numerical values that A<r 0 is equal 
to about 78 per cent of A<n for all values of Z and for all levels. 
As a result the values of Aero show the same integral relation 
as do those of A<ri (Table III), with the fundamental separation 
equal to about 0.44. 

It is possible to calculate theoretical values for <r 0 in a way 
similar to that used for 0 * 2 . 1 The results of this calculation are 
represented in Figure 48 by the dashed lines at the left, and are 
included in Table IV, together with the averages obtained from 
the experimental term values. The agreement is in general 
satisfactory; so that we are justified in saying that Sommerf eld’s 

1 The calculation consists in the application of a treatment exactly paral- 
leling that used for o- 2 , and described by Linus Pauling, Z. /. Phys., 40 : 344 
1926. 
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prediction 1 of the early development of a rational theory of 
X-ray term values has been realized; the theory has not the 
simplicity he anticipated, however. 2 


Table IV. — The Screening Constant <tq 
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<ro calculated 
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5.94 
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22.0 

45 
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42.8 
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57 
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46. COMPARISON WITH ALKALI-LIKE AND HYDROGEN-LIKE 

SPECTRA 

The foregoing description shows that there exists a great 
similarity in structure between the X-ray level diagram and 
that for the alkali atoms, the difference being mainly a difference 
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Fig. 49.*— Relative positions of the L levels for various elements, showing the 
transition from lithium, with a very wide screening doublet, to hydrogen, with 
a very wide spin doublet. 

in sign. If one turns an X-ray level diagram upside down, the 
similarity becomes evident; it is only necessary to leave out 
the X-ray levels which have n smaller than the n of the valence 
electron (in the normal state) of the alkali atom under con- 
sideration. Thus an X-ray level diagram from the M levels 
on is similar to the sodium diagram, and from the L levels on 
to the lithium diagram; the complete level scheme is related to 
that of hydrogen. 

Figure 49 gives as an example the L levels, turned upside down, 
for the elements molybdenum, Z «= 42, erbium, Z = 68, and 

1 A. Sommerfeld, “Atombau,” p. 461. 

* An approximate calculation of term values for the level MiyMy with the 
use of the Thomas-Fermi atomic model has been given by F. Rasetti, Z. /. 
Phys., 49: 646, 1928. Accurate X-ray term values are also provided by 
Hartree’s method of treating many-electron atoms, mentioned in Sec. 8. 
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uranium, Z = 92, compared with the 2s and 2 p levels of lithium 
on one side and hydrogen on the other. The scales arc 
different for each element and arbitrarily chosen so as to make 
the outer levels coincide. In lithium the spin doublet is very 
small compared with the 2s — 2 p separation; that is, with the 
screening doublet separation. In molybdenum the spin doublet 
is already of the same order of magnitude as the screening doublet 
and in uranium the spin doublet is by far the larger. In hydrogen 
there is no screening effect at all, so that the levels 2 S yi and 
2 Pyj fall exactly together. The hydrogen fine structure can be 
considered as a limiting case of the X-ray fine structure for 
very large Z. For if Z becomes very largo the screening effect 
will have relatively little influence, whereas the spin doublet 
will be very wide. The levels in lithium can be likewise con- 
sidered as a limiting case of the X-ray fine structure when the 
screening effect is large and the spin correction negligibly small. 

46. MULTIPLET STRUCTURE IN X-RAY SPECTRA 
In our treatment of X-ray spectra we have made extensive 
use of the fact that the removal of one electron from a com- 
pleted group gives rise to a doublet state of the atom, without 
paying attention to the possibility that there may be other 
incompleted groups present in the atom at the same time. In 
fact, the deductions of the foregoing paragraphs concer nin g 
the structure of X-ray levels are only strictly true when all 
electron groups in the normal atom are completed. This is 
the case only for atoms which have 'So as normal state, such 
as the rare gases or the alkaline earths. For atoms with any 
other normal state the removal of an electron from an inner 
completed group will not load to exactly the doublet levels 
described above. It is instead necessary to consider the result 
of combining the quantum vectors of the inner incompleted 
group with those of the outer one. Almost always the interaction 
between the inner group and the outer electrons will be very 
weak, so that the influence of tho outer electrons will consist 
merely in a small splitting of the original doublet levels. Each 
doublet level will be transformed into as many sublevels as 
there are possible resultants between the j's of the inner and 
the outer incompleted group. This is an extreme example of the 
(jj) coupling, similar, however, to that found in the higher 
series members of the neon spectrum. The splitting of the levels 



X-RAY SPECTRA 


193 


is usually so small that it can not be detected with the present 
resolving power of X-ray spectroscopic apparatus. 

In atoms with a partially completed inner electron group a 
large interaction between this group and neighboring electron 
groups is to be expected. Thus the fact that the 4 / orbits 
are not all occupied in the elements from cerium, Z = 58, to 
lutecium, Z = 71, must give rise to rather large disturbances 
of the doublet structure of the outer X-ray levels of these atoms. 
Investigations made by Coster, Druyvesteyn, and Van der 
Tuuk 1 have proved the existence of such disturbances in these 
elements. The levels N vl and N v n , arising from the incom- 
pleted 4/ group itself, were found to have a very complicated 
structure in the rare earths, somewhat similar to the structure 
found in optical spectra. The resolving power of the existent 
apparatus is, however, not sufficient to allow more detailed 
conclusions to be reached. 

46a. The Structure of Absorption Edges -X-ray absorption 
edges often show a complicated structure; multiple edges very 
close together, fine lines, and other structural peculiarities have 
been observed. No doubt different processes are responsible 
for this structure in different cases. 

It was suggested early in the development of X-ray theory 2 
that the ejected electron may sometimes not be removed com- 
pletely from the atom by the absorbed quantum of radiation, 
but only to an unoccupied outer orbit. The softest X-radiation 
absorbed would then have a frequency corresponding to the 
energy required to lift an electron from an inner orbit to the most 
stable of the unoccupied outer orbits. Such processes would 
lead to an absorption edge showing absorption lines on the long 
wave-length side. Absorption lines have actually been observed 8 
in argon gas, and their positions have been correlated with the 
expected energy levels. Conditions are less favorable for the 
production of these lines in solids, on account of the perturbing 
influence of surrounding atoms on the outer orbits. They 
might be expected, however, to be shown by atoms with an 
incompleted inner electron group, in which case their distance 

1 D. Coster and M. J. Druyvesteyn, Z . /. Phys., 40: 765, 1927; J. H. 
van DER Ttjtjk, Z . /. Phys*, 44 : 737, 1927. 

2 W. Kossel, Z . /. Phys.y 1 : 124, 1920. 

8 D. Coster and J. H. van der Tuuk, Nature , 117: 586, 1926; Z.j.Phys 
37 : 367, 1926. 
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from the edge of the region of continuous absorption would be 
rather large. As a matter of fact, more or less sharp absorption 
lines in the neighborhood of an absorption edge are shown by 
many elements. 

It is also possible for the absorbed quantum of radiation to 
remove two electrons from the atom; this would give rise to "a 
number of subsidiary edges in the neighborhood of the principal 
one. 1 

A further effect influencing the position and structure of 
absorption edges arises from the state of chemical combination 
of the atom; that is, from the action of the atoms with which 
it is combined. 2 This effect usually leads to a shift of the edge 
by an amount depending mainly on the valence state of the 
atom. A generally applicable quantitative theory of this shift 
has not yet been developed. 3 

47. X-RAY SPECTRA OF HIGHER RANK 

So far we have considered the X-ray levels resulting from the 
removal of only one electron from the atom. Certain X-ray lines 
which appear as satellites on the high frequency side of the ordinary 
lines can be explained as resulting from the removal of two or 
more inner electrons at the same time. The resulting spectra 
are called X-ray spectra of the second, third, etc., rank. 

Wentzel 4 was the first who called attention to this possible 
explanation of these satellites. The most recent theoretical 
treatment has been given by Coster and Druyvesteyn, 5 who 
improved Wentzel’s method by using the newer developments 
of the theory of spectral structure. That these satellites are 

1 For details concerning the not yet satisfactorily solved problem of this 
fine structure, reference may be made to K. Chamberlain, Phys. Rev., 26: 
525, 1926; J. M. Nuttall, ibid., 31: 742, 1928; G. A. Lindsay and H. 11. 
Voorhees, Phil. Mag., 6: 910, 1928; B. B. Ray, Z.f. Phys., 55: 119, 1929; 
F. K. Richtmyer, Phil. Mag., 6 : 64, 1928; etc. 

2 J. Bergengren, Z . /. Phys., 3: 247, 1920; A. E. Lindii, ibid., 6: 303 
1921; 31:210, 1925; 0. Steeling, Z. f. anorg. Chem ., 131: 48, 1923; Z.f . 
phys. Chem., 117: 161, 175, 194, 1925; Z. f. Phys., 50: 506, 626, 1928; S. 
Aoyama, K Kimura, and Y. Nishina, Z. f. Phys., 44 : 810, 1927; etc. 

3 See, however, Linus Pauling, Phys. Rev., 34: 954, 1929, for the theory 
of the shift in crystals of simple structure. 

4 G. Wentzel, Ann. d. Phys., 66 : 437, 1921. 

6 D. Coster and M. J. Druyvesteyn, Z . f. Phys., 40: 765, 1927; M. J 
Druyvesteyn, Z . /. Phys., 43 : 707, 1927. 
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actually due to multiple inner ionization has also been proved 
by various experiments on the energy required to excite the 
atom sufficiently to cause their emission. 

The energy to remove a K and an L electron from the same 
atom will be approximately equal to the energy to remove the 
K electron plus the energy to remove, an L electron from the 
element with atomic number one unit greater, for the effect 
of the removal of the K electron in changing the energy of the 
L electrons will be approximately given by increasing the nuclear 
charge by one unit. This may be written symbolically 

K(Z) + L(Z) < KL(Z) « K(Z) + L{Z) + 5 s 

K(Z)+L(Z + 1), 

in which KL(Z) signifies the energy required to remove a K 
and an L electron simultaneously from an atom of atomic number 
Z , and K(Z) and L{Z) signify the energies to remove the K or L 
electron alone. If the open space in the K shell is now filled by 
an L electron there will result an atom with twoL electrons missing. 
The energy of this state cannot be predicted with certainty. 
One reason for this is that there is some question as to whether 
the (jj) coupling or Russell-Saunders coupling will hold; in the 
latter case the coupling energy would have to be calculated, 
and this cannot be easily done. For not too small nuclear 
charge, however, the (jj) coupling may be expected to hold, 
even for two electrons in the same group. The energy L 2 (Z) 
required to remove two L electrons from the atom will then be 
given by 

2 L(Z) < L 2 (Z) = 2 L(Z) + € < L(Z) + L(Z + 1). 

The position of the spectral line corresponding to the transition 
from the L 2 state to the KL state is found in the usual way by 
subtracting the energy of the final state from that of the initial 
state * 

KL(Z) — L 2 (Z) = K{Z) — L(Z) + 3 — 6. 

Since K(Z) - L(Z) represents the ordinary X-ray line, S - e 
gives the displacement of the satellite relative to this line, and 
since 5 is larger than e the satellite will occur on the high frequency 
or short wave-length side. This conclusion is substantiated 
by experiment. Furthermore, the displacement is expected 
not to exceed a maximum value found by equating L 2 (Z) to its 
minimum value 2L(Z) ; that is 

5 - e g L(Z + 1) - L(Z). 
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That the observed satellites of the Ka lines actually lie in this 
predicted region provides support for the theory of foster and 
Druyvestoyn. 

This treatment can be easily ext (‘tided to other eases. We 
have not yet taken into account that there are three kinds of 
L electrons, corresponding to the levels Li, L», and /on. If the 
validity of the (jj) coupling can la* accepted, any one of these 
L levels can be used in the reasoning given above. !."{/.) will 
mean, for instance, either Li/m, or LnLm, or L 9 u, etc. But in 
the case of the Russell-Snunders coupling, which might occur in 
light elements for electrons of t he same group, it is necessary 
to he more careful. It will then be meaningless to sjienk of 
Lu Liu, for instance; the atom must instead be considered, as in 
optical spectra, as having a 2/d configuration, giving rise to an 
inverted 8 / > , a '/>, and a '»S' term. It has not yet been possible, 
however, to go into such details in attempting to account for the 
exact, position of the X-ray lines of higher rank. 

48. THE APPLICATION OF X-RAY LAWS TO OPTICAL SPECTRA 

The laws governing the multiplet separations in optical 
spectra have been discussed in detail in Sections 15, 22, and 251. 
As these nmltiplets have the same origin as tin* X-ray spin 
doublets a comparison of tin* two suggests itself. The optical 
spectra of a sequence of isoelectronic atoms and ions (having 
the same number of ext ranuclcur electrons) are completely 
analogous to ordinary X-ray spectra in case the atoms have 
only one valence electron. Such a sequence has been discussed 
in Section 15/), where the lip doublet separat ions of t he sodium- 
like atoms Nai to flvt were shown to Is* given by an equation 
similar to that given in Section 4 Id for X-ray spin doublet s, The 
applicability of the X-ray doublet equation to optical spectra 
was recognized by Millikan and Bowen 1 and by Land/** long 
before the reason for it was discovered. 

These investigators emphasized further the analogy Mweru 
X-ray and optical spectra, such as the law of screening doublets. 
Millikan and Bowen oven made use of deductions from Moseley 

*It. A. Mii.uk an and I. R. Bowkn, Phyn. Fit., 38: 704, ttttl; 24: yo«, 
1924. Nommorfold, in fact, had pointed out very curly (Ann. 4. Phy*., 81: 
1, 1010) that the doublet separation for lithium is given by the equation 
derived by him for hydrogen and applied also to the X-ray doublets. 

1 A. LanwS, Z. f. Phyn ., 38 : 45, 1024. 
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X-ray diagrams. In Figure 50 there is shown, as an example, . 
the optical Moseley diagram for the 3s, 3 p, and 3d levels of 
sodium-like ions. (In most optical spectra the spin doublet 
separation is so small that it can be neglected, as is done in 
this figure.) It is seen that the Moseley curves are actually 
nearly straight lines, with slopes of nearly H, which is the 
expected 1 fn in this case. This suggests that the main energy 
expression can be represented by Equation 3, which gives for 
term values 



Fig. 50. — Moseley diagram for optical levels of sodium-like atoms. This 
figure is based on one given by I. S. Bowen and R. A. Millikan. ( Phys . Rev., 
25 , 295, 1925.) 


W _ R(Z - <ri) 2 
he n 2 


( 12 ) 


instead of the usual Rydberg formula for penetrating orbits 


W Rz* 
he (n — A)*’ 


(13) 


in which z denotes the effective nuclear charge in the outer 
region of the atom. 

The applicability of Equation 12 to X-ray levels was supported 
by the argument that in the inner shells the effective nuclear 
charge varies only within relatively narrow limits along an 
electron orbit. It is accordingly an unexpected and surprising 
result that this equation can be used also for the penetrating 
orbits of the alkali-like atoms. 
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The validity of the screening doublet law for optical spectra 

is also shown by Figure 50. The curves for 3s, 3 p, and 3d are 

nearly parallel, showing that there is a nearly constant difference 

in the values of o-j for these levels throughout the isoelectronic 

sequence. Instead of studying the square roots of the term 

values, we may consider the differences of the term values 

themselves. From Equation 12 we obtain 

0 0 R(Z - <n) 2 R(Z - in - A<ri) 2 _ 

3s — 3p = — ; — -g 

* n 2 n* 

^{2Ao-i (Z — cx\) — Ao-jl 2 }. (14) 

t*-3s-3p 



Fiq. 51. — Plot of the separation 3s — 3 p for sodium-liko atoms as a function of Z . 

Since Aoi is a. constant and <ri is a linear function of Z , this 
equation shows that the separation 3s — 3p is also a linear 
function of the atomic number. The accuracy of this relation, 
is shown by Figure 51, in which are plotted the Z$ — 3p separa- 
tions as a function of Z for the sodium-like isoelectronic sequence. 
It was mentioned in Section 43e that transitions between two levels 
with the same value of n are not observed in X-ray spectra. 
In optical spectra, however, these transitions often produce 
the strongest lines observed, as in the example we are discussing. 
For this reason Equation 14 is of extreme importance, showing 
as it does a linear relation between atomic number and the 
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wave-numbers of the strongest lines in the spectra of isoelectronic 
ions. With the aid of diagrams such as Figure 51 it is possible 
to predict with great accuracy the positions of a spectral line for 
many atoms if the corresponding line has been observed for two 
atoms in the sequence. The graphical extrapolation also takes 
into account small deviations from the screening doublet law. 
It is clear that this extrapolation becomes more and more accurate 
for higher degrees of ionization, for then the effective nuclear 
charge varies less along the orbit, which becomes more and more 
similar to an X-ray orbit. 

It is possible to give a still more detailed account of the change 
of cr i with Z in the isoelectronic sequence. It was pointed out by 
Laporte 1 that in the optical region cri decreases gradually with 
increasing Z } whereas for X-ray levels it increases with increasing 
Z . This is shown in Figures 52 and 53, representing the observed 2 
values of <n for the optical state 3d 9 , corresponding to the X-ray 
level MivMv, and the optical state 4d 9 , corresponding to NxvNv. 
The increase in for X-ray levels we attributed to external 
screening, which is not operative for optical levels. Moreover, 
there is no reason to expect <tq (which equals <ri in this case) to be 
constant here. When the effective nuclear charge in the outer 
region becomes very small (Z small) the electron will tend to 
remain in this outer region, and the value of cr o will increase; 
this provides a qualitative explanation of the observed curves. 
It is of interest that the curves could easily be extended in such a 
way as to approach the values 23.8 and 40.0 found for <ro by 
correcting the X-ray values of <ri for external screening. 

Recent developments in the analysis of isoelectronic spectra 
have shown that the screening doublet law holds even in much 
more complicated cases, where one electron configuration 
gives rise to many different multiplet levels. It is found that 
the wave-numbers of homologous lines arising from transitions 
between the same two levels of the multiplet scheme for different 
atoms are approximately in linear relationship to Z in an iso- 
electronic sequence. The increase from element to element is 
different for the different transitions, though they all arise from 
the same electron configuration. 

1 0. Laporte, “Sommerfeld Festschrift/ 7 p. 128, S. Hirzel, Leipzig, 1928; 
J. E. Mack, 0. Laporte, and R. J. Lang, Phys, Rev 31: 748, 1928. 

2 These values of <r x represent the energy change accompanying the 
removal of an electron from a completed 3d or 4 d subgroup of ten electrons. 
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Fig. 52. — Screening constants for the configuration 3d 9 in optical spectra 
(shown by open circles). External screening is not operative horo; it is soon 
that these values of on tend to the cr 0 value found for the X-ray levels (dots repre- 
sent <ti for the X-ray level Mix Mx ) . 



Fig. 53. — Screening constants for the configuration 4d 9 in optical spectra. 
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Figure 54 gives the most simple example of this kind. In the 
isoelectronic group starting with carbon, Ci, the two configura- 
tions 2s 2 2p 2 and 2s2p 3 are considered. The difference between 
these states consists in the dis- 
placement of an electron from 
the 2s to the 2 p orbit, and their 
separation should follow the 
screening doublet law. How- 
ever, the configuration 2s 2 2p 2 
gives rise to a 3 P level and 2s2 p 3 
gives a ID, a 3 P, and a 3 S state. 

Figure 54 shows the frequencies 160,000 

of the lines caused by the three v 
transitions from 2s2p 3 3 P, 3 D, l4 °< 000 

and 3 S to 2s 2 2p 2 3 P, in Ci, N u , 

Om, and Fry. The transitions 120,0 00 

give rise to approximately 
straight lines, but these lines have 
different slopes. 80 _ 000 

The foregoing discussions show * ' 

that we have at present no satis- *60,000' 
factory quantitative explanation 6 ‘7 T - $ 

of the validity of the application Fig. 54.— Frequencies of corre- 
of X-ray laws to optical spectra l £ e * of carbon - like atoms a8 

(aside from the laws governing 

multiplet separations). Nevertheless, it is clear that the use of 
these laws is of extreme importance in the analysis of complicated 
spectra. The accuracy with which one can predict lines in 
spectra of highly ionized atoms has led in recent times to the 
analysis of a very large number of such spectra. 1 

1 Besides the papers already mentioned in this section, the most important 
contributions have been made by Bowen, Gibbs, Lang, Laporte, Mack, 
Millikan, Sawyer, and White in various papers in the Phys. Rev. and the 
Proc National Academy of Sciences. 
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HYPERFINE STRUCTURE AND NUCLEAR MOMENT 

49. HYPERFINE STRUCTURE AND ITS INTERPRETATION 

It has been observed that many spectral lines, especially 
those of the heavier atoms, show a narrow fine structure with 
separations of the order of one wave-number unit. These 
separations are very much smaller than those of the ordinary 
multiplet structure of heavy atoms, and for this reason these 
spectra are said to show hyperfine structure. The observed 
detail cannot be accounted for by means of the electronic con- 
figurations provided by the ordinary theory of spectra alone; it 
seems necessary either to postulate some further property of 
the electron besides its mass, charge, and spin, or to ascribe 
the phenomenon to some action of the other constituent of the 
atom, the nucleus. Of these the latter alternative is the more 
acceptible. 

The interaction of the nucleus of an atom and its surrounding 
electrons giving rise to hyperfine structure can take place in 
various ways. At the present time it is difficult to decide which 
interaction is occurring in a given spectrum; it seems highly 
probable that for different cases different interactions must be 
involved, and that for some cases at least two or more are 
simultaneously operative. 

One possible explanation is that the hyperfine structure is 
due to the existence of isotopes ; that the lines due to each isotope 
are single, but are displaced slightly from those due to the other 
isotopes of the element. Not the difference in mass (which 
would lead to very much smaller separations) but the difference 
in structure of the nuclei is held to be responsible. For example, 
the complicated nucleus might have a permanent electric dipole 
moment of different magnitude in the various isotopes; or the 
nucleus might be polarizable in the electric field of an electron, 
with the polarizability varying from isotope to isotope. In 
either case the effective field of the nucleus would not be exactly 
Coulombian and the energies of corresponding quantum states 
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would be slightly different for the different isotopes. Since 
we observe only spectral lines, which measure the differences 
between energy levels, and since there could be no intercom- 
binations between the levels of any two isotopes, it would be 
difficult to deduce from spectral data the relative positions of 
the energy levels of the different isotopes arising from such an 
interaction with the nucleus. 

It is also important to note that the presence of a permanent or 
induced electric dipole in the nucleus would not affect the 
magnetic properties of the quantum states, and hence the 
Zeeman effect for all the hyperfine structure components would 
be the same and would agree with the ordinary theory of the 
Zeeman effect. The Zeeman patterns of the different com- 
ponents would show no influence on each other, since they have 
their origin in different atoms. The experimental observation 
of complicated and unexpected hyperfine Zeeman effects for 
spectra such as that of bismuth (Sec. 52) eliminates such an 
explanation of hyperfine structure in these cases. The Zeeman 
effect for the p 5 s levels of neon as observed by Hansen 1 is, however, 
just that to be expected if the hyperfine structure arises from 
the isotope effect (neon has three isotopes 2 of mass number 
20, 21, and 22). Very probably some of the many hyperfine 
components of the mercury lines are also to be accounted for 
in this way. 

Pauli 3 pointed out that the existence of hyperfine structure 
also could be accounted for if the nucleus had an “ausgezeichnete 
Achse.” This axis could be associated with a magnetic moment, 
whose interaction with the extranuclear electrons would give rise 
to the energy terms causing hyperfine splitting of the levels. Just 
as in the case of the spinning electron, such a magnetic moment 
would be associated with a mechanical moment, whose magni- 
tude may be represented by ih/ 2 tt, in which i is a new quantum 
number, the nuclear spin quantum number . 

Recent developments in the theory of the band spectra 4 5 and 
heat capacity 6 of molecular hydrogen have shown that the hydro- 

1 H. Hansen, Naturwiss., 15: 163, 1927. 

2 T. R. Hogness and H. M. Kvalnes, Nature, 122 : 441, 1928. 

8 W, Pauli, Naturwiss ., 12: 741, 1924; see also G. Joos, Phys . Z., 26: 367, 
1925. 

^ W. Heisenberg, Z. f. Phys 41 : 239, 1927; F. Hund, ibid , 42 : 93, 1927. 

5 D. M. Dennison, Proc., Roy. Soc., a 115: 483, 1927. 
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gen nucleus, like the electron, possesses a spin moment corre- 
sponding to i = 3 'i- Its magnetic moment is probably e/Mc 
times the mechanical moment, in which M denotes the mass of 
the proton, and is thus only Ks38^ of that of the electron. 
The influence of such a magnetic moment on the spectrum of 
atomic hydrogen would be so small as to escape experimental 
observation. For heavy atoms, in which the electrons approach 
the nucleus much more closely than in hydrogen, even such a 
small nuclear magnetic moment would give rise to observable 
hyperfine structure separations. On the other hand, we know 
that atomic nuclei contain electrons which may contribute 
to the moment of the nucleus, with the production of a 
magnetic moment of the order of one Bohr magneton. This 
would give rise to observable hyperfine structure separations 
even for the very light elements. 

The hyperfine structure of energy levels and spectral lines 
arising from a magnetic nucleus can be easily described with 
the help of the vector model, as it is only necessary to add the 
nuclear moment vector to the model used in the previous chap- 
ters. The model also permits the discussion of Zeeman effect 
phenomena, which, as was pointed out by Pauli, are of extreme 
importance in the study and interpretation of hyperfine structure. 

50. THE INTERACTION OF A MAGNETIC NUCLEUS AND 
EXTRANUCLEAR ELECTRONS 

If we denote the mechanical moment vector of the nucleus 
by i and the total mechanical moment vector of the extranuclear 
electrons by j, as usual, then the resultant of i and j may assume 
different values, which correspond to the different hyperfine 
structure levels. We shall call this resultant f. The hyperfine 
quantum number f was first used by Ruark 1 in his attempts to 
derive level schemes for different hyperfine structures. The 
number of hyperfine structure levels is given by either 2 j -f 1 
or 2i + 1, according to whether j or i is the smaller of the two. 
The possible resultants for various values of i and j arc shown 
in Figure 55, in which the quantum vectors have been given the 
magnitudes y/2i + 1, vW + 1, and \/2f + 1. 

1 A. E. Ruark and R. L. Chenault, Phil. Mag., 50 : 937, 1925; A. E. 
Ruark, ibid., 1: 977, 1926; See also W. McNair, ibid., 2: 613, 1926; A. 
Schrammen, Ann. d. Phys ., 83: 1161, 1926; E. H. Collins, Phys. Rev., 32: 
753, 1928. 
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The quantum vectors i and j will precess uniformly about 
their resultant f, since their interaction is magnetic, and similar 
to that of s and 1. Considerations similar to those given in 
Section 33 for s, 1, and j could be repeated here; they would 
lead to the same exclusion rule for f as for j: 

A/ = +1, 0, —1, with / = 0 — > 0 forbidden. 

The intensity and interval rules given for ordinary multiplets 
are also expected to be valid here as a first approximation. The 
quantum numbers l , s, and j of the formulas of Section 34 are 
to be replaced by j, i, and /, respectively. The validity of 
these rules, however, requires that the interaction energy 



Fig. 55. — Composition of veotors i and j to form the resultant f. 


between the magnetic nucleus and the extranuclear electrons be 
proportional to the cosine of the angle between i and j. This 
requires verification. 1 

The interaction energy under consideration consists of two 
parts: first, the interaction of the nuclear moment and the orbital 
motion of the electrons, and second, that of the nuclear moment 
and the electron spin moments. The first can be calculated 
in a way similar to that used for the interaction between electron 
spin and orbital motion (Sec. 15). It is first necessary to find 
the strength of the magnetic field produced by the orbital motion 
of the electron at the nucleus. The magnetic energy of the 
nucleus in this field is then given by the expression 

W ‘‘ ~ iS (1) 

iSee E. L. Hill, Proc., Nat. Acad. Sci., 15: 779, 1929. 
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In this expression ig (i) is the magnetic moment of the nucleus 
expressed in Bohr magnetons, eh/4nrm 0 c ; g(i ) is the Land6 
^-factor for the nucleus, and may be very small. The factor 
to the left of ig(i) gives the magnitude of the magnetic field 
produced by the orbital motion of the electron at the nucleus. 
The average value of 1/r 3 is given in Section 7. When the 
precession of 1 about j is uniform the average value of cos (il) 
is given by 

cos (il) = cos (ij) cos (jl), 

so that this interaction energy is indeed proportional to the 
cosine of the angle between i and j. 

The interaction energy between the nuclear spin and the spin 
of an electron is given by 1 

_ 3 wa(ir)cos(sr) 

■ V v <2) 

m which r represents a vector drawn from the nucleus to the 
electron. This expression must first be averaged over the fast 
precessional motion of the penetrating orbit in its own plane 
(Chap. Ill), which gives 2 

cos (is) - 3 cos (ir) cos (rs) = — M cos (is) + % cos (il) cos (si). 

This expression can be further changed by taking into con- 
sideration the uniform precession of 1 and s about j and of j 
and i about f : 

— M cos (is) + M cos (il) cos (si) = — 14 cos (ij){cos (js) — 

3 cos (jl) cos (si)} 

1 The mutual energy of two magnetic dipoles of moments Mi and Mi is 
equal to 

M1M2 * 1 

— ■ cos (M1M2) — 3 cos (Mir) cos (M2r) | 

2 Let r lie in the zy-plane, so that 1 is parallel to the 2-axis. Then cos 
(ir) cos (sr) = (<**«,. ■+- fr/3 r + yiy r )(a a a v + jS.0 r ~b Y*7r) in which a, /3, y 
denote direction cosines. If r precesses uniformly in the xy-plane we have 

^" 2 - = K , 

all other averages = 0 , so that the expression becomes simply 
Y(aioi B + fiifit) = M(«» oc a + + yi'Yt) — Yy%y « 

= M cos (is) — cos (il) cos (si) 
The result of this averaging will be changed if the quantum mechanics is 
used. The change will be of importance for small values of l especially. 
The formula given above leads to an infinite interaction energy between the 
nuclear spin and the spin of an extranuclear electron in an s-state (Z = 0 ). 
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In this expression, too, there occurs the factor cos (ij). The 
total interaction energy of an electron and the magnetic nucleus 
can accordingly be written 

W\i = aij cos (ij) = a % L + R Z *1 + *) ~ M + D , (3) 

which shows that these hyperfine structure levels follow the 
ordinary interval rules. The proportionality factor a is given by 

a = (r) 9 ®{ l j COs(lj) + I cos (sj) - 

COS (jl) COS (si) j, 


which becomes on substituting for 
tion 15a 



its value given in Sec- 


Rhca 2 Zz 2 


a “ n*HQ + HKI + 1) 


j! ff(t) { j COS (lj) + ~ COS (sj) 


Ij cos (jl) COS (si) | • 


For many-electron atoms the expression in curly brackets must 
be summed over all the extranuclear electrons, except those 
forming closed groups. For numerical application one must 
know the values of the cosines of the angles between the quantum 
vectors. 

The order of magnitude of the hyperfine structure corre- 
sponding to Equations 3 and 4 can be estimated by comparing 
these equations with those giving the separations of ordinary 
multiplets (Secs. 15 and 29). Except for the form of the cosine 
expressions, it is seen that the equation for the hyperfine structure 
separations differs from that for multiplets only by the factor 
g(i)/Z. If the nuclear magnetism is due to spinning protons, 
g(i) will be equal to 2/1838. For penetrating orbits of mercury, 
thallium, bismuth, etc., the effective nuclear charge in the inner 
part of the orbit is about 80, so that the magnetic hyperfine 
structure separations will be about 80,000 times smaller than the 
multiplet separations. In bismuth the multiplet separations 
correspond to values of a of about 15,000 cm. -1 , and the three 
low terms whose hyperfine structure has been studied have a 
equal to —0.04, 0.08, and 0.37, in good agreement with these 
considerations. 
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60a. Separation Formulas for Hyperfine Structure. -A quantum 
mechanics treatment of the interaction energy between nuclear 
spin and the extmnuclear electrons will certainly lead to 
formulas which differ considerably from those given above', 
especially in their dependence on quantum numbers. The pari, 
of the interaction energy which contains the interaction between 
the electron spin and the nucleus will very probably be most, 
changed. It is, therefore, of little use to apply the formulas of 
the previous section to the available data as we can not expect 
to find agreement except in order of magnitude. The main 
result, that the total interaction energy will be proportional to 
ij cos (ij), leading to the interval rule, will probably still be valid 
in the quantum mechanics treatment. 

Recently Hargreaves 1 attacked the problem of the interaction 
of the nuclear magnetic moment with the electron orbit with t he 
aid of the quantum mechanics and more recently Casimir* also 
included the electron spin. Their results show that we actually 
must expect large deviations from the classical formulas in many 
cases. The quantum mechanics picture of an electron in an '» 
state is a spherically symmetrical charge distribution (Heetion 
66) around the nucleus. The spin may be represented as a 
rather complicated rotational stream in this charge distribution, 
the stream direction being that of the spin in the old picture. 
This motion of the charge will produce a magnetic field at t he 
nucleus, its direction being that of a left-handed screw rotating 
in tho same direction as the spin of the negative electron* 
Remembering that the nucleus is a spinning positive particle, 
we seo that its most stable state will be the one in which the 
nuclear spin is opposite to tho direction of the electron spin. 
Suppose tho nuclear spin quantum number to bo i; the s state 
will then be split up into two energy levels, the lower one with 
/ - i - the upper one with / - % + It is of importance 
to note that this result is just opposite to that which would Isi 
obtained with tho orbital picture for tho « state. The results of 
Casimir further make it very probable that the interaction energy 
between nuclear spin and an electron in the # state will be of the 
form 

1 J. Hargrhaves, Proc., Roy. Soe., a 124: 508, 1920. 

a Wc are very much obliged to Dr. H. B. G. Casimir, of Leiden, for niacin* 
tus os yet unpublished results at our disposal. 



HYPEBFINE STRUCTURE AND NUCLEAR MOMENT 209 


Wi = ais cos (is). (5) 

The considerations given above show thus that a must be positive, 
if the nuclear magnetism is due to positive particles. The exact 
expression for a is not yet known with certainty. 1 The formulas 
for electrons in other than $ states have also not yet been derived 
completely. 

If we may assume that for a given electron configuration 
involving one or more s electrons the observed hyperfine struc- 
ture is mainly due to these s electrons alone, Equation 5 may be 
used to derive relations among the hyperfine structures of the 
different energy levels in that configuration. Now happily s 
electrons are just the ones which penetrate nearest to the nucleus 
in the orbital picture and the quantum mechanical treatment 
also leads to the expectation that they will have comparatively 
large interaction with the nuclear spin. As a matter of fact, 
most of the hyperfine structures which have so far been observed 
are for configurations containing a deeply penetrating s electron. 

Considering a configuration of an s electron and another elec- 
tron in an arbitrary state, the hyperfine structure can easily be 
expressed in terms of the quantum vectors 2 with the assumption 
that only the s electron contributes appreciably to the interaction 
energy. A procedure quite similar to that of Section 22, with 
the use of Equation 1 and the assumption of Russell-Saunders 
coupling, gives for the interaction energy the expression 
Wi = aisi cos (isO = ais i cos (ij) cos (js) cos (ss x ) = 

Aij cos (ij). 

Here s x denotes the spin vector of the s electron and s and j the 
resultant Bpin and the resultant extranuclear moment, as usual. 
The quantum vectors of the second electron will be denoted by 
an index 2. The factor A is again the proportionality constant 
of the interval rule and governs the magnitude of the separations: 


, s ,, , Si f , j(j -j- 1) -J- s(s 1) — 1(1 -f- 1) 

A = a-, cos (js) - cos (ssO = L — 2j(j~+l) 

S(S + 1) + Si(Si + 1) — Sj(S2 + 1) /fl _ N 

2s (s + 1) { ) 

A can be expressed in terms of the Land4 gr-f actor for the state 
under consideration. Comparing Equation 6 a with Equation 


1 Very probably a = &Ra 2 ZiZ 2 g (i) /3n *’ for penetrating orbits. 

2 8. Goudsmit and R. P. Bacher, Phys. Rev., 34: 1499, 1501, 1929. See 
also H. E. White, Phys. Rev., 34: 1288, 1929; 36, 1 , 8, 1930. 
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6 of Section 27, and remembering that $i = $2 — we obtain 
A = Ha(g — 1). (6&) 

As a is positive, the hyperfine structure of the level may be 
expected to be inverted when g is smaller than 1. 

For the extreme (jj) coupling a similar treatment gives 


with 


Wi = aisi cos (ij) cos (jsi) = Aij cos (ij), 


A = a -.-cos (jsi) = 
3 


j(J + 1) + £i(jx + 1) - + 1) _ JL712*. 

a “ 2 j(j + 1) 2 — g* 


(7) 


It is of importance to mention that there exist between the 
values for A in the different couplings sum relations similar to 
those known for the g - and T- values. 

The special case of two 5 electrons can be treated without 
neglecting the influence of either, giving the relation 
A = + ^< 22 . 

The hyperfine structures in the spectrum of ionized thallium 
found by McLennan, McLay and Crawford 1 are in good agree- 
ment with Equations 6 and 7. The 3 Z>i terms have an inverted 


Table I. — Hyperfine Structure of Thallium II 


Configura- 

tion 

Lv 

Interval rule 

A 


6s7$ *Si 

5.0 cm “1 

34/2 

ai/2 4* fla/2f 

5.2 cm." 1 

QsQp 3 P 2 

3.5 

54/2 

ai/4 

5.6 


0 

34/2 

0 


6s7p 3 P 2 

3.4* 

54/2 

ai/4 

5.4 

s p i 

3.9* 

34/2 

oi/2 

5.2 

ppii 

-0.6* 

34/2 

— ffli/4 


6s6 d 3 Dj 

1.6 

54/2 

o,/12 

7.7 

*2>» 

-2.0 

34/2 

ai/4 

5.3 

l D, 

2.4 

54/2 

0 


6s7d *D, 

3,6 

74/2 

ai/0 

0.2 

‘D* 

0,6 

54/2 

a,/12 

2.9 

>D , 

-2.3 

34/2 

— ai/4 

0.1 

> 0 , 

0.3 

54/2 

0 



* (jj) coupling. 

fThe value as = 1.6 is derived from Tlj. 


. 1 J. C. McLennan, A. B. McLay, and M. F. Crawford, Proc Roy. Soc., 
a 126 : 570; 1929. 
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hyperfine structure, corresponding to the value fif = H- The 
configurations all involve a 6s electron. Only for a few of the 
levels is the separation known with enough accuracy to show 
quantitative agreement. The fact that each level is split into 
two leads to the value i — giving the thallium nucleus the 
spin moment 



Fig. 56. — The hyperfine structure of a number of terms in the bismuth spectrum. 


61. THE HYPERFINE STRUCTURE OF THE BISMUTH SPECTRUM 

Of the many spectra in which hyperfine structure is found 
that of bismuth was the first to be given a satisfactory theo- 
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retical interpretation, 1 Many interesting attempts have been 
made to construct energy level schemes from the observed 
hyperfine structure in other spectra, 2 but, partly because the 
energy levels are not always known with sufficient certainty, it has 
been possible to explain theoretically the derived hyperfine struc- 



Fig. 58. 

Fig. 57. — The hyperfine structure of the line X3596 of bismuth (above) and the 
corresponding level diagram. 

Fig. 58. — Photometer curve of X3596 (in the third order) and X2696 (fourth 
order) of bismuth. The theoretical values of the relative intensities of the com- 
ponents of X3596 are given below the curve. 

ture of the quantum states in only a few cases. Bismuth (atomic 
number 83, atomic weight 209.0) has, according to Aston, only 
one isotope. Back has made extremely interesting and beautiful 
measurements of the hyperfine structure and of its complicated 
Zeeman effects, which can be fully explained by the assumption 
that the nucleus possesses a mechanical moment and a magnetic 
moment. 

1 S. Goudsmit and E. Back, Z. /. Phys., 43: 321, 1927; E. Back and 8. 
Gottdsmit, ibid., 47 : 174, 1928. 

2 See, for example, G. Joos, Phys. Z., 26 : 357, 1925, and G. Hansen's 
article in the “Handbuch der physikalischen Optik,” II, p, 218. 
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The hyperfine structure of a number of levels in bismuth 1 
is shown in Figure 56. Thorsen 2 classified the spectrum before its 
hyperfine structure had been investigated, and assigned j-values 
to the various terms on the basis of the observed combinations 
in such a way that the selection rule A j = ± 1 or 0 was satis- 



Fiq. 60. 

Fig. 59. — The hyperfine structure of X4722 of bismuth. 

Fig 60' — Photometer curve of X4722 of bismuth (in the fourth orclor), showing 
agreement with the theoretical values of the relative intensities of the 
components. 


fied. The number of observed hyperfine sublevels in every case 
where there is resolution of the hyperfine structure is seen to be 
2j + 1, in agreement with theory. That this is true also for 
j = shows that i must be equal to or larger than From the 

1 S. Goudsmit and E. Back, Z. /. Phys., 43: 321, 1927. 

2 v. Thorsen, ibid., 40: 642, 1926. Except for the five lowest levels, 
which arise from the configuration 6 the electron configurations for the 
bismuth levels are not known with certainty. In order to facilitate reference 
to the literature, we have used the symbols originally introduced by Ihorsen, 
which from the present point of view are, however, completely meaningless. 
Thorsen’s symbols for the five lowest levels are 

Pl p% Pi P 4 P Q 

for 6p 3 % ^Yi 

Thorsen’s “2s” is probably the lowest state of the configuration 6p 2 • 7s. 
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interval ratios / and i can be determined approximately in 
accordance with Equation 3. It is found that i must be equal 
to about 4 or 5, and the analysis of the Zeeman effect (discussed 
in the following section) leads unambiguously to the value 

i = 

It will be seen from the intervals given in Figure 56 that the 
interval rules are not exactly obeyed; the deviations are as large 
as ± 5 per cent for 2 Dy, for example. These are not to be entirely 
accounted for as due to experimental error. In this case, as 
well as for many ordinary multiplets, the interactions of the 

quantum vectors are more compli- 
cated than was assumed in the 
theoretical treatment of the idealized 
model. 

The hyperfine structure of the spec- 
tral lines 2 Py 2 — 4 d", X3596 , 2 Dy — 2s, 
X4722, and 2 Py - 3d"", X4122, are 
represented diagrammatically in Fig- 
ures 57, 59, and 61. Wave-lengths 
and wave-numbers of the individual 
components and the corresponding 
term schemes are given in Table II. 
Figures 58 and 60 are photometer 
curves for X3596 and X4722 made by 
Professor P. Zeeman with the Zeiss 
microphotometer from plates of Pro- 
fessor E. Back. The line X2696 also 
Kguie 58 is s combination 
between a wide sixfold level not 
represented in Figure 56 and the fourfold level 6 p 3 2 Dy. 

It is of some interest to note the good agreement between the 
calculated intensities of Table II and the photometer curves. 
For values of f smaller than j the intensity formulas 1 of Section 
34 give the qualitative rule that the strongest lines are those for 
which / and j change in the same direction. In this case, however, 
f is considerably larger than j, and the hyperfine structure inten- 
sities become more Kke intensities in the Zeeman effect. As f 
increases in magnitude the separation of successive hyperfine 

1 As was mentioned above, $, l, and j must be replaced by i , j, and /, 
respectively, in order to make the formulas applicable to the hyperfine 
structure. 
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Table II. — Hyperfine Structure of Bismuth Lines 


2 P 

- 4 d", X3596 


/ - 4 


5 

X 

Intensity v 





3596.2560 k 2 27,798.794 cm.- 1 

L /= 6 



27,799.829 

6.1950 

5 9.266 




0.663 

6.1220 

10 9 . 829 

5 

27,801.144 

1.878 

27,799.266 

6.0625 

5.5 800.290 

4d" ■ 

0.476 


0.472 

6.0135 

5 0.669 

4 

27,800. 6o9 

1.876 

27,798.794 

5.9520 

3.5 1.144 


0.379 





3 

^27,800.290 









zp - 3 d"", X4122 


/= 4 


5 

X 

Intensity v 





4122.021 k 

6.5 24,253.138 cm. -1 

/ “ 4 

r 24,255.721 

1.872 

24,253.849 

1.898 

10 3.849 

3d"" 

J 0.706 


0.711 

1.700 

10 5.015 

5 

1 24,255.015 

1.877 

24,253.138 

1.581 

3.5 5.721 






- 2s » x4722 





X 

Intensity v 





4722.6520. 

k 5.5 21,168.640 cm. -1 





2.6180 

5 68.792 





2.5740 

3.5 68.989 





2.4330 

2 69.621 





2.3890 

5 69.819 





2.3325 

10 70.074 







,2 ># 





/- 6 5 


4 


3 


5 f 21,170.074 0.265 21,169.819 0.108 21,169.621 

2s J 0.880 0.829 

4 1 21,168.989 0.197 21,168.792 0.162 21,168.640 


levels tends to become constant, as can be seen from the interval 
rule, and at the same time the intensities change in such a way 
as to make the line pattern appear more symmetrical. 

62. THE ZEEMAN EFFECT OF HYPERFINE STRUCTURES 

The Zeeman effect of spectra showing hyperfine structure as 
the result of a magnetic nucleus is most easily described for the 
case that the external magnetic field is strong; that is, that 
the interaction of the quantum vectors (here j and i) with the 
field is much larger than their mutual interaction. The descrip- 
tion of the Zeeman effect is then completely analogous to that 
of the Paschen-Back effect for ordinary multiplets. The 
coupling between the nuclear moment i and the extranuclear 
moment j will be broken and each will have its own quantized 
projection on H, the external field (Fig. 62). We shall denote 
the component of i along H by m,-, that of j by m,-. We anticipate 
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that these vectors, in common with the magnetic quantum 
vectors previously introduced, will require to be given the 
integral or half-integral magnitudes m t * and ra 3 in order that 
equations derived with them will reflect the 
quantum mechanics and reality. 

The magnetic energy of the atom is 

W H = o{mig(i) + m^}, 

eh 

in which o is the Lorentz unit, - A H, custom- 

47rm 0 c 

arily used in the discussion of the Zeeman effect. 
g is the ordinary Land6 g- factor for the extranuclear 
electrons. Since g(i) is very small we may neglect 
the term m#(£) as being experimentally undetect- 
able. Furthermore, since the coupling between 
the magnetic nucleus and the orbital motion of the 
extranuclear electrons is very weak, the corre- 
spondence principle leads to the expectation that 
rrii will not change during a transition, and that 
the ordinary selection and polarization rules will hold for m 3 -. 

If this were the whole story, the Zeeman effect would be exactly 
the same with a nuclear moment as without, for the nucleus 
would affect neither the Zeeman energy levels nor the possible 
transitions. But we have neglected the interaction energy of the 
magnetic nucleus and the extranuclear electrons, as given in 
Section 50a. The total interaction energy becomes 

W = o{mig(j) + m 2 -g} + Aij cos (ij) (8) 

We are considering the case of a strong field, for which the second 
term is smaller than the first. To a first approximation, then, 
the Zeeman effect is the same with a nuclear moment as without. 
It is possible, however, to detect the influence of the second 
term with the best modern spectroscopic apparatus. 

The cosine of the angle between i and j is not constant, since 
j precesses about H a thousand times more rapidly than does u 
Its average value is found in the usual way to be such that 

ij cos («)“ = ij cos (iH) cos (jH) = mjrrij, 
so that the expression for the energy becomes 

E ~ omjg + Am/nii. (9) 

m can assume any of the 2 i + 1 integral or half-integral values 
from —i to +i. Hence, every Zeeman level, which would 



orientation of 
the vectors i and 
j in a strong 
magnetic field. 
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be single in the absence of a nuclear moment, will now be split 
into 2 i + 1 equidistantly spaced hyperfine levels, with a sepa- 
ration Am,. Since nu does not change during a transition, each 
of the 2 i + 1 hyperfine levels of the initial Zeeman state can 
combine with only one of the 2 i + 1 levels of the final state, the 
one having the same value of m*. This leads to a very simple 
complete Zeeman pattern for the spectral lines themselves; 
each Zeeman component is itself split into 2 i + 1 equidistant 
hyperfine components, whose separation is given by the difference 
of the product Am,- for the initial and the final states. The 
values of A for the various states can be obtained from the 
hyperfine structure in the absence of an external magnetic 
field, assuming the interval rule to be approximately correct, so 
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Pig. 63. — The Zeeman effect of the line X4722 of bismuth in a strong magnetic 
field, (a) The line in the absence of an external field, (b) The line in a field 
of strength 43,340 gauss. The figures are to scale. Between the representation 
of the ir-components and that of the tr-components are scales in wave-numbers 
v and in Lorentz units (L. U.) ; the scale also applies to the lino without field. 

that it is possible to predict quantitatively the hyperfine structure 
of the Zeeman components of a spectral line from its observed 
hyperfine structure. 

There is shown in Figure 63 as an example the Zeeman reso- 
lution of 2 D } 4 — 2s of bismuth, X4722. Here Back succeeded in 
resolving the hyperfine structure of four Zeeman components. 
Each was split into ten lines. From this it follows that for 
the bismuth nucleus 2i + 1 = 10 or i — %. The ordinary 
hyperfine structure of this line gives j = }■£, A = 0.166 for the 
initial state and j — Y%, A' = —0.040 for the final state. The 
parallel polarized components occur when wi,- — +K or — H 
for both states. The separation of the hyperfine Zeeman 
components should then be 

Am,- - A'm'j = 0.166 • K - (-0.040) • K = 0.103 cm." 1 . 
The observed value is 0.098 cm. -1 . The inner perpendicularly 
polarized components arise from the transition in m,- from to 
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% or — to — The predicted spacing of the hyperfine 
components is 

0.166 • K ~ (-0.040) • y 2 = 0.143 cm." 1 , 

while that observed is 0.141 cm.” 1 . For the outer perpendicu- 
larly polarized components only the total breadth could be 
measured. The predicted value for it is 

9{0.166 • - ( — 0.040) • (-K)} = 0.567 cm." 1 ; 

that observed is 0.520 cm. -1 . The agreement is sufficient to 
provide considerable support for the theory. 

The deviations from the calculated separations shown by the 
parallel and the outer perpendicular components are larger than 
can be accounted for as due to error in measurement. These 
deviations probably are connected with observed anomalies in 
the intensities of the hyperfine components. The same reasoning 
which showed that should not change during a transition 
leads to the conclusion that ra x * should not affect the intensities 
of the lines. We could accordingly expect each original Zeeman 
line to be split into ten hyperfine components of equal intensity. 
This is observed only for the inner perpendicular components, 
for which there is also complete agreement between predicted 
and observed separations; the other components show a depend- 
ency of intensity on m*, shown in the figure. 

The probable explanation of this anomaly is that an applied 
field of 43,000 gauss is not strong enough to produce a complete 
Paschen-Back effect; that is, to orient the vectors i and j com- 
pletely. This would lead one to expect to observe “forbidden” 
transitions and components not obeying the polarization rules. 
For, on account of the interaction between i and j, m, might 
sometimes change by ±2, provided that rrii simultaneously 
changes by + 1 to give a change of ± 1 in the total m. This 
would give rise to weak perpendicularly polarized components 
with twice the displacement of the strong perpendicular com- 
ponents. These “forbidden” components have actually been 
observed. 1 It may also happen that ra* will change by ±1 
during a transition in which m 3 does not change, giving a weak 
component with perpendicular polarization coinciding with a 
strong parallel component. These infractions of the polarization 
rules have also been observed for bismuth. 

1 Unpublished results obtained by E. Back and S. Goudsmit. 
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The hyperfine Zeeman effect in weak fields is very difficult to 
observe, since “weak” fields are those in which the Zeeman 
separations are smaller than the already very small hyperfine 
structure separations. In predicting this effect it is necessary 
to calculate the g(f) value for each hyperfine level. g(J) can be 
calculated in terms of g(i), the Landd (/-factor for the nucleus, 
and g, that for the extranuclear electrons, in a way analogous 
to that described in Section 27. This leads to the equation 


g(f) = cos (if) + gj cos (jf), 

which becomes, on neglecting the term in g{i) and introducing 
the quantum mechanics values for cos (jf), 


9(f) = g 


fif + 1 ) + j(j + 1 ) ~ *(»• + 1 ) 

W + U 


( 10 ) 


Preliminary observations on bismuth in very weak magnetic fields 
(7000 gauss) made by Professor Back seem to be in agreement 
with this equation. The experimental difficulties are such, how- 
ever, that it is not possible to deduce the (/-values with accuracy 
from the observations. It can only be said with certainty 
that g(i) is smaller than 0.01, in agreement with theoretical 
considerations and with the order of magnitude required by the 
hyperfine separations in the absence of a magnetic field. 

For intermediate field strengths it is possible to make use of the 
formulas derived by Heisenberg and Jordan and by Darwin 
(Sec. 28a), after replacing m, by g(i) • mi and mi by g ■ m,\ The 
key equation of Darwin as given in Section 28a when adapted to 
the hyperfine structure problem 1 becomes 

— -X’my—i.mi+i • ^-( j — m,- + l)(i + m t + 1) + 

X mj , m .(W - Am, mi — gm,-03 — g(i)mioi) 

-X, • j (j + m,- + 1 )(i - mi + 1) - 0. 


For a given value of the total projection 

m = mi H- nij, 

this leads to a chain of equations, the number of which is re- 
stricted by the possible values of m* and The roots of the 
determinant of this chain of equations give the energy values 


1 S. Goudsmit and R. F. Bacher, Phys. Rev., 34: 1499, 1929, 
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W associated with the given value of m. 1 To obtain the intensi- 
ties there must first be calculated the values of the X’s for each 
of the roots W from the chain of homogeneous equations together 
with the following so-called normalizing relation: 

2 + mi) \{i - m») !(j + to,) !(j - to,-) ! = 1, 

m = constant 

These values of the X’s for the initial and final level introduced in 
the following expressions give the intensities for a transition from 
a level with j to one with j' = j ± 1 : 

For m — ± 1; perpendicular components: 

1 0* , /, m * j r , f) to ± 1) = [2Xtf m ., ro . + to,) ! 

constant 

(i - TO<) !(,' + TO,) !(i — TO,-) !] 2 > 

For to — * to; parallel components: 

/(j, /, to-*/, to) = 4[SX" m m£ + irk)! 

m * constant 

0* - Wi)!0* + wty) !(i - m y )!] 2 . 
The primes refer to the final state. For the case that j r = jf, the 
formulas are somewhat different. They will be given in a paper 
in Z. /. Phys. by S. Goudsmit and R. F. Bacher. 

An interesting example is the line 6p 2 Py 2 — 7s 2 S X3776, of 
thallium. In this atom i = H, and j — Vi for both initial and 
final state. For the initial state, 7s, Av = A = 0.40 cm" 1 ; 
<7 = 2 and for the final state Av = A = 0.70 cm." 1 , g = 

In a field of 43,350 gauss the initial level shows a practically 
complete Paschen-Back effect, whereas the splitting of the final 
level is still rather distorted. Table III gives the calculated 
intensities and the calculated and observed positions of the 
components of this line in cm. -1 , referred to the center of gravity. 

Notice the slight asymmetry in the pattern, due to the incom- 
pleteness of the Paschen-Back effect, and also the occurrence of 
weak “forbidden” components from transitions for which rrii 
changes. These weak components were estimated to be about 
one-tenth as strong as the regular ones. We are very much 
indebted to Professor E. Back 2 and Dr. J. Wulff at Tiibingen 
for providing us with the preliminary results of their investiga- 

1 Each root W can be ascribed to one of the hyperfine structure levels 
designated by the quantum numbers j and /. That is why the X’s appear 
in the following formulas with these quantum numbors as indices. W could 
just as well have been chosen as an index for them. 

2 A photograph of this line, showing the strong components only, can be 
found in a paper by E. Back, Ann . der Phys., 70: 338, 1923. 
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Table III. — Zeeman Effect for X3776 of Thallium 


Parallel components 

Perpendicular components 


Position 


Position 




T 



I 



1 




Calculated 

Observed 


Calculated 

Observed 

0.8 

-2.74 

-2.75 

10 

-3.00 

-3.02 

10 

-1.43 

-1.42 

9.4 

-2.52 

-2.54 

9.2 

-1.20 

-1.22 

0.02 

-1.65 





0.6 

-0.99 

-0.98 

10 

+1.28 

l i i okI 

0.02 

+ 1.09 


9.2 

+1.36 

f + 1 . oO 

0.6 

+ 1.55 

+1.53 




10 

+2.45 

+2.43 

0.8 

+2.89 

+2.90 

9.4 

+3.08 

+3.10 


1 Too narrow for resolution, double intensity. 


tion. The agreement is so excellent that it is perhaps more 
suitable to consider it as proof of the accuracy of the work of 
these investigators rather than as proof of the theory. 

Without nuclear moment the Zeeman effect of this line in the 
same field would have been; 

parallel: —1.38 +1.38 

perpendicular: —2.76 +2.76, 

similar to the weaker one of the yellow sodium lines. 

It is very probable that in the near future the investigation of 
the Zeeman effect of hyperfine structures will provide us with 
ample material to test the theory in any case. For ordinary 
multiplets the separations are nearly always too large to give 
Paschen-Back effects and the few narrower multiplets occur 
mainly in lighter elements where the lines are often too diffuse 
for a detailed investigation. Comparison with experiments for 
ordinary multiplets has been made for the sd — sp triplet transi- 
tions in magnesium. 1 Here the sd Z D separations are extremely 
small so as to cause complete Paschen-Back effect in the applied 
field, whereas the 8 P state shows no Paschen-Back effect at all. 

53. NUCLEAR MOMENTS 

Although the investigation of the hyperfine structure of 
spectra is only in its inception, results have already been obtained 
showing that the laws governing the structure of the nucleus 

*L. Mbnsing, Z.f. Phys., 39: 24, 1926. 
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are not identical with those for extranuclear electron configura- 
tions. As both the proton and the electron have spins of Yi • h/ 2 tt, 
we would expect the total nuclear moment to be an integral 
multiple of the quantum unit for a nucleus composed of an even 
number of particles, and a half-integral multiple for an odd num- 
ber. But the expectation is not fulfilled. 

The hyperfine structure of the cadmium spectrum has been 
examined by Schuler and Bruck, 1 who discovered the important 
fact that the observed pattern must be caused by two or more 
isotopes with different nuclear moments. Omitting the strongest 
line of each hyperfine structure pattern, the remaining compon- 
ents can be explained as arising from a nuclear moment of 
Y ■ h /27 r. The strongest line is attributed to a different nucleus, 
with no nuclear moment or with such a small magnetic moment 
as to give an unresolved hyperfine separation. It has further 
been shown 2 that this single line is just at the center of gravity 
of the pattern arising from the isotope with ♦ = x- This is 
to be expected in case the shift of the energy levels due to differ- 
ent mass or different constitution of the isotopic nuclei (except 
the magnetic moment) is negligibly small, so that it provides 
further corroboration of Schuler and Briick’s interpretation. 

Cadmium has many isotopes and it is not possible at present 
to ascribe the observed nuclear moments to definite ones. But 
since the atomic number is even (Z = 48), all of the isotopes 
contain an even number of particles in the nucleus, so that the 
observed half-integral nuclear moment is very surprising. 8 

1 H. Schuler and H. BrIjck, Z. f. Phys., 66 : 291, 1929. 

2 S. Gotjdsmit, Naturwiss.j 17 : 805, 1929. It is to be regretted that the 
paper by Schuler and Brtick contains several errors, which, though small, 
prevent their arguments from being completely convincing. We have 
accordingly rechecked their results and have tested them with the intensity 
formulas and separation formulas, and have also investigated several alter- 
native possible explanations of the origin of this hyperfine structure. This 
study led to a complete confirmation of the interpretation suggested by 
Schuler and Bruck; there is no doubt that the nuclear moment of at least 
one of the isotopes of cadmium is %, • h/2ir. 

3 The first case of this kind to which attention was directed is that of 
nitrogen. The nitrogen nucleus contains 14 protons and 7 electrons, an odd 
number of particles. R. de L. Kronig ( Naturwiss.j 16 : 335, 1928) remarked 
that the alternating intensities in the band spectrum of N 2 indicate a nuclear 
moment of h/ 2 -k, rather than the expected half-integral value. But the 
more easily interpretable Raman spectrum of nitrogen obtained by F. 
Rasetti (. Proc ., Nat. Acad. Sci., 16 : 515, 1929; Nature, 123 : 757; 124 , 792, 
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Another interesting result is that the hyperfine structures of 
this cadmium isotope are inverted, which means that a is nega- 
tive. This indicates that the nuclear moment is due to nega- 
tively charged particles instead of to protons. But the magnetic 
moment of the nucleus is not of the order of magnitude of a 
Bohr magneton, as might be expected in case that it were pro- 
duced by either the spin or the orbital motion of nuclear elec- 
trons; the hyperfine separations indicate a moment roughly 
one-thousandth as great. It is barely possible that the electrons 
form a configuration with g = 0, and the protons one such that 
their magnetic moment is opposed in direction to the mechanical 
moment. A similar thing occurs in certain electron configura- 
tions (with large l and small j and with s < 1) , which have negative 
^-values. The apparent non-existence of any heavy nuclei 
with large magnetic moments makes a more generally valid 
explanation preferable. It is probable that the large energy 
changes accompanying the union of electrons and protons to 
form nuclei have the effect of decreasing very greatly the 0-factor 
for electrons. 1 (For example, the relativistic increase in mass 
of an electron moving with high velocity would lead to a 0-factor 
less than 1 for its orbital motion.) 

Besides the elements mentioned above, bismuth, thallium, and 
cadmium, the hyperfine structures of only .a few spectra have so 
far been successfully interpreted. 

In the praseodymium spectrum, all lines were found to be 
sixfold and to look about like the bismuth line X2696. Gibbs, 
White, and Ruedy 2 interpreted this by assuming that the nucleus 
of Pr has a moment % • h/ 2r, which splits each level into six 
hyperfine levels, and that for some reason only the six strongest 
combinations between two such splitted levels could be observed. 
It can easily be proved that their interpretation is completely 
correct. In fact, the lowest states in Pr will all have very large 


1929) points also definitely to a moment of h/ 2ir. The magnetic moment 
appears to be very small even though the nucleus contains an odd number of 
electrons. A further difficulty pointed out by Hbitler and Herzberg 
(Naturwiss., 17 : 673, 1929) is that the symmetry character of the nitrogen 
nucleus seems not to be that of its constituent protons and electrons. 
iG. Breit, Nature, 122: 649, 1928. 

2 It. C. Gibbs, H. E. White, and J. E. Ruedy, Proc., Nat. Acad. Sci., 
15:642,1929. 
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values of j, as can be seen from Table II of Chap. IX; namely, 
about 6. Now if i is considerably smaller than j the intensity 
formulas give the result that the strongest lines will be those 
for which/ and j make the same changes. For this special case, 
with i = % and j about 6, all other transitions will be only about 
one-tenth as strong. This explains why only the six strongest 
transitions in each hyperfine multiplet are observed. Moreover, 
if the interval rule holds for both the initial and the final state 
it will also hold roughly for the separations between these six 
strongest lines, in agreement with observation. 

An interesting fine structure has been found in the spectrum 
of ionized lithium by Schuler. 1 It has not yet been explained, 
but it is of the same order of magnitude as the ordinary multi- 
plet separations in this spectrum. If it is produced by a nuclear 
magnetic moment, its magnitude must be large, of the order of a 
Bohr magneton. 2 Indeed, lithium has one isotope with an odd 
number of electrons (atomic weight 6) ; but as yet nothing about 
its magnetic moment can be said with certainty. 3 

Schiiler 4 also discovered that each one of the yellow sodium 
lines is double, and showed that the lowest s state of sodium 
possesses a hyperfine structure with Av = 0.060 cm.” 1 . This 
2 Sy 2 state is split up into two because j = and as the splitting 
of the other levels is not known we can not say what the nuclear 
moment of sodium is, other than that it is at least 14 -h/2r. 
Perhaps a more detailed investigation of the intensity ratio of the 
hyperfine structure components can be carried out, leading to 
the determination of this moment. The band spectrum of Na 2 
shows that i is probably greater than 2. 

Similar hyperfine structures have been found in cesium 5 and 
in rubidium. 6 For cesium, the splitting of the 2 S state is Av = 
0.30 cm. -1 , for rubidium 0.11 cm.” 1 . 

1 H. SchUler, Z. /. Phys.j 42 : 587, 1928. 

2 W. Heisenberg, Z. f. Phys., 39 : 516, 1926. 

3 See the discussion of the Stern- Gerlach experiment for lithium in Section 
54. 

4 H. Schuler, Naturwiss., 16 : 512, 1928. 

6 D. A. Jackson, Proc., Roy. Soc ., a 121: 432, 1928. The speculations of 
Jackson about the nuclear moment of cesium are very uncertain. He also 
erroneously assumes that the hyperfine structure of the levels will be 
inverted. 

6 A. Filippov and E. Gross, Naturmss., 17 : 121, 1929. 
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For several other elements 1 attempts have been made to inter- 
pret their hyperfine structure and it is certain that the material 
will increase rapidly in the near future. It is of particular 
interest that only the rare earth elements of odd atomic number 
(which form a much smaller fraction of the earth’s .crust than 
those of even atomic number) show an observed hyperfine struc- 
ture. King 2 has found hyperfine structure for europium (Z = 
63), terbium (65), and holmium (67), in addition to the previously 
mentioned lanthanum (57) and praseodymium (59). He states 
that the structure of the lines often resembles that of praseody- 
mium discussed above,' 

The quantum mechanics calculations of Casimir give for the bracketed 
part of Equation 4 simply 1(1 + 1 )/j(j + 1). If we multiply the last two 
terms in the brackets with 1(1 4* 1)/(Z — + %) and use quantum 

mechanics cosines Equation 4 will give the same result as obtained by Casi- 
mir. This multiplying factor replaces the classical averaging used in the 
derivation of Equation 4 by its quantum mechanical equivalent (footnote 
2, page 206). For large l the quantum mechanics expression becomes 
identical with the classical one. 

This way of interpreting Casimir’s result has the advantage that it dis- 
tinguishes between the part due to the spin and that due to the orbital 
motion of the electron. This is necessary for future applications to many- 
electron configurations. (See, for instance, S. Goudsmit, Phys. Rev., 35: 
446, 440, 1930.) 

The discussion of the nuclear magnetic moment of Li given on pages 224 
and 229 is incorrect. The error lies in the fact that the hyperfine structure 
caused by the deeply penetrating Is electron was there compared with the 
multiplet separation caused by the non-penetrating 2p electron. Applica- 
tions of the results of Casimir and of Fermi ( Nature , 125 : 16, 1930) to this 
case show that the magnetic moment need not be large to explain the order 
of magnitude of the observed hyperfine structure. (See forthcoming note in 
Nature by S. Goudsmit and L. Young.) 

Schiller and Brtlck ( Z . f. Phys., 58: 735, 1929) have given a preliminary 
interpretation of the Li + hyperfine structure. If it is correct the nuclear 
moment of the main isotope is %, 

1 A most promising case seems to be the lanthanum spectrum, according 
to a preliminary note by W. F. Meggers and K. Burns, J. Opt Soc. Am., 
14: 449 1927. 

* A. 8. King, Phys . Rev., 34: 540, 1929. 



CHAPTER XII 


MAGNETIC PHENOMENA OTHER THAN THE ZEEMAN 

EFFECT 

There is a close connection between the spectroscopic evidence 
of interaction between atoms and an applied magnetic field, 
as shown by the Zeeman effect, and certain other magnetic 
phenomena; namely, those which can be interpreted as having 
their origin in the permanent magnetic moment of the atom. 
The Stern and Gerlach experiment is of prime importance in 
verifying our representation of the atom as having a magnetic 
moment which can assume only specified orientations relative 
to a magnetic field. The pattern of lines shown by a given 
atom in this experiment can be predicted entirely from a knowl- 
edge of the value of its moment j and Landd gr-factor. Similarly, 
spectroscopic data permit the calculation of the paramagnetic 
susceptibility of a monatomic substance. These topics as well 
as the magneto-mechanical effect and resonance polarization are 
discussed in the following sections. 

The diamagnetic susceptibility of atoms is, of course, deter- 
mined by the nature of their electron orbits, or, rather, by the 
eigenfunctions representing them; and the quantum mechanics 
provides the mechanism for its calculation. 1 Ferromagnetism 
has its origin without doubt in the characteristic resonance 
phenomenon of the quantum mechanics, although as yet the 
details of the theory have not been satisfactorily worked out. 2 
These subjects bear no close connection to spectral phenomena, 
and an extended discussion of them is not needed here. 

54. THE STERN AND GERLACH EXPERIMENT 

In 1921 Stern 3 suggested an experiment designed to test 
the predicted 4 spatial quantization of electron orbits, according 

1 W. Pauli, Z.f. Phys., 2: 201, 1920; J. H. Van Vleck, Proc ., Nat. Acad., 
12: 662, 1926; Phys. Rev., 31: 587, 1928; Linus Pauling, Proc., Roy. Soc., 
a 114: 181, 1927. 

2 W. Heisenberg, Z.f. Phys., 49: 619, 1928; “Sommerfeld Festschrift,” 
p. 114, 1928. 

3 0. Stern, Z. f. Phys., 7 : 249, 1921. 

4 A. Sommerfeld, Phys. Z., 17: 491, 1916; P. Debye, ibid., 17: 507, 1916, 
Gottinger Nackr., June, 1916. 
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to which only a discrete number of orientations of the mechanical 
moment vector of an atom relative to an external magnetic field 
are possible. (Although spatial quantization leads directly to the 
Zeeman splitting of spectral lines, this cannot be said to be a very 
direct test of the theory, for only differences in term values come 
into consideration, and, moreover, the normal Zeeman effect could 
be explained with the classical theory entirely without recourse 
to such a new and artificial mechanism.) The experiment was 
the following one. If an atom of finite magnetic moment is 
subjected to the action of an external magnetic field it will orient 
itself in such a way that its field energy is 


eh TT 


(i) 


as was seen in Sections 17 b and 27 ; the component of its magnetic 

sli 

moment along the field direction, H, is, then, equal to mg- 


that is, to mg Bohr magnetons. The magnetic 


47^^noC , 
quantum 


number m can assume the 2 j + 1 values 0, ±1, ■ • • ± j or ±y A , 
+%,••• ± j- If a stream of such atoms is sent through a 
uniform field the atoms will be oriented but not deflected by 
the field. If, however, the field is non-homo- 
geneous, there will be exerted on the magnetic 
dipole a force of magnitude 


eh dli 
m ^4rm 0 c ds 


( 2 ) 


tn +¥2 

\ 

1 Plate 

HI 


1 







in which dH/ds represents the inhomogeneity 
in the field. This force would lead to the 
separation of the stream of atoms into 2 j + 1 
individual streams, whose deviation from the 
original direction would be given by the factor 
mg. 

This experiment was carried out by Gerlach 
and Stern, 1 whose apparatus is pictured dia- 
grammatically in Figure 64. Silver is boiled 
from the vessel at the bottom into a high 
vacuum. A narrow stream of atoms, segregated by a slit, is passed 

1 W. Gerlach and 0. Stern, Z. f. Phys., 8: 110, 1921; 9: 349, 1922; 9: 
353, 1922; Ann. d. Phys., 74: 673, 1924. 


Fig. 64. — Diagram 
representing the 
Stern and Gerlach 
experiment. 
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through a highly inhomogeneous field produced by the shaped pole 
pieces of a magnet. The deflected streams impinge on a plate, 
and their traces are afterwards brought out for measurement 
by a process of development. It was found that the original 
stream of silver atoms was split into two, one of which was 
deflected to the right and the other to the left by the same 
amount. The deflections corresponded to mg = +1 and — 1, 
so that the experiment showed that silver atoms orient themselves 
in such a way that their component of magnetic moment along 
the field is ±1 Bohr magneton. 

This result is to be expected. The normal state of the silver 
atom is a 1 2 * 4 S % state, so that m can assume only the values 
and — and moreover the Landd ^-factor is for this # state 2, 
leading to the possibilities of +1 and —1 for mg. 

The Stern-Gerlach deflections to be expected for various 
spectral states are given by the following table, which can bo 
easily extended with the use of the g - values in Table V, Chap. 
VII. 

Tajble I. — Stern-Gerlach Deflections 



It has been similarly found, in part with the use of apparatus 
of increased accuracy, 1 that hydrogen, 2 copper, 3 gold, 4 sodium, 5 


1 0. Stern, Z. f . Phys., 39: 751, 1926; 41: 563, 1927; F. Knauer and O. 
Stern, ibid ., 39 : 764, 1926, 

2 T. E. Phipps and J. B. Taylor, Phys. Rev., 29 : 309, 1927; E. Wrbde, Z. 
f . Phys., 41: 569, 1927. 

8 W. Gerlach, Ann. d. Phys., 76 : 163, 1925. 

4 W. Gerlach and A. C. Cilliers, Z. f. Phys., 26 : 106, 1924. 

6 J. B. Taylor, Phys. Rev., 28: 576, 1926. 
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and potassium 1 show the same Stern-Gerlach pattern as silver, 
in agreement with the assignment of the same ground state 
2 Ste to them (as given in Table II, Chap. IX). Thallium 1 - 2 is 
found to show two streams, with mg equal to +}>{ and — 
this corresponds to the ground state 2 P^. Lead, tin, 2 - 3 zinc, 1 
and cadmium, 1 with j = 0 in the ground state, show no deflec- 
tion. Nickel 3 shows a complicated pattern, not completely- 
resolved, indicating a moment of two or more magnetons. Pre- 
liminary experiments on iron 3 showed no deflection. 

The normal state of the bismuth atom is known to have 
j = Its coupling is probably not Russell-Saunders, how- 
ever; so that the value g = 2 for the predicted normal state 
is probably not correct. Thus the state p 3 2 L>^ was found by 
Back and Goudsmit 6 to have g = 1.224, whereas if the coupling 
were strictly Russell-Saunders g would be equal to 0.800. The 
Stern-Gerlach pattern found by Leu 6 was resolved into only 
two broad lines, instead of the four predicted. Their intensity 
distribution is, however, compatible with the values j = % 
and g = 1.45, and this g - value is within the possible range for 
abnormal coupling. 

The investigation of lithium was of considerable interest 
because of Heisenberg’s 7 suggestion that the hyperfine structure 
observed by Schuler in the lithium spark spectrum might be 
due to a nuclear moment of the order of magnitude of one 
Bohr magneton. Taylor 8 obtained a Stern-Gerlach pattern 
showing that the nuclei do not possess a moment larger than 
one-third of a magneton. (This is on the assumption that 
all the nuclei have the same moment. A larger moment pos- 
sessed by the rarer isotope would not have been detected.) 

55. PARAMAGNETISM 

The well-known theory of Langevin, 9 based on classical 
mechanics, led to an explanation of the large paramagnetic 

i A. Lett, Z . /. Phys., 41: 551, 1927. 

a W. Gerlaoh and A. C. Cillibrs, Z. f. Phys ,, 26: 106, 1924. 

*W. Gerlaoh, Ann. d. Phys., 76: 163, 1925. 

4 V. Thorsen Z . /. Phys., 40: 642, 1926; S, Goudsmit and E. Back, ibid. 
43:321,1927. 

5 E. Back and S. Goudsmit, Z . /. Phys., 47 : 174, 1928. 

• A. Leu, Z. f. Phys., 49 : 498, 1928. 

7 W. Heisenberg, Z. /, Phys., 39: 516, 1926. 

8 J. B. Taylor, Z.f. Phys., 52: 846, 1929. 

8 P. Langevin, Jour . de Phys., 4: 678, 1905; Ann. de Chim . et de Phys., 5: 
70, 1905. 
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susceptibilities shown by a number of substances by attributing 
to their constituent atoms or molecules a permanent magnetic 
moment ;u, which is oriented in the magnetic field in such a way 
as to lead to an average component along the field direction of 


M 3 kT H ’ ^ 

in which k is Boltzmann’s constant and T is the absolute tem- 
perature. The corresponding value of the molal susceptibility is 


NZ C 
X - H T’ 


(4) 


in which the Curie constant C is given by 


c _ M 

3kT 


(5) 


with N Avogadro’s number. This equation (which is valid for 
H not too large) accounts quantitatively for the observed tem- 
perature dependence of the susceptibility. From measurements 
of the molal susceptibility it is possible to evaluate p. 

In the derivation of his equations Langevin assumed that all 
orientations of the magnetic moment of the atom or molecule 
relative to the field direction have the same a priori probability. 
In the quantum mechanics this assumption is no longer justified. 
The value of ju, the average moment along the field direction, can 
instead be obtained by the consideration of the Zeeman levels 
shown by the atom, ion, or molecule. For an atom with given 
values of j and g the possible orientations in a magnetic field 
correspond to the field energy values 


W m = fi m H = mg- 


eh 


4irm 0 c' 


H. 


( 6 ) 


The states with low field energy will, in accordance with the 
Boltzmann distribution law, be favored over those with hi gh 
energy to such an extent that the average field energy will be 
given by 


W = 


+i Wm 

%W n e kT 

m h* — j 



3 


W m 
kT 


(7) 
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or, expanding the exponential expressions and neglecting all but 
the first two terms, 

~w + ■■) X w -‘ 

2d - • • ■ ) (2i + 

m 

g 2 ^m 2 

= "(irtiw) ff2 (2j +* lW (8) 

Now the value of 2 m2 is H i( j + 1) ( 2 i + 1)> for j either integral 

m 

or half integral, so that W reduces to 

* V4xm 0 cj g ZkT 

or, writing TT = p,#, 

V ‘ i = zicT^ + 1 )ff 2 (w) ' 

Comparison of this equation with Equation 3 shows that the 
molal susceptibility is then 

X = rp’ with C = 3 fc7 ri(i + 1 )5 ,2 ^ m 7 c ^ ‘ d« 

The similarity of Equations 11 and 5 is striking, and sug- 
gests the immediate interpretation of Vi(i + 1) c as t ^ ie 

permanent magnetic moment of the atom with given j and g. 
This is in accord with the model we have used throughout this 
book, in which the mechanical moment vector j has been 
given the magnitude VT(j + 1). The corresponding magnetic 
moment, in Bohr magnetons, is then obtained simply by multi- 
plying by the Land6 0-factor. With this interpretation the 
original equations of Langevin are still valid in the quantum 
mechanics. 1 

1 The general validity in the quantum mechanics of the classic al expres - 
sions of this type when moment vectors are assigned magnitudes y/ j(j + 1), 
etc., has been shown by J. H. Van Vleck, (Phys. Rev,, 29 : 727, 1927; 31: 
587, 1928). It is evident that the vector j could be given the magnitude j, 
and that the correct Equation 11 would not thereby be changed; instead, 
it would be interpreted as showing that the classical factor % should be 
replaced by a quantum factor (j -I- l)/3 j. This procedure was necessary in 
the old quantum theory (W. Pauli, Phys. Z., 21 : 615, 1920; A. Sommhrfeld, 


( 9 ) 

( 10 ) 
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The measurements of the paramagnetic susceptibilities of 
monatomic gases can accordingly be made the basis of an 
experimental determination of the magnetic moment \/j(J+l)g 
(in Bohr magnetons) of the atoms ; and, conversely, a knowledge 
of the spectral state permits the prediction of the susceptibility. 
Introducing numerical values in Equation 11, we obtain 


Pi = gVj(i + 1) = 2.83 Vc. (12) 

For the alkali metals, silver, monatomic hydrogen, and, in 
general, all atoms with a 2 S ground state, g VjXT+ 1) is eq ual to 
\/3; so that the magnetic moment as calculated from the 
paramagnetic susceptibility should be \/3 Bohr magnetons. 
Measurements made by Gerlach 1 on potassium vapor actually 
lead to just this value. 2 


The diamagnetism of most ionic compounds is to be attributed 
to the fact that most stable ions have the spectral state 1 S, for 
which the magnetic moment is zero. The principal exceptions 
are discussed in the following sections. 

66a. Magnetic Moments of Ions of the Rare Earth Elements.— 
The number of paramagnetic monatomic substances whose 


Atombau,” 4th ed., p. 637, etc.). The simplicity introduced through the 
use of the classical expression is one of the strongest arguments for the 
adoption of the alternative interpretation. With the old quantum theory 
th ®, °°J Tect expressi °n for paramagnetic susceptibility was obtained only 
with the assumption of strong spatial quantization. The value of cos 5 ^ 
then became (j + l)/3 j, with m 2 equal to j*g*. The difficulty introduced by 
this treatment was that the experiments were carried out under conditions 
such that there was no spatial quantization. The number of collisions in 
unit time of an atom or ion with others in the case of Gerlach’s experiments 
with sodium, as well as m the rare earth solutions and crystals, is very much 
larger than the frequency of Larmor precession in the applied fields. Under 
such circumstances there is no spatial quantization and the classical value 

wdtlT the observations. ^ ^ ^ *° * “ dire0t con “ion 


T5 ! new qua f “ e <*anics avoids this difficulty, by giving the value U 

J placZT ^+ l)? 82 " b ° th “ d With ° Ut Spatial *l uan tization, 

1 W. Gerlach, Proc Como Congress, Vol. I, p. 77, 1927. 

_ 'r^ fl the SoUd s ^ at ® these . meta ls no longer retain their spectral state; instead 

Mticl f ° I d P08e ? IV p °f T 10ns ’ ™ th gr0Und state 1S (and henoe diamag- 
ehc), and metalhc electrons. The explanation of the observed small 

temperature-independent paramagnetic suscept bility of the alkali metals 
as resulting from orientation of the spin moments of the metallic electrons 
was given by W. Pauli, Z. /. Phys., 41 : 81, 1927. electrons 
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susceptibility can be measured in the vapor phase is not large. 
It is possible, however, to interpret the paramagnetism shown 
by many salts, in particular those of the rare earth elements 
and the elements of the iron group, as arising from the orientation 
of the permanent magnetic moments of the cations in the mag- 
netic field, and to apply Equation 12 to them. This procedure 
seems justified especially in the case of aqueous solutions, in 
which the ions presumably can orient themselves freely. It 
might be expected that in solid salts surrounding atoms would 


Number of 4f Electrons 



Fio. 65. — Tho spectroscopic magneton numbers for rare earth ions (points 
on the curve) and the values calculated from tho observed paramagnetic sus- 
ceptibilities (open circles). 


interfere with the orienting process; it is found experimentally, 
however, that the molal susceptibility of solid salts is usually close 
to that shown by the same salts in solution. 

Hund 1 was strikingly successful in applying these considerations 
to the series of rare earth elements. All of these elements, 
from lanthanum, Z = 57, to lutecium, Z = 71, form trivalent 
ions; and their salts are usually strongly paramagnetic. The 
spectra of the rare earths have not been analyzed. Hund 
assumed the usual structural rules: (1) that all of the outer 

1 F. Htjnd, Z. f. Phya., 33 : 345, 1925. 
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electrons in the ions are 4/ electrons 1 (as in Table II, Chap. IX), 
(2) that the stable term (with Russell-Saunders coupling) is in 
each case that with the largest s and the largest l, and (3) that 
the terms are regular for the first half (small j stable) and inverted 
for the second half (large j stable) of the series; and in this way- 
predicted the j and g values given in Table II. These values 
are in good general agreement with the experimental ones, as is 
seen from Figure 65 also. The discrepancy shown by europium, 
Z = 63, is unexplained; it is possible that it arises from impurities 
in the sample used. 2 

These considerations indicate strongly that the normal states 
of these ions are the ones predicted. 

66b. The Paramagnetic Susceptibility of Ions of the Iron- 
group Elements. Hund pointed out that calculations similar 
to those which he made for the rare-earth ions do not lead to 
results in good agreement with experiment in the case of com- 
pounds of elements in the iron group. The expected normal 
states of ions from Sc 3 + and Ca++, with no 3d electrons, to Cu+ 
and Zn++, with ten 3d electrons, are given in Table III. The 


R. C Gibbs and H. E. White (Phys. Rev., 33: 157, 1929) have recently 
presented evidence that the normal state of Ce+» as a gas is 5 d>D % , instead 
of as assumed by Hund; it is possible, however, that is stable 

for Ce +3 m solution and in crystals. 

* discrepancy shown by trivalent samarium has been explained by Dr. 

b. Freed, to whom we are indebted for the personal communication of the fol- 
lowing results Magnetic measurements on Sm 2 (S0 4 ) 3 ■ 8H 2 0 of great purity 
(purified by the late Prof. C. James of the University of New Hampshire) 
showed that several states of the samarium ion exist at ordinary tempera- 
tures. The magneton number calculated from the low temperature 
susceptibility approaches Hund’s predicted value. At higher temperatures 
the magneton number is larger, for an appreciable fraction of the ions are 
m an upper state with larger moment. Spectroscopic proof of these states 
nas been reported by Freed and Speeding, Nature, 123: 525, 1929. 

The magneton number of divalent samarium in SmCl a was found by Freed 
to be about the same as that given by St. Moyer for trivalent europium, 
indicated m Figure 65. Freed pointed out that this agrees well with the 
predicted moment if it is assumed that the configuration is 4f<5d6s; but this 
configuration is improbable. Very recently J. H. Van Vlbok and A. Frank 
Phys. Rev., 34: 1495, 1625, 1929, have applied Van Vleck’s formula for 
paramagnetic susceptibility taking into account second-order terms to the 
rare-earth ions, obtaining theoretical magneton numbers in better agree- 
ex P en ment than those given by the simple theory. The values 
T^differ by more than 0.1 from those in Table II are H + », 2.83- Sm+» 
1.66; Eu », 3.53. This work makes the agreement between theory and 
experiment complete. (See footnote on p. 237.) 
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Table II. — Magnetic Moments of Rare Eabth Ions 


Ion 

Number 
of 4/ 
electrons 

Ground 

state 

3 

9 

i 


Experimental val- 
ues of 2.83 VG 

gy/j(j + 1 

Cabrera 

St. Meyer 

La +3 

0 

»£ 

0 

% 

0.00 

diarm 

ignetic 

Ce+a, Pr +4 . . . 

1 

2 F 

% 

x 

2.54 

2.39 

2.77 

Pr +3 

2 

3 H 

4 

% 

3.58 

3.60 

3.47 

Nd +S 

3 

V 

X 

X i 

3.62 

3.62 

3.51 

I1+ 3 

4 

V 

4 

% 

2.68 



Sm+ 3 

5 

•ff 

X 


0.84 

1.64 

1.32 

Eu +3 

G 

7 F 

0 

% 

0.00 

3.61 

3.12 

Gd +3 

7 

*S 

X 

2 

7.9 

8.2 

8.1 

Tb +3 

8 

7 F 

6 

« 

9.7 

9.6 

9.0 

Dy+» 

9 

MI 

l X 

X 

10.6 

10.6 

10.6 

Ho +3 

10 

*J 

8 

% 

10.6 

10.5 

10.4 

Er +S 

11 

V 

16 A 

% 

9.6 

9.5 

9.4 

Tu +3 

12 

HI 

6 

% 

7.5 

7.2 

7.5 

Yb +3 

13 


7 A 

X 

4.5 

4.4 

4.6 

Lu +3 

14 


0 

% 

0.00 

diamagnetic 

I 


Table III. — Magnetic Moments of Iron-group Ions in Lowest State 


Ion 

Number 
of 3 d 
electrons 

Term 

i 

9 

ffVjU + 1) 

Experimental 
values of 

2.83 V? 1 

K + , Ca ++ , Sc+ 8 , Ti+< 

0 


0 

% 

0.00 

diamagnetic 

v + < 

1 

*D 

% 

H 

1.55 

1.7 

Y+3 

2 


2 

X 

1.63 

2.4 

Cr+», Mn+‘, V++ 

3 

*p 

X 

% 

0.78 

3.8, 4.0 

Cr ++ , Mn+ 3 

4 

B Z> 

0 

% 

0.00 

4.8 

Mn + +, Fe +3 

5 

*S 

% 

2 

5.96 

5. 8-5. 9 

Fe ++ 

6 

B D 

4 

K 

6.76 

5. 2-5. 3 

Co++ 

7 


% 

X 

6.68 

4. 8-5.0 

Ni + + 

8 


4 

% 

5.64 

3. 2-3. 4 

Cu ++ 

9 

a D 

X 

X 

3.56 

1. 8-2.0 

Cu + , Zn ++ 

10 

*5 

0 

% 

0.00 

diamagnetic 


1 The experimental values are for solutions and solid salts as collected by B. Cabrera, 
Jour, de Phys . et U Radium , 6:241, 273, 1925, and E. C. Stoner, “Magnetism and Atomic 
Structure,” London, 1920, exoept for the various ions of vanadium, values for which were 
reported by S. Freed, J, Am, Chem. Soc ., 49; 2456, 1927. 
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corresponding values of g\/j(j + 1), giving the expected number 
of Bohr magnetons for compounds containing these ions, are 
plotted in Figure 66, together with the experimental values 
of ju, for these compounds. It is seen that the agreement is 
poor except at three points; namely, Ca ++ and S.c +3 , with 1 So] 
Mn++ and Fe+ 3 , with 6 /Sy 2 ; and Cu + and Zn ++ , with as 
ground state. 

Laporte and Sommerfeld 1 were led by this observation to 
develop an explanation for the discrepancy. The S states are 
all single; there is for them only one possible value of j. Each 


Number of 3d Electrons 



Fig. 66.- -Theoretical magneton numbors for the iron group ions (points on 
the curves) and values from the paramagnetic susceptibilities of solid salts and 
solutions (open circles) . 

of the D and F states, on the other hand, leads to a number of 
multiplet levels. For each of the rare-earth ions only one of 
these levels need be considered; namely, the one with the smallest 
or largest j, according to whether the state is regular or inverted ; 
for the multiplet separation is so large that for thermodynamic 
equilibrium at ordinary temperatures all but a negligibly small, 
fraction of the ions are in the lowest state. The multiplet 
separations for the iron-group ions are expected to be small, 
however, so that there may be present appreciable numbers of 
ions in levels other than the lowest. 

The number of ions occupying one of the levels of the multiplet, 
characterized by the value of j and by the energy difference 

1 0. Laportu and A. Sommerfeld, Z. f. Phys., 40 : 333, 1926. 
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AW j between the level under consideration and the lowest 
level, is given by the statistical equation 

N __ y (2j+l)e~A*W 

! J(2i + l)r‘W 


(13) 


in which 2 j + 1 is the quantum weight of the j th level. The 
moment of each ion is gVjti + 1); and the susceptibility of the 
substance is determined by the averaged square of the moments 
of all the ions present. It is further assumed that the applied 
external field is not strong enough to produce the Paschen-Back 
effect for the multiplet under consideration. This leads to the 
equation 


M = 2.83 VC = 


+ i)(2 j + i)e~ AWi/kT 



^(2 j + l) e -A Wi/kT 




(14) 


The values of jH resulting in two limiting cases are easily 
computed. In case AW j is large compared with kT only the 
lowest level is occupied by an appreciable number of ions and 
the magneton numbers reduce to those of Table III. If AWj 
is small compared with kT the exponential terms can be replaced 
by unity and the sums evaluated. On doing this there result 
the values of ju given in Table IY. These values are symmetrical 
about the point with five 3d electrons, for under these conditions 
the distinction between regular and inverted terms vanishes. 1 


1 An expression differing from Equation 14 has been derived by Van Yleok 
( Phys . Rev., 31 : 587, 1928) for the case of AWi small compared with kT; 
namely, 

£ - {4s(« + 1) +ZG + 1)}* 4 . 

This includes certain large second-order Zeeman-effect terms^not included 
in the treatment of Laporte and Sommerfeld. The values of m given by the 
expressions usually differ by no more than 2 or 3 per cent, however, so 
that Equation 14 can be used in most cases. The formula given by Van 
Vleck is identical with the one obtainable by the method of Sommerfeld 
and Laporte if the applied field is assumed to be strong enough to produce 
the Paschen-Back effect for the multiplet under consideration. Van Vleck’s 
result thus shows that a large kT has the same effect on the susceptibility as 
a strong external field. 

At first sight, one might expect the presence of a nuclear magnetic moment, 
as treated in the previous chapter, to have some influence on the suscepti- 
bility. The hyperfine splitting is so small, however, that kT is very much 
larger than AW. This leads to the same result as in a strong field, where 
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Table IV. — Magnetic Moments Calculated fob Ikon-group Ions 

with A W Small 


Number of 

3 d electrons 

Term 

3 

9 \ 


0 10 

l £ 

0 

% 

0.00 

1 9 

2 D 

Yi Vs 

H % 

2.92 

2 8 

*F 

2 3 4 

H % % 

4.34 

3 7 

4 J? 

M % X H 

/o "%5 2 Ml Yi 

4.97 

4 6 


0 12 3 4 

H Ys M K H 

5.23 

5 

*S 

H 

2 

5.95 


It is seen from Figure 66 that the new curve agrees well with 
the experimental values for Fe++ and Co -1 ", as well as for the 
ions with single ground states, for which the curves coincide. 
The experimental values for Cr ++ and Mn+ 3 as well as for Cr +3 
and Mn+ 4 lie between the two limiting curves, but near the one 
corresponding to small multiplet separation. All of these results 
are gratifying. It is, however, not possible at the present 
time to account for the location of the experimental points for 
Ni ++ and Cu~ + , which lie outside of the region included by the 
two limiting curves. 1 


56. THE MAGNETO-MECHANICAL EFFECTS 


The Barnett 2 effect and its inverse, 3 the Einstein-de Haas 
effect, are of some interest in connection with spectral states. 
In the Barnett experiments a cylindrical bar of a ferromagnetic 
substance is set into rapid rotation, and the ratio of the 
magnetic moment to the angular momentum set up is measured. 


the coupling between the nuclear moment and the extranucloar electrons is 
broken. It may be easily verified that the nucleus will have no influence on 
the susceptibility under these circumstances. It must be mentioned that 
for this case only the treatment given by Van Vlock is correct; the mothod 
of Sommerfeld and Laporte would have given quite different results 

1Q - Laporte, Z. f. Phys., 47: 761, 1928, has calculated AW for these 
elements with the spin-doublet formula, and introduced these values in 
Equation 14, without getting better agreement with experiment. 

2 S. J. Barnett, Phys. Rev., 6: 239, 1915; 10: 7, 1917; see also 0. W 
Richardson, Phys. Rev., 26 : 248, 1908. 

3 A. Einstein and W. J. de Haas, Verh. d. deutsch. phys. Oes., 17: 152 
1915; A. Einstein, ibid., 18: 173, 1916; W. J. db Haas, ibid., 18: 423 1916- 
Proc., Amsterdam Acad., 18: 1281, 1916; J. Q. Stewart, Phys. ItL, 11: 
100, 1918; E. Beck, Ann. d. Phys., 60 : 109, 1919. 
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This experiment, as well as its inverse, leads to values for the 
ratio of magnetic to mechanical moment (in the usual quantum 
units) of about 2 for all substances, which corresponds to the 
Land 6 0 -factor for the electron spin moments. The recent 

accurate experiments of Barnett , 1 however, give 1 87 1 89 

for this ratio, the same value resulting from measurements of 
the Barnett effect and the Einstein-de Haas effect. The ratio 
to be expected for the spin moments of the conduction electrons 
in the metals is the g- factor for electron spins, which is 2 . It 
seems probable that the observed deviation from 2 arises from 
the contribution of the metal ions. In iron, for example, with 
which most of the experiments were made, there are probably 
both trivalent and divalent ions present. For Fe+ 3 , as is seen 
from Tables III and IV, the p-factor is equal to 2 at all tempera- 
tures, and for Fe++ it is equal to %. It is possible that these ions 
might be present in such numbers as to lead, together with the 
metallic electrons (with g = 2 ), to an average g equal to that 
observed. 

67. POLARIZATION OF RESONANCE RADIATION IN A MAGNETIC 

FIELD 

A phenomenon which also is closely connected with the Zeeman 
effect is the polarization of resonance radiation in an external 
magnetic field. Wood and Eliott 2 discovered that if resonance 
radiation (Sec. 12 c) is produced by means of an incident beam of 
polarized light, the polarization of the resonance radiation will 
be influenced by the presence of an external magnetic field. 
Even the earth s field is sufficient to cause partial depolar- 
ization. We shall demonstrate the explanation 8 of this effect 
with the help of a simple example, the yellow sodium lines. 
Figure 21 of Section 17 d represents the level scheme of these lines 
in a magnetic field. In the unexcited vapor all atoms will be in 
either one of the two magnetic levels of the 2 <S state. If a beam 

l S. J. Barnett and L. J. H. Barnett, Proc., Amer. Acad., 60: 127, 
1925; S. J. Barnett, Phys. Rev., 31: 1116, 1928. 

References to other recent articles are given in the Proc., Amer. Acad, 
paper. 

a R. W. Wood and A. Emubtt, Proc., Roy. Soc., A 103 : 396, 1923. 

’ A. E. Ruark, P. Foote and F. L. Mohler, Jour. Opt. Soc. Amer., 7 : 
415, 1923; W. Hanlb, Naturmsa., 11: 690, 1923; G. Breit, Phil. Mag., 47 : 
832, 1924; P. Prinosheim, Z. f. Phys., 23: 324, 1924; G. Joos, Phys. Z., 26: 
130, 1924. 
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of unpolarized light of the correct range of wave-lengths is sent in, 
absorption will bring the atoms into all the magnetic levels of 
the 2 P state. In falling back to the normal state the resonance 
line will show the ordinary Zeeman effect. In the experiments on 
resonance radiation, however, the intensity is too small to use 
spectographs of sufficient resolving power to show this, and all 
Zeeman components of both the sodium lines are seen as one 
line. As the intensity of all parallel components is equal to the 
intensity of all perpendicular components this one line will 
generally appear to be unpolarized. 1 

Suppose now that the incident beam is directed at right angles 
to the lines of force of the magnetic field, and that the light is 
polarized with the electric vector parallel to these lines of force. 
In this case only the parallel components of the Zeeman pattern 
can be absorbed by the vapor. The atoms will be raised only to 
those magnetic levels of the 2 P state which have m — + or — 
the two levels with m = +% and — % remaining empty. 
When the atoms then fall back into the normal state the Zeeman 
pattern of the resonance line will be incomplete, with two of the 
perpendicular components missing. This means that the 
unresolved observed line will contain an excess of parallel 
polarized light and so be partially parallel polarized. This 
excess divided by the total intensity of both parallel and per- 
pendicular light is called the degree of polarization and can be 
easily obtained by means of the intensity formulas of Section 35. 
For this special example it is found that the expected degree of 
polarization is 60 per cent. Similar considerations can be used 
if the incident beam is perpendicularly polarized. 

In a general case it is necessary to be rather careful in the com- 
putation of the degree of polarization. The intensity formulas of 
Section 35 hold only in case the initial states are normally filled; 
that is, the population must be the same for all values of m. The 
special type of excitation, however, may cause this condition to 
be not fulfilled. In accordance with the sum rules of Section 35, 
the normal population of each level is proportional to the inten- 
sity of the parallel plus twice the intensity of the perpendicular 
components arising from that level. In the case that the inci- 
dent beam is parallel polarized, the population of the upper 
states due to the absorption will then only be proportional to 
the intensity of the parallel components of which they are tho 

1 See however footnote 2 on the next page. 
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tho\f^ a ^ e ^ a ^ sor P^ on - Let us denote the magnetic levels of 
o,L^ Pe \ 8i : aU by a ^script 1 «• The sum of the parallel 
components having the level « as final level in the case of absorp- 
wc wi call 7r a , the sum of all the perpendicular components 
f“* , the proportionality factor, the population of this 

M-vcu under normal conditions of excitation will be 


A ~ TTa + 2 <T aj 

ftrni this will be the same for all levels of this state. But if we 
take the incident beam to be parallel polarized this population 
wi o only ir a . The emitted Zeeman components of the reson- 
ance light will thus have only -kJ A times their normal intensity, 
i he total intensity of all the emitted parallel light will be pro- 
portional to 


J' T “’ 

in which the sum is to be taken over all the magnetic levels of the 
upper state. There is similarly found for the total intensity of 
all perpendicular components 



and finally for the degree of polarization 

Sr tt (37r a — A) 

27T«(7r a + A) 

In certain simple cases we may introduce for tt* its expression 
in terms of quantum numbers, but in general this does not give 
a simple formula. It is not difficult to derive the expressions 
for the case that the incident beam is perpendicularly polarized. 2 

The actual experiments are not in complete agreement with 
the calculations. No satisfactory explanation for some of the 
discrepancies has been given up to the present time. Recently 
Dr* A. Ellett suggested to us that the presence of a nuclear 
moment might be the cause of the deviations. Indeed one sees 
that in weak magnetic fields, not strong enough to produce a 

4 We cannot use the quantum number m for this purpose, as we are think- 
ing of the general case where both the upper and the lower state are multi- 
pletu, so that a certain value of m can occur several times. 

* Our method also shows that when an unpolarized incident beam is used 
perpendicular to the field the populations will not be normal, but only + 
&at giving partial polarization. We have assumed above that the incident 
beam is of uniform intensity over the whole line pattern; complications are 
Introduced if this is not fulfilled in the experiment. 
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Paschen-Back effect upon the hyperfine structure, the considera- 
tions given above for the yellow sodium lines will be altered 
considerably. It is very probable that the idea put forward by 
Dr. Ellett will prove to be of great value in determining nuclear 
moments in cases where the hyperfine structure can not be 
investigated successfully . 1 

In the complete absence of an external magnetic field the 
resonance polarization will be the same as in the presence of a 
weak field parallel to the electric vector of the incident beam. 
There will, of course, not be a sudden discontinuity between 
“no field” and a very weak field. According to Bohr the 
external field can only be considered as being “present” if the 
atoms have time to make at least one complete Larmor pre- 
cession around the field before they are disturbed by collisions or 
other causes. Fermi and Rasetti 2 have investigated the reson- 
ance polarization of mercury in rapidly alternating magnetic 
fields. They found that if the frequency of the field is larger 
than the Larmor frequency of the state under consideration 
the polarization of the fine is the same as in the absence of a field. 

1 W. M acN air, Phys. Rev., 31 : 986, 1928, has shown that discrepancies in 
the resonance polarization of the mercury line A2537 are duo to some of its 
fine structure components, which have a different Zeeman effect from the 
main line. 

2 E. Fermi and F. Rasetti, Nature , 115: 764, 1925; Z.f. Phys., 33: 240, 
1925. 



APPENDIX I 

VALUES OF PHYSICAL CONSTANTS 1 


Velocity of light. . 
Electronic charge 


Specific electronic charge (spectro- 
scopic)* 


Specific electronic charge (deflection) 


Planck’s constant 

Rydberg constant for hydrogen 

Rydberg constant for ionized helium. 
Rydberg constant for infinite mass. . . 


Avogadro’s number 

Boltzmann constant 

Mass of electron (spectroscopic) 

Mass of proton 

Ratio mass proton to mass electron 

(spectroscopic) 

Ratio mass proton to mass electron 
(deflection) 


c = (2.99796 ± 0.00004) X 

10 10 cm. sec. -1 
e = (4.770 ± 0.005) X 10" 10 
abs.-c.s.w. 

e/c = (1.5911 ± 0.0016) X 10" 20 
abs .-e.m.u. 

e/m » (1.761 ± 0.001) X 10 7 abs. 

e.m.u. g." 1 

(fi/m)e - (5.279 ± 0.003) X 10 17 
abs. e.s.u. g." 1 
e/m = (1.769 ± 0.002) X 10 7 abs. 

e.m.u. g." 1 

(e/m)c = (5.303 ± 0.006) X 10 17 
ahs.-e.s.u. g ." 1 

h = (6.547 ± 0.008) X 10" 27 
erg sec. 

Rn = 100677.759 ± 0.05 cmr 1 
Rut = 100722.403 ± 0.05 cm.' 1 
R « = 100737.42 ± 0.06 cm." 1 
R*c = (3.2S988 ± 0.00004) X 

10 1B sec." 1 

N = (0.6064 ± 0.0006) X 10 24 
mole - * 1 

h « (1.3709 ± 0.0014) X 

10" 16 erg deg. -1 

"• = « = (9,035 * 

0.010) X 10-28 gm 
Mp - (1.0609 ± 0.0017) X 

10~ 24 g. 

- 1838 ± 1 

- 1847 ± 2 


1 From the compilation of R. T. Birgis, Phye. Rev. Sup., 1: l y 1929. 

* The probable values of e/m as determined spectroscopically and from 
deflection experiments are in disagreement. For use in spectroscopy the 
spectroscopic values are preferred. 
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Wave-number associated with 1 abs- 

volt 

Wave-length associated with 1 abs.- 

volt 

Energy of 1 abs.-volt-electron 

Fine-structure constant 

Reciprocal of fine-structure constant 

Square of fine-structure constant 

Bohr unit of angular momentum 

Magnetic moment of 1 Bohr magneton 
(spectroscopic) 

Magnetic moment of 1 Bohr magneton 
(deflection) 

Magnetic moment per mole for 1 Bohr 
magneton per molecule (spectro- 
scopic) 

Same (deflection) 

Zeeman displacement per gauss 

Radius of Bohr orbit in normal H 

General spectroscopic doublet con- 
stant 

Hydrogen doublet constant 

Energy per mole for 1-abs. -volt-elec- 
tron per molecule 

Multiplier of (Curie constant )H to 
give magnetic moment per mole- 
cule 

Same to give Bohr magnetons per 
molecule, 


= 8106 ± 3 cm" 1 abs.-volt" 1 

- — - (12336 ± 6) X 10-* 

e 

cm. abs.-volt. 

- (1.5911 ± 0.0016) X 

10" 12 erg 

a = = (7.284 ± 0.006) X 

he 

10" a 

- « 137.29 ±0.11 
a 

= (5.305 ± 0.008) X 10“' 

^ = (1.0420 ± 0.0013) X 

10" 27 erg sec. 

M o = (0.9175 ± 0.0013) X 

10" 20 erg gauss" 1 

mo = (0.9216 ± 0.0016) X 

10" 20 erg gauss" 1 

ix qN = 5564 ± 10 erg gauss" 1 
mole -1 

mo N = 5589 ±11 erg gauss" 1 
mole" 1 

= (4.674 ± 0.003) X 10" 6 

cm." 1 gauss" 1 

a 0 = (0.5285 ± 0.004) X 10" 8 
cm. 

R*a 2 = 5.822 ± 0.009 cm." 1 

= 0.3637 ± 0.0006 cm." 1 
lb 

- 23055 ± 4 cal. i6 mol" 1 

(^y^= (2.604 ± 0.003) X 10-*° 
erg"K deg."H moleH 

(3fc/W) g = 2 83g4 ± 0 0019erg -j* 

MO 

gauss deg."J4 moleH 



APPENDIX II 

RELATIONS AMONG ENERGY QUANTITIES 

The first line of the table has the following significance: the 
energy of a quantum of light of wave-number 1 cm. -1 is 1.963 X 
10 16 erg, and is also 1.234 X 10~ 4 times the energy of an electron 
which has fallen through a potential drop of 1 volt; and a mole 
of such quanta has a total energy of 2.844 cal. 

1 cm. -1 = 1.963 X 10~ 16 erg = 1.234 X 10~* v.e. = 2.844 cal/mole 
1 v.e. = 23065 cal/mole = 8106 cm. -1 = 1.591 x 10 -12 erg. 

1 cal/mole = 0.3516 cm. -1 = 0.6901 X 10" 18 erg = 4.338 X 10“ 5 v.e. 

1 erg = 0.6285 X 10 12 v.e. = 1.440 X 10 18 cal/mole = 0.5095 X 10 18 cm. -1 

The wave-length X, in Angstroms, of light a quantum of which 
has the same energy as an electron which has fallen through the 
potential drop V, in volts, is given by the relation 

\7 = 12,336 
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APPENDIX III 


THE DETAILED DISCUSSION OF REPRESENTATIVE 

SPECTRA 

THE SPECTRUM OF IRON 

In Figure 67 there are shown the term values for the lowest 
known levels in the spectrum of neutral iron. The nuclear 
charge of iron is 26, so that the atom contains eight more extra- 



Fig. 67. — Term diagram for iron. Even terms are indicated by small squares, 
odd terms by circles. 


nuclear electrons than the rare gas argon. These eight electrons 
are divided between the 3d and the 4s shell. As can be seen 
from the diagram, the very lowest level arises from the configura- 
tion 3d® -4s 2 ; it is the low S D term of this configuration. The 
diagram further shows that this configuration is not very much 
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more stable than the configuration 3d 7 • 4 s. The multiplet levels 
of the two configurations are spread out over a large range, the 
known ones extending as far as 22,000 cm. -1 above the lowest 
state ; there are certainly many more even higher than this, but 
unknown at present. 

The Configuration 3d 6 * 4s 2 . — This configuration gives rise to the 
following possible multiplet levels: 

6 jD, 3 H, 3 G, 3 F, 3 F, 3 D } 3 P, 3 P. 

The 5 D term follows the interval rule fairly well, as can be seen 
from the following table : 

6 D : j « 4 3 2 1 0 

Ay = 415.930 288.069 184.130 89.938 cmr 1 

A = 103.982 96.023 92.065 89.938 cm." 1 

Furthermore, it is an inverted level, the lowest state being the one 
with j = 4, in agreement with the formulas obtained in Section 
396. 

Only four of the expected seven triplet levels are known. They 
follow the interval rule to a first approximation, and with about 
the same accuracy their separations agree with the expressions of 
Table XIII in Section 396. All of these terms are inverted, in 
agreement with the theoretical expressions. These expressions 
further predict that 3 D is regular; this level has, however, not yet 
been found. 

The Configuration 3d 7 • 4s. — This configuration can be consid- 
ered as obtained from the configuration 3d 7 of the ion Fe + 
through the addition of a 4s electron. The 3d 7 configuration 
gives rise to two low terms, an inverted 4 F and an inverted 4 P. 
These terms are actually known in the spectrum of ionized iron, 
but only 4 F follows the interval rule, 4 P being quite irregular. 
Adding a 4s electron to the 4 F state of the ion produces an inverted 
6 F and a 3 F term, both of which follow the interval rule sufficiently 
well to prove that their separations agree with the equations of 
Section 39c, the separation factor of fi F being indeed about three- 
fifths of that for 3 F: 

3d(*F)4s *F:j = 5 4 3 2 1 

Ap = 488 .488 351 . 294 257 . 726 168 . 931 

A = 97.698 87.823 85.909 84.466 

j = 4 3 2 

3d 7 (*F)4ts *F: AV - 584.688 407.615 

A = 146.172 135.872 
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Adding a 4s electron to 4 P of the ion leads to a 6 P and a 3 P level. 
The distance between 4 P and 4 P of the ion is about 11,000 cm.“S 
which is of the same order of magnitude as the distance between 
the P terms and the F terms of the configuration 3d 7 • 4s. If we 
knew higher series members, with 5s, 6s, 7s, etc., it would be 
found that the P terms converge to a limit which lies 11,000 cm.' 1 
higher than the limit to which the F terms converge ; these two 
limits are just the 4 P and 4 P levels of the ion, respectively. Each 
of these limi ts is itself composed of several levels. Indeed, it 
would be found that before reaching the limit the Russell- 
Saunders coupling changes into ( jj) coupling and that the levels 
converge to different ones of the limiting quartet levels. 

The 6 P and 3 P levels do not follow the interval rule, the devia- 
tion being of the same kind as that observed for 4 P of the ion, 
from which they have been built up : 


Fe+ 3<F 4 P: j = % % 


Av = 198.68 

231.70 

A - 77.47 

154.47 

Fe3<f( 4 P)4s *P:j = 3 2 


Ay = 176.814 

200/392 

A = 68.938 

100.196 

3<F(‘P)4s»P:j = 2 


Ay = 

108.47 

A = 

54.23 


Besides the above four terms there is known a Z G term which 
very probably also belongs to this configuration, being built 
upon 2 G of the 3 d 7 configuration of Fe + . It is difficult to decide 
which of the two known low 8 (? terms belongs to the configura- 
tion 3d 6 • 4s 2 and which one to 3d 7 ■ 4s. Their interval separations 
cannot help to decide as they deviate too much from the interval 
rule and, moreover, the application of the equations of Section 39c 
shows that their separations are expected to be about the same. 
It is also not possible to decide from their combinations with 
other terms, and as they are both about equally high the only 
way to classify them is by remarking that the one assigned to 
the 3d 6 * 4s 2 configuration follows the interval rule better than the 
other one. 

Of the next series member, 3d 7 • 5s, the 6 F and Z F levels are 
known. They lie much higher in the level scheme, at about 
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48,000 cm." 1 above the lowest state. The two multiplets are 
very near together, and, in fact, overlap, but nevertheless the 
interval rule holds well. The separations are close to those for 
the same terms in the configuration 3 d 7 • 4s, again in agreement 
with expectation. 

The Configuration 3d 6 • 4s • 5s. — This configuration gives rise 
to a number of high terms, all over 42,000 cm." 1 above the normal 
state. In some respects this configuration could be considered 
as a higher series member of the configuration 3d 6 - 4s 2 , but as the 
two s electrons are no longer equivalent, the configuration 
involving a 5s electron gives rise to a different set of multiplets. 
This same problem occurs also in the simple singlet-triplet 
spectra of the second column in the periodic table, such as 
magnesium. Here we may ask whether the s 2 1 Sq term is to be 
considered as the first series member of the singlets arising from 
s-s configurations with the second s electron excited. Series 
formulas show that it is possible to consider the lowest state in 
this way. It is accordingly very probable that similar con- 
siderations will also hold in more complicated cases. For the 
iron spectrum this would mean that the multiplets of the 3d 6 - 4s 2 
configurations may indeed be taken as the first series members of 
the corresponding multiplets of the 3d 6 -4s-^s configurations, 
which, however, give rise to further multiplets which do not occur 
in the lowest state. 

. For pur purpose, we consider the 3d 6 • 45 • 5s configuration to be 
built upon the configuration 3d 6 • 4s of the ion. The lowest states 
for this configuration of the ion are a 6 D and a 4 D level, both 
inverted. They are both known, the first one being the normal 
state of the ion, and they follow the interval rule well. Adding 
a 5s electron produces a 7 D and a 5 D term and somewhat higher a 
6 D and a Z D term. The first two also follow the interval rule 
fairly well, the other two not so well. The 4 D level of the ion 
lies about 8000 cm." 1 above the *D level; this separation is the 
same as that of the two groups of terms built upon them. 

For both this configuration and the foregoing one the states 
of the ions on which they are built, which are at the same time 
the convergence limits for higher series members, are also 
indicated in the diagram, As no actual series are known for 
iron, the distance of these limits from the lowest level cannot be 
given with great accuracy. According to Russell and Moore, 
the 3d 6 * 4s 6 D limit lies about 63,400 cm " 1 above the normal state. 
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Considering the relative position of the levels in the configura- 
tions considered above, we see that Hund’s rule that the terms 
with the highest multiplicity he lowest is fulfilled. But it is to 
be noticed that in the case of the triplets of the 3d 6 • 4s 2 configura- 
tion the one with largest l is not the lowest. 

The Odd Configurations. — The above configurations, contain- 
ing only d and s electrons, are all even, so that no combinations 
among them occur. They combine with the configurations con- 
taining a p electron; namely, 3d 6 *4s*4p and 3d 7 *4p. The first 
configuration gives the lower terms. All those which are built 
upon 3d 6 * 4s 6 Z) and 4 D of the ion have been found; namely, 
on 6 D: 7 (F, D, P) *{F, D, P); 
on 4 D: 6 (F, D,P) 3 (F, D, P). 

They all follow the interval rule fairly well. As the level diagram 
shows, the septets are lower than the quintets built upon °7), but 
the D terms lie lowest, rather than the F’ s. The levels built 
upon 4 D are quite irregularly arranged. 

Of the terms arising from the configuration 3d 7 • 4 p, all those 
based on 3d 7 4 F and 4 P of the ion have been found. Most of these 
terms do not follow the interval rule very closely and they also 
are not ordered in accordance with the rules given by Hund. 
All that can be said is that those based on 4 P lie somewhat higher 
than those from 4 P, as is to be expected. 

Besides the terms described above there are known a number of 
multiplets for which the configurations cannot be given with 
certainty. The lowest of these unassigned multiplets is a R (7° 
level 43,000 cm.” 1 above the lowest level. Its combinations show 
that it belongs to an odd configuration. The lowest unassigned 
even level is a 3 D at about 52,000 cm. -1 . In such cases it is 
often even difficult to give the correct term symbol; the S D term, 
for instance, might just as well be a 5 P, both terms having the 
same set of values for j. For simple spectra, it is possible to 
distinguish between such possibilities by means of intensities, 
observing that fines corresponding to transitions between levels 
of the same multiplicity are usually stronger than intercombina- 
tion fines between terms of different multiplicity. In the com- 
plicated case of the iron spectrum, however, this method cannot 
be used, for very many such intercombinations occur with 
appreciable intensity. 

Quite a number of levels which cannot be arranged into multi- 
plets have also been found. They obviously arise from higher 
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series members which deviate considerably from Russell-Saunders 
coupling. It has not yet been possible to assign electron con- 
figurations to them. 

The classification and interpretation of the iron spectrum are 
among the greatest , triumphs of the theory of spectra. The first 
multiplets in this complicated spectrum were discovered by 
Walters. 1 Following Walters many attempts were made to 
extend and to interpret his results. Laporte 2 was by far the most 
successful in this, and his detailed discussion led at the same time 
to the discovery of the Laporte rule (Sec. 21 d). Moore and 
Russell 3 have recently added a large number of terms, and now 
practically all lines but the very weak ones have been classified. 
An interesting study of the structure and series limits in the iron 
spectrum has been made by Laporte. 4 Meggers 6 gave an impor- 
tant discussion of the connection between the classification and 
the wave-length accuracy of the standard lines in the iron 
spectrum. In fact, the relative term values are extremely 
accurately known, as a result of the accuracy with which many 
of the standard lines have been measured, so that a number of 
term values can be given to three decimal places. 

It is of especial interest to investigate more closely as to why 
only the lowest members of the various series are known in this 
spectrum. Assuming an equilibrium distribution of the atoms 
over the different quantum states, for instance in the case of 
temperature excitation, the number of atoms in each state will 
be proportional to 

p . e-w/kr, 

in which p denotes the quantum weight of the state and W the 
difference of its energy from that of the very lowest level. We 
may first consider the effect of the very large quantum weights 
of the low levels. Each level in our diagram is a multiplet, 
consisting itself of many levels, each of which has the weight 
2j + 1. Thus the total weight of a 5 F level, considered as one 
state, is 35. But it is obvious that this does not lead to an 
explanation of the non-observance of higher terms, for they also 
are complicated multiplets with large quantum weights, and in 

1 F. M. Walters, Jour. Wash. Acad. Sci., 13 : 243, 1923. 

2 0. Laporte, Z. f. Phys., 23 : 135, and 26 : 1, 1924. 

2 C. E. Moore and H. N. Russell, Astrophys Jour., 68: 151, 1928. 

4 0. Laporte, Proc. Nat. Acad. Sci., 12 : 496, 1926. 

8 W. F. Meggers, Astrophys. Jour., 60 : 60, 1924. 
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considering the relative populations of lower and higher series 
members the weights do not give rise to a preference for the 
lower levels. 

The actual cause of the filling up of the low levels only must 
thus be sought in the exponential factor. Thus not the large 
quantum weight of the low levels but their small values of W cause 
them to have a much larger population than the higher series 
members. If we compare the level scheme of iron with that of 
sodium, for example, we see at once a great difference. In 
sodium the normal state is far below the excited states, far 
compared to the distances between the excited states themselves. 
If in sodium the excitation is high enough to lift the atom from 
the normal level to the 4s state, it will also suffice to excite all 
higher states too, as the exponential factors for all the states 
have values of the same order. A slight exception in the case of 
sodium is the 3 p state, which lies about half way between the 
normal state and the higher excited states. This means that it 
will be possible to have an equilibrium excitation which produces 
mainly the yellow resonance line, but as soon as the excitation 
is able to bring out one more series member appreciably, it will 
excite the complete series spectrum. 

It must be mentioned especially that the above considerations 
hold only for methods of excitation which can be considered to 
a first approximation as giving rise to a stationary equilibrium. 
It is possible to produce quite different distributions among the 
levels by special types of excitation, such as the absorption of 
spectral lines (see Sec. 12). 

THE SPECTRUM OF NEON 

The lowest state of neon is the configuration 2 p 6 , which gives 
rise to the single state 1 S Q . This configuration is very stable 
and a large energy is required to bring the atom into the first 
possible excited state, 2p 6 -3$, which lies 13,000 cm.” 1 higher. 
All the excited states lie in the region between 130,000 and 
174,000 cm. -1 from the normal state, so that they will all be 
excited at the same time, their Boltzmann factors being nearly 
equal. This causes the neon spectrum to be a typical series 
spectrum, in contradistinction to that of iron, and in consequence 
it has been possible to deduce absolute term values in this spec- 
trum with considerable certainty. 
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The lowest configuration of the neon ion is 2p 6 , which gives 
rise to an inverted 2 P state, with a doublet separation of 780 cm.” 1 . 
The excited states of neutral neon are thus built partially upon the 
lowest 2 P^ state or upon the 780 cm. -1 higher 2 P # state of the ion. 

Nearly all configurations clearly show extreme (jj) coupling. 
Each is divided into two groups of levels, one group built upon 
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Fig. 68. — Term diagram for neon. The normal state 2p* 1 So has not been 
shown on this diagram. It is at 173,930 cm." 1 . Even terms are indicated by 
squares, odd terms by circles. 


one limit, the other group upon the other (Fig. 68). The separa- 
tions within each group are, in general, small compared to the 
distances between these two limits. It would be going too far, 
however, to say that this is a pure case of (jj) coupling. All 
that can be said with certainty is that the individual values of j 
of the ionic states are retained after adding the last electron; 
it is quite improbable that this is also true for the j vector of the 
added electron itself. This means that we know nothing about 
the arrangement and further properties (such as the gr-values) 
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of the individual levels within each group built upon one ionic 
state. 

The lowest configuration of the 2p 5 • ns series, 2p s • 3$, does not 
deviate very much from Russell-Saunders coupling. The 
three lowest levels form the inverted 8 P state, the intervals 
being 418 and 359 cm.- 1 . The X P level is 1070 cm.*” 1 above 3 iV 
The interval rule for the triplet is not fulfilled and the 0-values 
for 3 Pi and x Pi are 1.46 and 1.03, instead of 1.50 and 1.00. For 
the other coupling the 0-values would have been 1.33 and 1.17, 
so that the observed values indicate approximation to Russell- 
Saunders coupling. For the higher series members the g - values 
are unknown, but their position indicates clearly the change in 
coupling. The distances between the four levels for higher 
series members are : 

j =* 2 1 0 1 


2 p s • 4s 

195 

584 

154 

5s 

85 

693 

50 

6s 

43 

738 

21 

7s 

24 

756 

11 


The distance between the levels j = 0 and j = 2 is very nearly 
constant, from the very first levels on, and equal to the doublet 
separation of the 2p 5 configuration of the ion, completely in agree- 
ment with the considerations of Section 29 a. 

Not much can be said about the lowest configuration of the 
2p & • np series. It is even uncertain whether the states with the 
same value of j have been arranged in the right order so as to 
form the first series members of the higher levels of this j value. 
Only in simple cases, such as for the 2 p h -ns configuration, is it 
possible to tell to which of the limits a certain low level belongs. 
The rule 1 to be applied is that levels with the same value of j do 
not “ cross over.” This means that if for a certain value of n 
in the 2p 6 • ns configuration one of the two levels with j = 1 is 
the higher, the corresponding level in the other 2 p 5 • ns configura- 
tions, with which it forms a series, will also be the higher one. 
It is probable but not at all certain that a similar rule holds for 
more complicated configurations. 

The ^-values for this configuration are also very irregular. 
They do not agree at all with those calculated from any possible 


i F. Hund. Z. /. Phys 62 : 601, 1928. 
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coupling, showing clearly that the levels under consideration 
form an intermediate case. The sum rule, however, is obeyed 
strictly, as can be seen from the following data: 1 

j = 2: g = 1.137 1.229 1.301, sum 3.667, calculated 3.667; 
j = Ug = 1.984 0.669 0.999 1.340, sum 4.992, calculated 5.000. 

The relative intensities of the transitions from this configura- 
tion to the configuration 2p 5 • 4s have been treated in detail in 
Section 34. The 2p 5 • np configurations can not combine with 
the normal state 2 p 6 , but combine exclusively with 2 p 6 • ns. Now 
a special property of this spectrum is that two of the levels of the 
2 p 6 • 4s state are metastable ; they can not combine with the normal 
state as this has j — 0 and the transitions 2 to 0 and 0 to 0 are for- 
bidden. Under certain favorable circumstances, such as low 
pressure and low temperature (so that few collisions occur), the life- 
time of an atom in such a metastable state can be comparatively 
long. Such states will behave like quasi-normal states, and 
absorption lines with these states as initial levels can be observed. 
The main result of this is that a great part of the emitted radiation 
will arise from transitions among these and higher levels, whereas 
only a comparatively small part of the radiation will be due to 
direct transitions to the normal state. This accounts for the 
unexpectedly large intensity of the neon light in the visible part 
of the spectrum. 2 * 

The levels of the 2 p 5 • nd configurations are distinctly divided 
into two groups built upon the two ionic states. Not much is 
known at present about the 2p 6 • nf configurations. Their regular 
combinations with the 2 p 6 • 3 d terms are too far in the infra-red to 
be studied. By means of a two-electron jump, however, they 
can combine with the 2 p 5 • 3s configurations, and that is how some 
of them are known. In this transition one of the five 2p electrons 
goes into the 3s state, while the nf electron jumps to the 2 p state, 
so that the first electron has AZ = 1, and the other AZ = 2, which 
gives an allowed transition according to the rule mentioned in 
Section 21 d. 

The practically complete series analysis of the neon spectrum 
was one of Paschen’s masterpieces, accomplished long before 
the structure of this spectrum was understood from the theoret- 


1 E. Back, Ann. d. Phys 76: 317, 1925. 

2 K. W. Meissner, Ann. d. Phys., 76: 124, 1925; H. B. Dorgelo, Physica , 

5 : 90, 1925; Z. f. Phys., 34 : 766, 1925. 
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ical point of view. 1 It was Meissner 2 who made the important 
discovery that the series found by Paschen converged to two 
different limi ts. Grotrian 3 was the first to understand that 
these two limits are connected with two possible states of the 
2 p 5 configuration and identified their separation with the X-ray 
L doublet. It is no wonder that this spectrum has had a great 
influence on the development of our knowledge of the structure 
of spectra and has been the touchstone for many theories. 

X F. Paschen, Ann. d. Phys., 60 : 405, 1919; 63 : 201,. 1920. 

2 K. W. Meissner, Ann. d. Phys., 68: 333, 1919. 

8 W. Grotrian, Z.f. Phys., 8: 116, 1921. 
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ALLOWED STATES WITH (jj) COUPLING 

The following table may be of use in the near future, in the 
analysis of spectra which deviate from Russell-Saunders coupling. 
It gives the allowed states for extreme (jj) coupling in the c tu*« 
of equivalent p and d electrons. 

Each configuration will give rise to equidistant groups of leveln, 
with the distance between them equal to the doublet separation 
of a single electron. The lowest group will occur when as many 
electrons as possible are in the state with the smaller ji value; 
the maximum number of these electrons is restricted by the 
Pauli exclusion principle. The next higher level group will 
have one electron less in the state with smaller ji ; and therefore 
one more with the larger ji value. In the table the number of 
electrons in each of these Stoner subgroups is shown, the con* 
figuration with the minimum energy being given first. How- 
ever, the order of the levels within each group is unknown at 
present; in the table they have been arranged according to their 
values of j . 

An actual case will nearly always represent some intermediate 
step between Russell-Saunders and (jj) coupling, but very little 
is known at present as to how the transition takes place. It ill 
probable that the very lowest level in Russell-Saunders coupling 
will also be the very lowest one in extreme (jj) coupling. The 
table shows, however, that often important changes in the order 
of the levels must be expected. For instance, in the configuration 
d 2 a level with j = 0 will lie below those with j = 3 and 4, whereas 
with Russell-Saunders coupling the three lowest levels are *F 
with; = 2, 3, and 4, the level with j = 0 from 8 P coming next. 1 

In the table the configurations have been given only until the 
group of equivalent electrons is half filled. It is easily verified 
that for the remaining configurations the results are the same, 
but upside down, the lowest level group being the one which 

1 A similar example for the case of the y > 4 configuration has actually 
been found in Te; see J. C. McLennan and M, F, Crawford, iVo/wrs, lilt 
874 , ( 1929 ). 


257 



258 THE STRUCTURE OF LINE SPECTRA 

is given here as the highest. For instance, d 1 will be similar to 
d\ but with the lowest level group consisting of three levels with 
j = 1 l A, and 4 y 2 . 

Table I.— Allowed States for Equivalent Electrons with (jj) 
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The above results are obtained by the method outlined in 
Section 38. There is first constructed a table similar to Table 
III of that section, but with each electron characterized by its 
values of j t * and m ,- . instead of m H and m i.. From this values 
of m and then of j can be found. 
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